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Preface

This book emerged from the idea that an optimization training should include three
basic components: a strong theoretical and algorithmic foundation, familiarity with var-
ious applications, and the ability to apply the theory and algorithms on actual “real-life”
problems. The book is intended to be the basis of such an extensive training. The mathe-
matical development of the main concepts in nonlinear optimization is done rigorously,
where a special effort was made to keep the proofs as simple as possible. The results
are presented gradually and accompanied with many illustrative examples. Since the aim
is not to give an encyclopedic overview, the focus is on the most useful and important
concepts. The theory is complemented by numerous discussions on applications from
various scientific fields such as signal processing, economics and localization. Some basic
algorithms are also presented and studied to provide some flavor of this important aspect
of optimization. Many topics are demonstrated by MATLAB programs, and ideally, the
interested reader will find satisfaction in the ability of actually solving problems on his or
her own. The book contains several topics that, compared to other classical textbooks,
are treated differently. The following are some examples of the less common issues.

¢ The treatment of stationarity is comprehensive and discusses this important notion
in the presence of sparsity constraints,

e The concept of “hidden convexity” is discussed and illustrated in the context of the
trust region subproblem.

e The MATLAB toolbox CVX is explored and used.

¢ The gradient mapping and its properties are studied and used in the analysis of the
gradient projection method.

¢ Second order necessary optimality conditions are treated using a descent direction
approach.

e Applications such as circle fitting, Chebyshev center, the Fermat-Weber problem,
denoising, clustering, total least squares, and orthogonal regression are studied both
theoretically and algorithmically, illustrating concepts such as duality. MATLAB
programs are used to show how the theory can be implemented.

The book is intended for students and researchers with a basic background in advanced cal-
culus and linear algebra, but no prior knowledge of optimization theory is assumed. The

book contains more than 170 exercises, which can be used to deepen the understanding
of the material. The MATLAB functions described throughout the book can be found at

www.Siam,.org/books/mol9.

Xi



Preface

The outline of the book is as follows. Chapter 1 recalls some of the important concepts
in linear algebra and calculus that are essential for the understanding of the mathematical
developments in the book. Chapter 2 focuses on local and global optimality conditions
for smooth unconstrained problems. Quadratic functions are also introduced along with
their basic properties. Linear and nonlinear least squares problems are introduced and
studied in Chapter 3. Several applications such as data fitting, denoising, and circle fitting
are discussed. The gradient method is introduced and studied in Chapter 4. The chapter
also contains a discussion on descent direction methods and various stepsize strategies.
Extensions such as the scaled gradient method and damped Gauss-Newton are consid-
ered. The connection between the gradient method and Weiszfeld’s method for solving
the Fermat-Weber problem is established. Newton’s method is discussed in Chapter 5.
Convex sets and functions along with their basic properties are the subjects of Chapters 6
and 7. Convex optimization problems are introduced in Chapter 8, which also includes
a variety of applications as well as CVX demonstrations. Chapter 9 focuses on several im-
portant topics related to optimization problems over convex sets: stationarity, gradient
mappings, and the gradient projection method. The chapter ends with results on spar-
sity constrained problems, iluminating the different type of results obtained when the
underlying set is not convex. The derivation of the KKT optimality conditions from the
separation and alternative theorems is the subject of Chapter 10, where only linearly con-
strained problems are considered. The extension of the KKT conditions to problems with
nonlinear constraints is discussed in Chapter 11, which also considers the second order
necessary conditions. Applications of the conditions to the trust region and total least
squares problems are studied. The book ends with a discussion on duality in Chapter 12.
Strong duality under convexity assumptions is established. This chapter also includes a
large amount of examples, applications, and MATLAB illustrations.

I would like to thank Dror Pan and Luba Tetruashvili for reading the book and for
their helpfu] remarks. It has been a pleasure working with the SIAM staff, namely with
Bruce Bailey, Elizabeth Greenspan, Sara Murphy, Gina Rinelli, and Kelly Thomas.



Chapter 1

Mathematical
Preliminaries

In this short chapter we will review some important notions and results from calculus,
linear algebra, and topology that will be frequently used throughout the book. This chap-
ter is not intended to be, by any means, a comprehensive treatment of these subjects, and
the interested reader can find more material in advanced calculus and linear algebra books.

1.1 « The Space R”

The vector space R” is the set of n-dimensional column vectors with real components
endowed with the component-wise addition operator

1 N X+,
X2 Y2 X+
ST =L
xﬂ yﬂ xﬂ + yﬂ
and the scalar-vector product
X Ax,
A x:2 = ATCZ )
X, Ax,,

where in the above x,,x,,...,x,, A are real numbers. Throughout the book we will be
mainly interested in problems over R”, although other vector spaces will be considered
in a few cases. We will denote the standard basis of R” by e,,e,,...,e,, where ¢; is the
n-length column vector whose ith component is one while all the others are zeros. The
column vectors of all ones and all zeros will be denoted by e and 0, respectively, where
the length of the vectors will be clear from the context.

Important Subsets of R”

The nonnegative orthant is the subset of R” consisting of all vectors in R” with nonnega-
tive components and is denoted by R? :

T
Ri:{(xpxz,...,x”) 1XpsXgse ey X 20}.
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Similarly, the positive orthant consists of all the vectors in R” with positive components
and is denoted by R’ :

R?, = {(xl,xz, e X M 1K, Xy X, > 0} .
For given x,y € R”, the closed line segment between x and y is a subset of R” denoted by
[%,¥] and defined as
[%y]={x+aly—x):ac[01]}.
The open line segment (x,y) is similarly defined as
%y)={x+a(y—x):2€(0,1)}
when x # y and is the empty set @ when x =y. The unit-simplex, denoted by A, is the

subset of R” comprising all nonnegative vectors whose sum is 1:

Anz{xeR” :xZO,eTx:I}.

1.2 = The Space R™*”

The set of all real-valued matrices of order m X 7 is denoted by R™*". Some special matri-
ces that will be frequently used are the n x 2 identity matrix denoted by I and the m x
zeros matrix denoted by 0, .. We will frequently omit the subscripts of these matrices
when the dimensions will be clear from the context.

1.3 = Inner Products and Norms
Inner Products

We begin with the formal definition of an inner product.

Definition 1.1 (inner product). An inner product on R” isa map (-,-) : R* x R” - R
with the following properties:

1. (symmetry) (x,y)=/{y,x} foranyx,y € R".

2. (additivity) (x,y+z) = (x,y)+ (x,z) for any x,y,z € R".

3. (homogeneity) (Ax,y) = A(x,y) forany A€ R and x,y € R".

4. (positive definiteness) (x,x) > 0 for any x €R” and (x,x) =0 ifand only if x=0.

Example 1.2. Perhaps the most widely used inner product is the so-called dot product
defined by

xy)=x"y -—_iny,- for any x,y € R”.

i=1
Since this is in a sense the “standard" inner product, we will by default assume—unless
explicitly stated otherwise—that the underlying inner product is the dot product. 8

Example 1.3, The dot product is not the only possible inner product on R”. For exam-
ple, let w € R, . Then it is easy to show that the following weighted dot product is also
an inner product:

"
(XY)w = Z w;x;y;. M
i=1
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Vector Norms

Definition 1.4 (norm), A norm ||- || on R” is a function || - || : R” — R satisfying the
following:

1. (nonnegativity) ||x|| >0 for any x € R” and ||x|| = 0 if and only if x = 0.
2. (positive homogeneity) ||Ax|| = |A||Ix]| for any x € R” and A€ R.
3. (triangle inequality) ||x+y|| < |ix{| +lyl| for any x,y € R".

One natural way to generate a norm on R” is to take any inner product {-,-) on R”
and define the associated norm

Ix|| = v/ {x,x) forallxeR",

which can be easily seen to be a norm. If the inner product is the dot product, then the
associated norm is the so-called Euclidean norm or l,-norm:

||x||2=,|2xf for alix e R".
i=1

By default, the underlying norm on R” is || - ||, and the subscript 2 will be frequently
omitted. The Euclidean norm belongs to the class of /, norms (for p > 1) defined by

Ixll, = :l S .

The restriction p > 1 is necessary since for 0 < p < 1, the function || - ||, is actually not a
norm (see Exercise 1.1). Another important norm is the [ norm given by

lixlloo =, max|x;].
Unsurprisingly, it can be shown (see Exercise 1.2) that
Il = f sl

An important inequality connecting the dot product of two vectors and their norms
is the Cauchy-Schwarz inequality, which will be used frequently throughout the book.

Lemma 1.5 (Cauchy-Schwarz inequality). For any x,y € R”,
Ix"yl < lxll, - liylle-
Equality is satisfied if and only if x and y ave linearly dependent.

Matrix Norms

Similarly to vector norms, we can define the concept of a matrix norm.
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Definition 1.6, 4 norm ||-|| on R"*" is a function ||-|| : R™*" — R satisfying the following:

1. (nonnegativity) ||A|| =0 for any A € R™*” and ||A]| =0 if and only if A = 0.
2. (positive homogeneity) ||AA]|=|A|-||A|| for any A€ R™*" and A€ R.
3. (triangle inequality) ||A +B|| < |IA]|+||B|| for any A,B € R"*”",

Many examples of matrix norms are generated by using the concept of induced norms,
which we now describe. Given a matrix A € R”*” and two norms ||- ||, and ||||, on R”
and R™, respectively, the induced matrix norm ||A||, , is defined by

1A, = max{[|Ax], : |ix]|, < 1}.
It can be shown that the above definition implies that for any x € R” the inequality

llAx]], <A, 5llx,

holds. An induced matrix norm is indeed a norm in the sense that it satisfies the three
properties required from a vector norm (see Definition 1.4): nonnegativity, positive ho-
mogeneity, and the triangle inequality. We refer to the matrix norm ||+ ||, , as the (a, b)-
norm. When 2 = b (for example, when the two vector norms are [, norms), we will
simply refer to it as an 4-norm and omit one of the subscripts in its notation; that is, the
notation is || - ||, instead of || ||, ,

Example 1.7 (spectral norm), If||-||, =[|-|l; =Il|-ll;, then the induced norm of a matrix
A € R™*" ig the maximum singular value of A:

”A”2 = ||A||2,2 =Y Amax(ATA) = Umax(A)'

Since the Euclidean norm is the “standard” vector norm, the induced norm, namely the
spectral norm, will be the standard matrix norm, and thus the subscripts of this norm
will usually be omitted. @l

Example 1.8 (1-norm). When ||-||, =}|-ll, =1I-1};, the induced matrix norm of a matrix
A € R™*” is given by

lIAll; = max ZlA il

i=12,..n

This norm is also called the maximum absolute column sum norm. §

Example 1.9 (co-norm). When |I-||, =] ll; = I ||, then the induced matrix norm of
a matrix A € R”*" is given by

Al = _m ZIA !

This norm is also called the maximum absolute row sum norm. B

An example of a matrix norm that is not an induced norm is the Frobenius norm de-

fined by
A}l = IZZA A e R™*",
=1 j=1
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1.4 = Eigenvalues and Eigenvectors

Let A € R***, Then a nonzero vector v € R” is called an eigenvector of A if there exists
a A€ C (the complex field) for which

Av = lv.

The scalar A is the eigenvalue corresponding to the eigenvector v. In general, real-valued
matrices can have complex eigenvalues, but it is well known that all the eigenvalues of sym-
metric matrices are real. The eigenvalues of a symmetric # X 7 matrix A are denoted by

L(A) 2 AA) 2 > A (A).

The maximum eigenvalue is also denoted by A, (A)= A,(A)) and the minimum eigen-
value isalso denoted by A_. (A)(= A (A)). One of the most useful results related to eigen-
values is the spectral decomposition theorem, which states that any symmetric matrix A
has an orthonormal basis of eigenvectors.

Theorem 1.10 (spectral decomposition theorem), Let A € R"*? be an n X n symmet-
ric matrix. Then there exists an orthogonal matrix U € RV (UTU = UUT = 1) and
a diagonal matrix D = diag(d,,d,,...,d,) for which

UTAU=D. (1.1)

The columns of the matrix U in the factorization (1.1) constitute an orthnormal basis
comprised of eigenvectors of A and the diagonal elements of D are the corresponding
eigenvalues. A direct result of the spectral decomposition theorem is that the trace and
the determinant of a matrix can be expressed via its eigenvalues:

TiA) = 34 (A), 12
=l

der(A) =] [ A(A). (13)
i=1

Another important consequence of the spectral decomposition theorem is the bounding
of the so-called Rayleigh quotient. For a symmetric matrix A € R**”, the Rayleigh quo-
tient is defined by

x7 Ax

=l

We can now use the spectral decomposition theorem to prove the following lemma pro-
viding lower and upper bounds on the Rayleigh quotient.

R (x)= for any x # 0.

Lemma 1.11, Let A € R**”" be symmetn'c, Then
Ain(A) S RA(X) S A, (A) for any x £ 0.

Proof. By the spectral decomposition theorem there exists an orthogonal matrix U €
R”** and a diagonal matrix D = diag(d,,d,,...,d,) such that UTAU = D. We can as-
sume without the loss of generality that the diagonal elements of D, which are the eigen-
values of A, are ordered nonincreasingly: d, > d, > --- > d,, where d;, = A, (A) and

Max
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d, = A ;n(A). Making the change of variables x = Uy and noting that U is a nonsingular
matrix, we obtain that

x7 Ax TUTAUy y'Dy _ 7 diy? "

max = MAX —e— - __
& W O v WP e Sy

Sinced; <d, foralli = 1,2,...,n, it follows that 3*_, ;32 < d,(3"_, y?), and hence

xTAx < d (2o lyz)
) IxIF = X757

=173

Rp(x)=m =d, = A (A)

The inequality R,(x) > A,,;,(A) follows by a similar argument. 00

The lower and upper bounds on the Rayleigh quotient given in the latter lemma are
artained at eigenvectors corresponding to the minimal and maximal eigenvalues respec-
tively. Indeed, if v and w are eigenvectors corresponding to the minimal and maximal
eigenvalues respectively, then

viAV A (A)VIP
R (V) = - mll‘l Amin(A)’
BT T P
wiAw A (A)iw|]?
Ry(w)= = — = A lA).
ST T wP
The above facts are summarized in the following lemma.
Lemma 1.12. Let A € R"*" be symmetric. Then
m;gRA(x) = Apin(A), (14)

and the eigenvectors of A corresponding to the minimal eigenvalne ave minimizers of problem
(1.4). In addition,

rgzlgcR a(x)=A_, (A), (1.5)

and the eigenvectors of A corresponding to the maximal eigenvalue are maximizers of problem

(1.5).

1.5 = Basic Topological Concepts
We begin with the definition of a ball.

Definition 1.13 (open ball, closed ball). The open ball with center ¢ € R* and radius r
is denoted by B(c, r} and defined by

Blc,r)={xeR":||x~—¢||< r}.
The closed ball with center ¢ and radius r is denoted by B[c, r ] and defined by

Blc,r]={xeR":||x—c|| < r}.
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Note that the norm used in the definition of the ball is not necessarily the Euclidean
norm. As usual, if the norm is not specified, we will assume by default that it is the
Euclidean norm. The ball B(c, r) for some arbitrary r > Qisalso referred to as a neighbor-
hood of c. The first topological notion we define is that of an interior point of a set. This
is a point which has a neighborhood contained in the set.

Definition 1.14 (interior points). Givenaset U CR", apoint ¢ € U is an interior point
of U if there exists r > O for which B(¢,r)C U.

The set of all interior points of a given set U is called the interior of the set and is
denoted by int():

int{U)={xe U :B(x,r) C U for some r > 0}.

Example 1.15. Following are some examples of interiors of sets which were previously
discussed:

int(R?) =R”

4

intBle,r])=B(c,r) (ceR",reR,,),
in[x,y])=(xy) (xyeR"x#£y). W

Definition 1.16 (open sets). An open set is 4 set that contains only interior points. In other
words, U CIR” is an open set if

for every x € U there exists r > O such that B(x,r) S U.

Examples of open sets are R”, open balls (hence the name), open line segments, and
the positive orthant R’} . A known result is that a union of any number of open sets is

an open set and the intersection of a finite number of open sets is open.

Definition 1.17 (closed sets). A set U C R” is said to be closed if it contains all the limits
of convergent sequences of points in U; that is, U is closed if for every sequence of points
{x;}i1 € U satisfying x; — x* as i ~» 00, it holds that x* € U.

A known property isthat aset U is closed if and only if its complement U is open (see
Exercise 1.15). Examples of closed sets are the closed ball B[¢, r], closed lines segments,
the nonnegative orthant R”, and the unit simplex A, . The space R” is both closed and

open. An important and useful result states that level sets, as well as contour sets, of
continuous functions are closed. This is stated in the following proposition.

Proposition 1.18 (closedness of level and contour sets of continuous functions). Let
| be a continuous function defined over a closed set § CR”. Then for any a € R the sets

Lev(f,a)={x€S: f(x)< a},
Con(f,a)={x€S: f(x)=¢}
are closed.
Definition 1.19 (boundary points). Given a4 set U C R”, 2 boundary point of U is 2

point x € R” satisfying the following: any neighborhood of x contains at least one point in U
and at least one point in its complement U°.
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The set of all boundary points of a set U is denoted by bd(U) and is called zhe
boundary of U.

Example 1.20. Some examples of boundary sets are
bd(B(c,r)) =bd(B[c,r])={x€R":{jx—c|]|=7} (c&R",reR,.,)
bd(R?,) =bd(R?) = {x €R" :3i : x; =0},
bdR*)=6. N

The closure of a set U € R” is denoted by cl(U) and is defined to be the smallest closed
set containing U:

(U)={{{T: U CT,T iscloseds}.

The closure set is indeed a closed set as an intersection of closed sets. Another equivalent
definition of cl{U) is given by

c(U)= Uubd(U).
Example 1.21.

c(R?,)=R7,
cl(B(c,7))=B[c,7] (ceR",reR,,),
xy)=[xy] (xyeR"x#y) .

Definition 1.22 (boundedness and compactness).

1. A set U CR” is called bounded if there exists M > O for which U C B(0, M).
2. Aset U CR” is called compact if it is closed and bounded,
Examples of compact sets are closed balls and line segments. The positive orthant is

not compact since it is unbounded, and open balls are not compact since they are not
closed.

1.5.1 « Differentiability

Let f be afunction defined on aset S CR”. Let x € ine(S) and let 0 £ d € R”. If the limit

i f(x+td)—f(x)

t—0Qt t

exists, then it is called the dirvectional derivative of f at x along the direction d and is de-
noted by f'(x;d). Forany i = 1,2,...,n, the directional derivative at x along the direction
e; (the zth vector in the standard basis) is called the ith partial derivative and is denoted

by gxil(x):

C?f (X) = lim

3 xt f—'0+

f(x+te£)—f(x).
t
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If all the partial derivatives of a function f exist at a point x € R”, then the gradient of f
at x is defined to be the column vector consisting of all the partial derivatives:

#L(x)

of
V()= ?7:.(") .

7L (%)

A function f defined on an open set U C R” is called continnously differentiable over U
if all the partial derivatives exist and are continuous on U. The definition of continuous
differentiability can also be extended to nonopen sets by using the convention that a func-
tion f is said to be continuously differentiable over a set C if there exists an open set U
containing C on which the function is also defined and continuously differentiable. In
the setting of continuous differentiability, we have the following important formula for
the directional derivative:

fxd)=Vf(x)'d

forallx € U and d € R”. It can also be shown in this setting of continuous differentiabil-
ity that the following approximation result holds.

Proposition 1.23. Let f : U — R be defined on an open set U C R™. Suppose that f is
continuously differentiable over U. Then

o fEAd)—f(0) V(074
=0 il

—0forallxe U.

Another way to write the above result is as follows:
F@)=f®+ Y ® (y—x)+o|ly—=xl]),

where o(-) : R7 — R is a one-dimensional function satisfying °—(:-) —0ast— 0,

The partial derivatives g—é are themselves real-valued functions that can be partially
differentiated. The (7, j )th partial derivatives of f at x € U (if it exists) is defined by

oy (&)
Ix;dx; (0= dx;

H

(x).

A function f defined on an open set U C R” is called twice continuously differentiable
over U if all the second order partial derivatives exist and are continuous over U. Under
the assumption of twice continuous differentiability, the second order partial derivatives
are symmetric, meaning that for any i # j and any x€ U

I f B d*f
axiaxj (%)= Ix;0x; ().

}
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The Hessian of f at a point x € U is the 7 x # matrix

[ S - ;i?-( %))

vify=| R0 B0

\7edm axaxz() P

where all the second order partial derivatives are evaluated at x. Since f is twice con-
tinuously differentiable over U, the Hessian matrix is symmetric. There are two main
approximation results (linear and quadratic) which are direct consequences of Taylor’s

approximation theorem that will be used frequently in the book and are thus recalled
here.

Theorem 1.24 (linear approximation theorem). Let f : U — R be a twice continunously

differentiable function over an open set U C R”, and let x € U, r > 0 satisfy B(x,r) C U.
Then for any y € B(x, r) there exists & € [x,y] such that

1
fO=f®+V ) (y—x)+ 50— x)" V(£ Ny —x).

Theorem 1.25 (quadratic approximation theorem). Ler f : U — R be a twice con-
tinnously differentiable function over an open set U C R”, and let x € U,r > 0 satisfy
B(x,7YC U. Then for any y € B(x, r)

1
fO) =0+ @) (y—x)+ 7 —x) V2 x)y —x)+ollly —xIF").

Exercises

1.1. Show that {|-||,/, is not a norm.
1.2, Prove that for any x € R” one has

[lleo = lim [lx],.

1.3. Show that for any x,y,z€ R"*

|lx—zi| < [lx—yl}+[ly —2li.

1.4. Prove the Cauchy-Schwarz inequality (Lemma 1.5). Show that equality holds if
and only if the vectors x and y are linearly dependent.

1.5. Suppose that R™ and R” are equipped with norms || - ||, and || -||,, respectively.
Show that the induced matrix norm ||-||, , satisfies the triangle inequality. That is,
for any A,B € R™*" the inequality

IA+BIl,, <|lAll,, +1IBll,
holds.
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1.6.

1.7.

1.8.

1.9.

1.10.

1.11.
1.12.

1.13.

1.14.

1.15.
1.16.

1.17.
1.18.

1.19.

Let ||-|| be 2 norm on R”. Show that the norm function f(x) = ||| is 2 continuous
function over R”.

(attainment of the maximum in the induced norm definition). Suppose that
R” and R” are equipped with norms ||-||, and ||-|,, respectively, and let A € R™*".
Show that there exists x € R” such that ||x}|, < t and ||Ax]|, =|A]], -

Suppose that R” and R” are equipped with norms || - ||, and || - ||,, respectively.
Show that the induced matrix norm || ||, , can be computed by the formula

HAll,, = max{||Ax]], : |ix||, = 1}.

Suppose that R™ and R” are equipped with norms ||- ||, and ||-||,, respectively.
Show that the induced matrix norm |||, , can be computed by the formula

Ax
||A||a,b=max“ iy
X%O ”x“a

Let A € R™*",B € R*** and assume that R™,R”, and R¥ are equipped with the
norms ||+ ||,]|- |5, and || - 1|, respectively. Prove that

“AB”a,c S ”A”b.c”B“a,b‘

Prove the formula of the co-matrix norm given in Example 1.9.
Let A€ R™**. Prove that

0 ZlIAlle <l1All; < vm||All
(ii) 1%;llﬁlll <|iAll, < vnllAlj;.
Let A € R”*#, Show that

@) |IAll=||AT|| (here ||-{| is the spectral norm),
() A |F = ?:1 Ai(ATA)-
Let A € R**” be a symmetric matrix. Show that

max{x” Ax: X[ = 1} = A (A).

Prove that a set U CR” is closed if and only if its complement U* is open.

(1) Let {A;},; be a collection of open sets where I is a given index set. Show
that | J,, A4; is an open set. Show that if / is finite, then [}, _, 4; is open.
(i) Let {A;};; be a collection of closed sets where I is a given index set. Show

that [, 4; is a closed set. Show that if / is finite, then | J,_, 4, is closed.

Give an example of open sets A;,i € I for which [}, ; 4; is not open.

Let A,B CR”. Prove that cl{ANB) C cl(A)Ncl(B). Give an example in which the
inclusion is proper.

Let A,B C R”. Prove that int(A N B) = int(A) N int{B) and that int(A)U int(B) C
int(A U B). Show an example in which the latter inclusion is proper.



Chapter 2

Optimality Conditions for
Unconstrained
Optimization

2.1 = Global and Local Optima

Although our main interest in this section is to discuss minimum and maximum points
of afunction over the entire space, we will nonetheless present the more general definition
of global minimum and maximum points of a function over a given set.

Definition 2.1 (global minimum and maximum). Let f : § — R be defined on a set
SCR” Then

1. x* €S is called 2 global minimum point of f over S if f(x) 2= f(x*) foranyx €S,

2. x* € S is called a strict global minimum point of f over § if f(x) > f(x*) for any
x*#£x€S,

3. x* €S s called a global maximum point of £ over S if f(x) < f(x*) forany x € S,

4. x* € § is called a strict global maximum point of f over S if f(x) < f(x*) for any
x*#£x€S.

The set S on which the optimization of f is performed is also called the feasible set,
and any point x € § is called « feasible solution. We will frequently omit the adjective
“global" and just use the terminology “minimum point” and “maximum point.” It 1s also
customary to refer to a global minimum point as a minimizer or a global minimizer and
to a global maximum point as a maximizer or a global maximizer.

A vector x* € S is called a global optimum of f over § if it is either a global minimum
or a global maximum. The maximal value of f over S is defined as the supremum of f
over §:

max{f(x):x € §} =sup{f(x):x € S}.

If x* € § is a global maximum of f over §, then the maximum value of f over § is f(x*).
Similarly the minimal value of f over S is the infimum of f over §,

min{f(x):x€ S} = inf{f(x): x€ S},

and is equal to f(x*) when x* is a global minimum of f over S. Note that in this book we
will not use the sup/inf notation but rather use only the min/max notation, where the

13
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usage of this notation does not imply that the maximum or minimum is actually attained.
As opposed to global maximum and minimum points, minimal and maximal values are
always unique. There could be several global minimum points, but there could be only
one minimal vatue. The set of all global minimizers of f over § is denoted by

argmin{f(x): x€ S},
and the set of all global maximizers of f over § is denoted by
argmax{f(x):x € §}.

Note that the notation “f : § — R" means in particular that § is the domain of f, that
is, the subset of R” on which f is defined. In Definition 2.1 the minimization and max-
imization is over the domain of the function. However, later on we will also deal with
functions f : § — R and discuss problems of finding global optima points with respect to
a subset of the domain.

Example 2.2. Consider the two-dimensional linear function f(x,y)= x+y defined over
the unit ball § = B[0,1] = {(x,)” : x* +»? < 1}. Then by the Cauchy-Schwarz inequal-
ity we have for any (x,y)” €S

x+y=(x y)(})g \/x2+y2\/12+1251/'2-.

Therefore, the maximal value of f over § is upper bounded by ¥/2. On the other hand,
the upper bound v2 is attained at (x,y) = (-‘}—5, “‘1,/3)° It is not difficult to see that this is the

only point that attains this value, and thus (%, %) is the strict global maximum point of
f over S, and the maximal value is v2. A similar argument shows that («-%,—-%) is the
strict global minimum point of f over S, and the minimal vatue is —v2. 1

Example 2.3. Consider the two-dimensional function

xX+y
x’ T e——
fx) X +y2+1

defined over the entire space R?. The contour and surface plots of the function are given
in Figure 2.1. This function has two optima points: a global maximizer (x,y) = (%, %)
and a global minimizer (x,y) = (——k,—%). The proof of these facts will be given in
Example 2.36. The maximal value of the function is

1 1
wtv  _ 1

(P +(HP+1 V2

and the minimal value is _JLE' [ |

Our main task will usually be to find and study global minimum or maximum points;
however, most of the theoretical results only characterize local minima and maxima which
are optimal points with respect to a neighborhood of the point of interest. The exact
definitions follow.
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Figure 2.1. Contour and surface plots of f (x,y) = +—4—.

x4y +1

Definition 2.4 (local minima and maxima). Let f : § — R be defined on a set S C R”.
Then

1. x* € S is called a local minimum point of f over S if there exists r > O for which
f(x*) < f(x) for any x € SNB(x*, 1),

2. x* € § is called a strict local minimum point of f over S if there exists r > O for
which f(x*) < f(x) for any x* #x € SNB(x*, 7),

3. x* € S is called a local maximum point of f over S if there exists r > 0 for which
f)2 f(x) for anyx € SNB(x, 7),

4. x* € § is called a strict local maximum point of f over S if there exists r > 0 for
which f(x*)> f(x) for any x* #x € SNB(x*, 7).

Of course, a global minimum (maximum) point is also a local minimum (maximum)
point. As with global minimum and maximum points, we will also use the terminology
local minimizer and local maximizer for local minimum and maximum points, respec-
tively.

Example 2.5. Consider the one-dimensional function

[ (x—1?+2, —1<x<]1,
2, 1sx<2,
—(x—2)*+2, 2<x<25,
flx)={ (x—3)+15 25<x<4,
—(x—5)2+3.5, 4<x<6,
—2x+145, 6<x<6.5,
\ 2x—11.5, 6.5<x<8,

described in Figure 2.2 and defined over the interval [—1,8]. The point x =—1 is a strict
global maximum point. The point x = 1 is a nonstrict local minimum point. All the
points in the interval (1,2) are nonstrict local minimum points as well as nonstrict local
maximum points. The point x = 2 is a local maximum point. The point x =3 is a strict
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local minimum, and a non-strict global minimum point. The point x =5 is a strict local
maximum and x = 6.5 is a strict local minimum, which is a nonstrict global minimum
point. Finally, x = 8 is a strict local maximum point. Note that, as already mentioned,
x =3 and x = 6.5 are both global minimum points of the function, and despite the fact
that they are strict local minima, they are nonstrict global minimum points. W

6 T T T T T T T T T

f(x)

—
o
]

Figure 2.2. Local and global optimum points of a one-dimensional function.

First Order Optimality Condition

A well-known result is that for a one-dimensional function f defined and differentiable
over an interval (a,b), if a point x* € (a,b) is a local maximum or minimum, then
f'(x*)=0. This is also known as Fermat’s theorem. The multidimensional extension
of this result states that the gradient is zero at local optimum points. We refer to such
an optimality condition as a first order optimality condition, as it is expressed in terms of
the first order derivatives. In what follows, we will also discuss second order optimality
conditions that use in addition information on the second order (partial) derivatives.

Theorem 2.6 (first order optimality condition for local optima points). Let f : U — R
be a function defined on a set U C R”. Suppose that x* € int(U) is a local optimum point
and that all the partial derivatives of f exist at x*. Then V f(x*) = 0.

Proof. Let i € {1,2,...,n} and consider the one-dimensional function g(t) = f(x* +te;).
Note that g is differentiable at £ = 0 and that g’(0) = g{l—(x“ )- Since x* is a local optimum
point of f, it follows that # =0 is a local optimum of g, which immediately implies that
g'(0) =0. The latter equality is exactly the same as gfi(x"‘) = 0. Since this is true for any
1 €{1,2,...,n}, the result Vf(x*) =0 follows. 0O I

Note that the proof of the first order optimality conditions for multivariate functions
strongly relies on the first order optimality conditions for one-dimensional functions.
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Theorem 2.6 presents a necessary optimality condition: the gradient vanishes at all local
optimum points, which are interior points of the domain of the function; however, the re-
verse claim is not trie—there could be points which are not local optimum points, whose
gradient is zero, For example, the derivative of the one-dimensional function f(x) = x*
is zero at x = 0, but this point is neither a local minimum nor a local maximum. Since
points in which the gradient vanishes are the only candidates for local optima among the
points in the interior of the domain of the function, they deserve an explicit definition.

Definition 2.7 (stationary points). Let f : U — R be a function defined on a set U CR”,
Suppose that X* € int(U) and that f is differentiable over some neighborbood of x*. Then x*
is called a stationary point of f if Vf(x*)=0.

Theorem 2.6 essentially states that local optimum points are necessarily stationary
points.

Example 2.8, Consider the one-dimensional quartic function f(x) = 3x*—20x? +42x?—
36x. To find its local and global optima points over R, we first find all its stationary points.
Since f/(x) = 12x> — 60x? + 84x — 36 = 12(x — 1)%(x — 3), it follows that f'(x) = 0 for
x = 1,3. The derivative f'(x) does not change its sign when passing through x = 1—it
is negative before and after—and thus x = 1 is not a local or global optimum point. On
the other hand, the derivative does change its sign from negative to positive while passing
through x = 3, and thus it is a local minimum point. Since the function must have a
global minimum by the property that f(x) — 00 as |x| — oo, it follows that x = 3 is
the global minimum point.

2.2 » Classification of Matrices

In order to be able to characterize the second order optimality conditions, which are
expressed via the Hessian matrix, the notion of “positive definiteness” must be defined.

Definition 2.9 (positive definiteness).

1. A symmetric matrix A € R"*" is called positive semidefinite, denoted by A > 0, if
x? Ax > 0 for every x € R”,

2. A symmetric matrix A € R*™" is called positive definite, denoted by A > O, if
xT Ax >0 for every 0 £ x € R".

In this book a positive definite or semidefinite matrix is always assumed to be sym-
metric.

Positive definiteness of a matrix does not mean that its components are positive, as the
following examples illustrate.

Example 2.10. Let

Then for any x = (x,,x,)7 € R?

2 -1
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Thus, A is positive semidefinite. In fact, since x{ +(x, —x,)* = Oif and only if x; = x, =0,
it follows that A is positive definite. This example illustrates the fact that a positive definite
matrix might have negative components. i

1 2
(3 )

This matrix, whose components are all positive, is not positive definite since for x =

(1,—1)7
x'Ax =(1,—1) (; f) (_11) ==2. B

Although, as illustrated in latter examples, not all the components of a positive defi-
nite matrix need to be positive, the following result shows that the signs of the diagonal
components of a positive definite matrix are positive.

Example 2.11. Let

Lemma 2,12, Let A € R"*" be a positive definite matrix. Then the diagonal elements of A
are positive.

Proof. Since A is positive definite, it follows that 7 Ae; > 0 for any 7 € {1,2,...,1},
which by the fact that e/ Ae; = 4;; implies the result. O

A similar argument shows that the diagonal elements of a positive semidefinite matrix
are nonnegative.

Lemma 2.13. Let A be a positive semidefinite matrix. Then the diagonal elements of A are
nonnegative.

Closely related to the notion of positive (semi)definiteness are the notions of negative
(semi)definiteness and indefiniteness.

Definition 2.14 (negative (semi)definiteness, indefiniteness).

1. A symmetric matrix A € R"** is called negative semidefinite, denoted by A <0, if
x7 Ax < 0 for every x € R”.

2. A symmetric matrix A € R™" is called negative definite, denoted by A < 0, if
x7 Ax <0 for every 0 £x € R”.

3. A symmetric matrix A € R*** is called indefinite if there exist x and y € R” such
that x™ Ax > 0 and yT Ay < 0.

It follows immediately from the above definition that a matrix A is negative (semi)-
definite if and only if —A is positive (semi)definite. Therefore, we can prove and state all
the results for positive (semi)definite matrices and the corresponding results for negative
(semi)definite matrices will follow immediately. For example, the following result on

negative definite and negative semidefinite matrices is a direct consequence of Lemmata
2.12 and 2.13.
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Lemma 2.15.
() Let A be a negative definite matrix. Then the diagonal elements of A are negative.

(b) Let A be a negative semidefinite matrix. Then the diagonal elements of A are nonposi-
tive,

When the diagonal of a matrix contains both positive and negative elements, then the
matrix is indefinite. The reverse claim is not correct.

Lemma 2,16, Let A be asymmetric n X n matrix. Ifthere exist positive and negative elements
in the diagonal of A, then A is indefinite.

Proof. Leti,j €{1,2,...,n} be indices such that 4, ; >0 and 4; ; <0. Then
T _ T —_
e; Ae; = 4;, >0, € Ae; =4, <0,
and hence A is indefinite. 0O

In addition, a matrix is indefinite if and only if it is neither positive semidefinite nor
negative semidefinite, It is not an easy task to check the definiteness of a matrix by using
the definition given above. Therefore, our main task will be to find a useful characteri-
zation of positive (semi)definite matrices. It turns out that a complete charachterization
can be given in terms of the eigenvalues of the matrix.

Theorem 2.17 (eigenvalue characterization theorem). Let A be a symmetric n X n ma-
trix. Then

(a) A is positive definite if and only if all its eigenvalues are positive,

(b) A is positive semidefinite if and only if all its eigenvalues are nonnegative,
(c) A is negative definite if and only if all its eigenvalues are negative,

(d) A is negative semidefinite if and only if all its eigenvalues are nonpositive,

(€) A is indefinite if and only if it has at least one positive eigenvalue and at least one
negative eigenvalue.

Proof. We will prove part (a). The other parts follow immediately or by similar argu-
ments. Since A is symmetric, it follows by the spectral decomposition theorem (Theorem
1.10) that there exist an orthogonal matrix U and a diagonal matrix D = diag(d,, d5,...,d,)
whose diagonal elements are the eigenvalues of A, for which U7 AU = D. Making the lin-
ear transformation of variables x = Uy, we obtain that

x’ Ax=y UTAUy=y'Dy=> dy’.

i=t

We can therefore conclude by the nonsingularity of U that x” Ax > 0 for any x # 0 if and
only if

Zd,-yf > 0 for any y #0. (2.1)

i=1
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Therefore, we need to prove that (2.1) holds if and only if d; > 0 for all ;. Indeed, if (2.1)
holds then for any i € {1,2,...,n}, plugging y = ¢; in the inequality implies that d, > 0.
On the other hand, if d; > 0 for any i, then surely for any nonzero vector y one has
?_,d;y2 >0, meaning that (2.1) holds. O
Since the trace and determinant of a symmetric matrix are the sum and product of its
eigenvalues respectively, a simple consequence of the eigenvalue characterization theorem
is the following.

Corollary 2.18. Let A be a positive semidefinite (definite) matrix. Then Tr(A) and det(A)
are nonnegative (positive).

Since the eigenvalues of a diagonal matrix are its diagonal elements, it follows that the
sign of a diagonal matrix is determined by the signs of the elements in its diagonal.

Lemma 2.19 (sign of diagonal matrices). Let D = diag(d,,d,,...,d,). Then

(@) D is positive definite if and only if d; > 0 for all i,

(b) D is positive semidefinite if and only if d; > O for all 1,

() D is negative definite if and only if d; < 0 for all i,

(d) D s negative semidefinite if and only if d; <0 forall i,

() D is indefinite if and only if there exist i, ] such that d; >0 and d; < Q.

The eigenvalues of a matrix give full information on the sign of the matrix. However,

we would like to find other simpler methods for detecting positive (semi)definiteness. We

begin with an extremely simple rule for 2 x 2 matrices stating that for 2 x 2 matrices the
condition in Corollary 2.18 is necessary and sufficient.

Proposition 2.20, Let A be a symmetric 2 X 2 matrix. Then A is positive semidefinite
(definite) if and only if Tr(A),det(A) > 0 (Tr(A),det(A) > 0).

Proof. We will prove the result for positive semidefiniteness. The result for positive
definiteness follows from similar arguments. By the eigenvalue characterization theo-
rem (Theorem 2.17), it follows that A is positive semidefinite if and only if A,(A) >
0 and A,(A) > 0. The result now follows from the simple fact that for any two real
number 4,6 € Rone has4,b > Qif andonlyifa+ %4 > 0and a- & > 0. Therefore,
A is positive semidefinite if and only if A,(A)+ A,(A) = TH(A) > 0 and A,(A),(A) =
det(A)>0. O

Example 2.21. Consider the matrices

4 1
(i) s

The matrix A is positive definite since

[y

t
—

Te(A)=44+3=7>0, det(A)=4-3—1-1=11>0,
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As for the matrix B, we have
Tr(B)=1+1+0.1=2.1>0, det(B)=0.

However, despite the fact that the trace and the determinant of B are nonnegative, we
cannot conclude that the matrix is positive semidefinite since Proposition 2.20 is valid
only for 2 x 2 matrices. In this specific example we can show (even without computing
the eigenvalues) that B is indefinite. Indeed,

e'fﬂBe1 >0,

For any positive semidefinite matrix A, we can define the square root matrix A? in the
following way. Let A = UDUT be the spectral decomposition of A; that is, U is an orthog-
onal matrix, and D = diag(d,,d,,...,d, ) is a diagonal matrix whose diagonal elements are
the eigenvalues of A. Since A is positive semidefinite, we have that d,,d,,...,d, >0, and
we can define

Al = UEU7,

where E = diag(\/d,, V5, ..., /4, ). Obviously,
AiA} = UEUTUEU” = UEEU? = UDU =A.

The matrix A? is also called the positive semidefinite square root. A well-known test
for positive definiteness is the principal minors criterion. Given an 7 X 7 matrix, the
determinant of the upper left & x & submatrix is called the kth principal minor and 1s
denoted by D, (A). For example, the principal minors of the 3 X 3 matrix

411 42 4y
A=|ay ay ay
dy dip A4y
are

ay 4 Aq3

D(A)=ay,, Dz(A)=det(Z" 212), Dy(Ay=det{ay ay an
a nz 4y 4y a4y

The principal minors criterion states that a symmetric matrix is positive definite if and
only if all its principal minors are positive.

Theorem 2.22 (principal minors criterion). Let A be an n X n symmetric matrix. Then
A is positive definite if and only if D,(A) > 0,D,(A) >0,...,D,(A)>0.

Note that the principal minors criterion is a tool for detecting positive definiteness of
a matrix. It cannot be used in order detect positive semidefiniteness.

Example 2,23, Let

4 2 3 2 2 2 —4 1 1
A=(2 3 2}, B=|2 2 2], C=|1 —4 1
3 2 4 2 2 -1 1 1 —4
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The matrix A is positive definite since
2 4 2 3
D{(A)=4>0, D,(A)=det (2 3) =8>0, DyA)=detji2 3 2)=13>0.
3 2 4

The principal minors of B are nonnegatwe Dl(B) = 2,D,(B) = Dy(B) = 0; however,
since they are not positive, the principal minors criterion does not provide any informa-
tion on the sign of the matrix other than the fact that it is not positive definite. Since the
matrix has both positive and negative diagonal elements, it is in fact indefinite (see Lemma
2.16). As for the matrix C, we will show that it is negative definite. For that, we will use
the principal minors criterion to prove that —C is positive definite:

D(—C)=4>0, D,(-C)= det (:1 —41) =15>0,

4 —1 -1
Dy(—=C)=det{ -1 4 —1}=50>0 1N
-1 -1 4

An important class of matrices that are known to be positive semidefinite is the class
of diagonally dominant matrices.

Definition 2.24 (diagonally dominant matrices). Let A be a symmetric n X n matrix.
Then

1. A is called diagonally dominant if
A1 = Z 14;;1
j#
foralli =1,2,...,n
2. A is called strictly diagonally dominant if
|4;i1 > Z 14
j#i
foralli =1,2,...,n
We will now show that diagonally dominant matrices with nonnegative diagonal ele-

ments are positive semidefinite and that strictly diagonally dominant matrices with pos:-
tive diagonal elements are positive definite.

Theorem 2.25 (positive semidefiniteness of diagonally dominant matrices),

() Let A be a symmetric n x n diagonally dominant matrix whose diagonal elements are
nonnegative. Then A is positive semidefinite.

(b) Let A be a symmetric n X n strictly diagonally dominant matrix whose diagonal ele-
ments are positive. Then A is positive definite.

Proof. (a) Suppose in contradiction that there exists a negative eigenvalue A of A, and letu
be a corresponding eigenvector. Let i € {1,2,...,n} be an index for which |4,| is maximal
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among |#,|,|%,l,-..,|%,|- Then by the equality Au = Au we have

ZAij”j < (ZIA:E;")l”il < A1),

i#i j#i

|A;; — Al ;| =

implying that |4;; — A| < |4;;], which is a contradiction to the negativity of A and the
nonnegativity of 4;;.

(b) Since by part (a) we know that A is positive semidefinite, all we need to show is
that A has no zero eigenvalues. Suppose in contradiction that there is a zero eigenvalue,
meaning that there is a vector u # 0 such that Au = 0. Then, similarly to the proof of
part (a), let i € {1,2,...,n} be an index for which |;] is maximal among |#,}, |#,|,.. ., |#,s
and we obtain

1Al 1w = ZA;';‘”;'

#

< (Z|A£j|)|”£| <|A;; 11,

i#

which is obviously impossible, establishing the fact that A is positive definite. 0

2.3 » Second Order Optimality Conditions

We begin by stating the necessary second order optimality condition.

Theorem 2.26 (necessary second order optimality conditions). Let f : U - R bea
function defined on an open set U CR™. Suppose that [ is twice continunously differentiable
over U and that x* is a stationary point. Then the following hold:

(@) If x* is a local minimum point of f over U, then V2 f(x*) > C.
(b) If x* is a local maximum point of f over U, then V?f(x*) < 0.

Proof. (a) Since x* is a local minimum point, there exists a ball B(x*,r) C U for which
f(x) 2 f(x*) for all x € B(x*, 7). Let d € R” be a nonzero vector. For any 0 < a < WEITI’

Y

we have x*, = x* + ad € B(x*, r), and hence for any such «

f(x) 2 f(x7). 2.2)

On the other hand, by the linear approximation theorem (Theorem 1.24), it follows that
there exists a vector z, € [x*,x’,] such that

FO)—f(x) = VA (g, —x)+ %(X: —x")T V2 f(2,)(x, —x").

Since x* is a stationary point of £, and by the definition of x?, the latter equation re-
duces to

2
f06)—f (&) = = dTVf(z,)d. @3)

Combining (2.2) and (2.3), it follows that for any « € (0, ) the inequality d” V2f(z,)d >
0 holds. Finally, using the fact that z, — x* as @ — 0%, and the continuity of the Hessian,
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we obtain that d”Vf(x*)d > 0. Since the latter inequality holds for any d € R”, the
desired result is established.

(b) The proof of (b) follows immediately by employing the result of part (a) on the
function—f. O

The latter result is a necessary condition for local optimality. The next theorem states
a sufficient condition for strict local optimality.

Theorem 2.27 (sufficient second order optimality condition). Let f : U - R bea
function defined on an open set U T R”. Suppose that f is twice continnously differentiable
over U and that x* is a stationary point. Then the following hold:

() If VEf(x*) >0, then X" is a strict local minimum point of f over U.

() If V2f(x*) <0, then x* is a strict local maximum point of f over U.

Proof. We will prove part (a). Part (b) follows by considering the function —f. Suppose
then that x* is a stationary point satisfying V2 f(x*) > 0. Since the Hessian is continuous,
it follows that there exists a ball B(x*, ) C U for which V2f(x) > 0 for any x € B(x", r).
By the linear approximation theorem (Theorem 1.24), it follows that for any x € B(x", r),
there exists a vector z, € [x*,x] (and hence z_ € B(x*, 7)) for which

FO— () = 2= x) V2 (2. 249

Since V2f(z,) > 0, It follows by (2.4) that for any x € B(x*,r) such that x # x*, the
inequality f(x) > f(x') holds, implying that x* is a strict local minimum point of f
over U. O

Note that the sufficient condition implies the stronger property of strict local opti-
mality. However, positive definiteness of the Hessian matrix is not a necessary condition
for strict local optimality. For example, the one-dimensional function f(x) = x* over R
has a strict local minimum at x = 0, but f”(0) is not positive. Another important concept

is that of a saddle point.

Definition 2.28 (saddle point). Let f : U — R be a function defined on an open set
U CR”. Suppose that [ is continnously differentiable over U. A stationary point x* is called

asaddle point of f over U ifit is neither a local minimum point nor a local maximum point
of f over U.

A sufficient condition for a stationary point to be a saddle point in terms of the prop-
erties of the Hessian is given in the next result.

Theorem 2.29 (sufficient condition for a saddle point). Let f : U — R be a function
defined on an open set U C R". Suppose that f is twice continuously differentiable over U
and that X* is a stationary point. If V2 f(x*) is an indefinite matrix, then x* is a saddle point
of f over U.

Proof. Since V?f(x*) is indefinite, it has at least one positive eigenvalue A > 0, corre-
sponding to a normalized eigenvector which we will denote by v. Since U is an open set,
it follows that there exists a positive real » > 0 such that x* + av € U for any 2 €(0, 7).
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By the quadratic approximation theorem (Theorem 1.25) and recalling that V£(x*) =0,
we have that there exists a function g : R, | — R satisfying

&@0&5:%0, (2.5)

such that for any @ € (0, 7)
2
& +av) =f )+ VIV v+ g(@VIF)

Ac?
=f(x")+ ‘2**||"'||2 + g(lIviPPe®).

Since ||[v|| = 1, the latter can be rewritten as

Aot
fx*+av)=f(x")+ 5 + g(a%).

By (2.5) it follows that there exists an ¢, € (0, 7) such that g(2?) > —%az forall e €(0,¢,),
and hence f(x* + av) > f(x*) for all @ € (0,£,). This shows that x* cannot be a local
maximum point of f over U. A similar argument—exploiting an eigenvector of V2 f(x*)
corresponding to a negative eigenvalue—shows that x* cannot be a local minimum point
of f over U, establishing the desired result that x* is a saddle point. 0O

Another important issue is the one of deciding on whether a function actually has a
global minimizer or maximizer. This is the issue of attainment or existence. A very well
known result is due to Weierstrass, stating that a continuous function attains its minimum
and maximum over a compact set.

Theorem 2.30 (Weierstrass theorem). Let f be a continuous function defined over a
nonempty and compact set C C R*. Then there exists a global minimum point of f over C
and a global maximum point of f over C.

When the underlying set is not compact, the Weierstrass theorem does not guarantee
the attainment of the solution, but certain properties of the function f can imply attain-
ment of the solution even in the noncompact setting. One example of such a property is
coerciveness.

Definition 2.31 (coerciveness). Lez f : R” — R be a continuous function defined over R”.
The function f is called coercive if

lim f(x)=o0.

|Ixd|—o00

The important property of coercive functions that will be frequently used in this book
is that a coercive function always attains a global minimum point on any closed set.

Theorem 2.32 (attainment under coerciveness). Let f : R” — R be a continunous and

coercive function and let S C R” be a nonempty closed set. Then f has a global minimum
point over S.

Proof. Let x, € § be an arbitrary point in S. Since the function is coercive, it follows that
there exists an M > 0 such that

f(x)> f(x,) for any x such that ||x|| > M. (2.6)
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Since any global minimizer x* of f over § satisfies f(x*) < f(%o), it follows from (2.6)
that the set of global minimizers of f over § is the same as the set of global minimizers
of f over SN B[O, M]. The set $ N B[0,M] is compact and nonempty, and thus by the
Weierstrass theorem, there exists a global minimizer of f over SNB[0,M] and hence also
overS. 0O

Example 2.33. Consider the function f(x,,x,) = xZ + x2 over the set

The set C 1s not bounded, and thus the Weierstrass theorem does not guarantee the exis-
tence of a global minimizer of f over C, but since f is coercive and C is closed, Theorem
2.32 does guarantee the existence of such a global minimizer. It is also not a difficult task
to find the global minimum point in this example. There are two options: In one op-
tton the global minimum point is in the interior of C, and in that case by Theorem 2.6
V f(x) = 0, meaning that x = 0, which 1s impossible since the zeros vector isnot in C. The
other option is that the global minimum point is attained at the boundary of C given by
bd(C) = {(x,, x;) : x; + x, = —1}. We can then substitute x, = —x, — 1 into the objective
function and recast the problem as the one-dimensional optimization problem of mini-
mizing g(x,) = (—1—x,)? + xZ over R. Since g'(x,) = 2(1 +x,) + 2x,, it follows that g’
has a single root, which is x, = —0.5, and hence x; = —0.5. Since (x,x,) = (—0.5,~0.5)
is the only candidate for a global minimum point, and since there must be at least one
global minimizer, it follows that (x,, x,) = {(—0.5,—0.5) is the global minimum point of f
overC. N

Example 2.34. Consider the function

Flx,%) = fo +3x2 + 3x]x, — 24x,

over R?. Let us find all the stationary points of f over R? and classify them. First,

6x?% + 6%, x
— 1 1+2
V)= (61:2 +3x2 —24)'
Therefore, the stationary points are those satisfying

6x7 +6x,x, =0,

6x, +3x2 —24 =0.
The first equation is the same as 6x,(x, +x,) = 0, meaning that either x, = O or x,+x, =0.
If x, = 0, then by the second equation x, = 4. If x; +x, = 0, then substituting x, = —x, in

the second equation yields the equation 3x? —6x, —24 = 0 whose solutions are x, = 4,—2.
Overall, the stationary points of the function f are (0,4),(4,—4),(—2,2). The Hesstan of

f is given by
sz(xp x2)=6(2x1 + % xl).
X, 1

For the stationary point (0,4) we have

=63 1)
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which is a positive definite matrix as a diagonal matrix with positive components in the
diagonal (see Lemma 2.19). Therefore, (0,4) is a strict local minimum point. It is not a
global minimum point since such a point does not exist as the function f is not bounded
below:

f(x,,0) = 2x7 — —00 as x; — —o0.
The Hessian of f at (4,—4) is

Vif(4,—4)= 6(1 ‘;‘)

Since det(V2f(4,~—4)) = —6%- 12 < 0, it follows that the Hessian at (4,—4) is indefinite.
Indeed, the determinant is the product of its two eigenvalues - one must be positive and
the other negative. Therefore, by Theorem 2.29, (4,—4) is a saddle point. The Hessian at
(—2,2)1s

20 am_gef—2 —2
V3£ ( 2,2)_6<_2 1),
which is indefinite by the fact that it has both positive and negative elements on its diag-

onal. Therefore, (—2,2) is a saddle point. To summarize, (0,4) is a strict local minimum
point of f, and (4,—4),(—2,2) are saddle points. &

Example 2.35, Let
flxpay) =2 +x2 =17 +(x2—1)%

The gradient of f is given by
_ (xl2 +x2—1)x,
Vf(x) = 4((JC12 +x§_ 1)362 +(x§ _ 1).762 .
The stationary points are those satisfying
(xl2 + xz2 —1)x, =0, 2.7)
(ch-{-xg-—1)3‘:2—!-(x,f—1)x2 =0. 2.8

By equation (2.7), there are two cases: either x; = 0, and then by equation (2.8) x, is
equal to one of the values 0,1,—1; the second option is that xf + x:;_’ = 1, and then by
equation (2.8), we have that x, = 0,21 and hence x, is £1,0 respectively. Overall, there
are 5 stationary points: (0,0),(1,0),(—1,0),(0,1),(0,—1). The Hessian of the function is

3x2 42 —1 2x,%
2 — 1 2 1%2
v f(x)—-4( 2x,x, xf+6x§-2>'

Since

V2£(0,0) = 4 (_01 _02) <0,

it follows that (0,0) is a strict local maximum point. By the fact that f(x,,0) = (x? —

1> 4+1 — 00 as x, - 00, the function is not bounded above and thus (0,0) is not a global
maximum point. Also,

VZ£(1,0)= Vf(—1,0)= 4(5 _01),
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which is an indefinite matrix and hence (1,0) and (—1,0) are saddle points. Finally,
2 2 0 0
V10, 1))=YV f(O,-—-l):4(0 4)t0.

The fact that the Hessian matrices of f at (0,1) and (0,—1) are positive semidefinite is not
enough in order to conclude that these are local minimum points; they might be saddle
points. However, in this case it is not difficult to see that (0,1) and (0,—1) are in fact
global minimum points since f(0,1) = f(0,—1) = 0, and the function is lower bounded
by zero. Note that since there are two global minimum points, they are nonstrict global
minima, but they actually are strict local minimum points since each has a neighborhood
in which it is the unique minimizer. The contour and surface plots of the function are
plotted in Figure 2.3. N

1-5 L} T S

TN =tE 0 o5 T is

Figure 2.3. Contour and surface plots of f(x,,%,) = (x2 + x7 — 1) + (x2 —1)%. The frve
stationary points (0,0),(0,1),(0,—1),(1,0),(—1,0) are denoted by asterisks. The points (0,—1),(0,1)
are strict local minimum points as well as global minimum points, (0,0) is a local maximum point, and

(—1,0),(1,0) are saddle points.

Example 2.36. Returning to Example 2.3, we will now investigate the stationary points

of the function
x4y

X,y) = —5—5—.
f(x,9) g

The gradient of the function is

Vf(x:y)=

1 ((:c2 +y2+1)—2(x +y)x)
(2 +y2 +12 \ (P +7+1)=2x+y)y )’

Therefore, the stationary points of the function are those satisfying

—x?—2xy+y*=—1,
x?—2xy—y* =—1.
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Adding the two equations yields the equation xy = 1. Subtracting the two equations

yields x? = y2, which, along with the fact that x and y have the same sign, implies that
x =y. Therefore, we obtain that
1
xP=-
2

whose solutions are x = :i:%. Thus, the function has two stationary points which are
(v}_ ‘}_) and (— ‘}_, }) We will now prove that the statement given in Example 2.3 is

correct: (== 75 ‘/.) is the global maximum point of f over R? and -———~ ——) is the global
minimum point of f over R?. Indeed, note that f(-= 7 ﬁ) JE In addmon, for any
(x,7)7 € R?,
x+ — /x4 t
fe =t < ELEE < i
xt+y+1 +yr+1 20 1241

where the first inequality follows from the Cauchy-Schwarz inequality. Since for any
t > 0, the inequality t2 + 1 > 2¢ holds, we have that f(x,y) < —k for any (x,y)" € R,

Therefore, (%, %) attains the maximal value of the function and is therefore the global
maximum point of f over R?. A similar argument shows that (-——%,—%) is the global
minimum point of f over R?. 1

Example 2.37. Let
f(x,%) = ——fo + xle + 4x;.
The gradient of the function is
_ (4% +x} 4+ 16x]
Vf(X) - ( le xz 3
and the stationary points are those satisfying the system of equations
—4x, + xg + 16xf’ =0,
2x,x, =0.

By the second equation, we obtain that either x, = 0 or x, = 0 (or both). If x; =0, then
by the first equation, we have x, = 0. If x, = 0, then by the first equation —4x, +16x] =0

and thus x, (—144x7) =0, so that x, is one of the three values 0,0.5,~0.5. The function
therefore has three stationary points: (0,0),(0.5,0),(—0.5,0). The Hessian of f is

—44+48x2 2x
sz(xl,xz) = ( sz ! ij) .

Since
V2£(0.5,0)= (8 ?) >0,
it follows that (0.5,0) is a strict local minimum point of f. It is not a glebal minimum

point since the function is not bounded below: f(—1,x,) =2—xZ — —co as x, — c0. As
for the stationary point (—0.5,0),

8§ ©
vzf(—o.5,0)=(0 _1),
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and hence since the Hessian is indefinite, (—0.5,0) is a saddle point of f. Finally, the
Hessian of f at the stationary point (0,0) is

V2£(0,0) = (‘04 g)

The fact that the Hessian is negative semidefinite implies that (0,0) is either a local maxi-
mum point or a saddle point of f. Note that

f(a*,a@) =—2a* + a® + 42" = a®(—22% + 1+ 42").
It is easy to see that for a small enough a > 0, the above expression is positive. Similarly,
f(—a* @) =—2a — o + 42" = a®(—2a%* — 1 +42"),

and the above expression is negative for small enough @ > 0. This means that (0,0) is a
saddle point since at any one of its neighborhoods, we can find points with smaller values
than £(0,0) = 0 and points with larger values than £(0,0) = 0. The surface and contour
plots of the function are given in Figure 2.4. 1

1
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Figure 2.4. Contour and surface plots of f (x,, x,) = —2x2+x, x2+4x. The three stationary
point (0,0),(0.5,0),(—0.5,0) are denoted by asterisks. The point (0.5,0) is a strict local minimum, while
(0,0) and (—0.5,0) are saddle points.

2.4 = Global Optimality Conditions

The conditions described in the last section can only guarantee—at best—local optimality
of stationary points since they exploit only local information: the values of the gradient
and the Hessian at a given point. Conditions that ensure global optimality of points must
use global information. For example, when the Hessian of the function is always positive
semidefinite, all the stationary points are also global minimum points. Later on, we will
refer to this property as convexity.
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Theorem 2.38, Let f be a twice continnounsly differentiable function defined over R*. Sup-
pose that V2 f(x) = 0 for any x € R, Let x* € R” be a stationary point of f. Then x* isa
global minimum point of f.

Proof. By the linear approximation theorem (Theorem 1.24), it follows that for any x €
R*, there exists a vector z, € [x*,x] for which

F— )= 2= V2 (2 )= ).

Since V2f(z,) = 0, we have that f(x) > f(x"), establishing the fact that x* is a global
minimum point of f. O

Example 2.39. Let
f(x)= xlz +x§ +x32 + X, %5 + Xy X3 4 X5 X4 +(xf +1*t:22 +x§)2.

Then
2x; + %y + x5 +4x,(x2 + xI + x%)
VFx) = 2x+ %, + %3+ 4x,(x? +x3 4+ x7) |.
2%y + %, + Xy + 425(x7 + x2 + x3)

Obviously, x = 0 is a stationary point. We will show that it is a global minimum point.

The Hessian of f is
24 4(x2 + x2 4 x7) + 8x7 1+ 8x,x, 1+ 8x, x,
Vif(x)= 14 8x,x, 2+ 4(x2 + x2 + x2) + 8x? 1+ 8x,x, .
1+ 8x,x, 1+ 8x,x, 2+ 4(x2+ x + x2)+8x?

The Hessian is positive semidefinite since it can be be written as the sum
Vi f(x) = A+B(x)+C(x),
where

2 11 8xZ  Bxyx, 8xx
A={1 2 1|, BE=4(x}+xl+x})L,, C(x)=(8xx, 8xZ B8x,x,
1 1 2 8x,x; 8x,x; 8x2

The above three matrices are positive semidefinite for any x € R?; indeed, A > Osince it is
diagnoally dominant with positive diagonal elements. The matrix B(x), as a nonnegative
multiplier of the identity matrix, is positive semidefinite, and finally,

C(x) = 8xx”,

and hence C(x) is positive semidefinite as a positive multiply of the matrix xx7, which
is positive semidefinite (see Exercise 2.6). To summarize, V2 f(x) is positive semidefinite
as the sum of three positive semidefnite matrices (simple extension of Exercise 2.4), and
hence, by Theorem 2.38, x = 0 is a global minimum point of f over R>. B
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2.5 = Quadratic Functions

Quadratic functions are an important class of functions that are useful in the modeling
of many optimization problems. We will now define and derive some of the basic results
related to this important class of functions.

Definition 2.40. A quadratic function over R” is a function of the form
F(x)=xTAx+2b"x+c, (2.9)
where A € R**" is symmetric, b€ R*, and c € R.

We will frequently refer to the matrix A in (2.9) as the matrix associated with the
quadratic function f. The gradient and Hessian of a quadratic function have simple ana-
lytic formulas:

Vf(x)=2Ax+2b, (2.10)
Vif(x)=2A. (2.11)

By the above formulas we can deduce several important properties of quadratic functions,
which are associated with their stationary points.

Lemma 2.41, Let f(x) = xT Ax+ 2b7 x + ¢, where A € R"*” is symmetric, b € R”, and
cE€R. Then

(@) X is a stationary point of f if and only if Ax = —b,
(b) if A >0, then x is a global minimum point of f if and only if Ax = ~b,

(c) if A >0, then x =—A7'b is a strict global minimum point of f.

Proof. (a) The proof of (a) follows immediately from the formula of the gradient of f
{equation (2.10)).
(b) Since V2f(x) = 2A > 0, it follows by Theorem 2.38 that the global minimum
points are exactly the stationary points, which combined with part (a) implies the result.
(c) When A > 0, the vector x = —A~"b is the unique solution to Ax = —b, and hence
by parts (a) and (b), it is the unique global minimum pointof /. 0O

We note that when A > 0, the global minimizer of f is x* = —A~'b, and consequently
the minimal value of the function is

Fx) =(x*)"Ax* +2b7x* +¢
=(—A"'b)  A(—A"b)—2b"A b+ ¢
=c—b7A'b.

Another useful property of quadratic functions is that they are coercive if and only if the
assoctated matrix A is positive definite.

Lemma 2.42 (coerciveness of quadratic functions). Let f(x) = x” Ax+2b? x+¢, where
A € R™" is symmetric, bER", and c € R. Then f is coercive if and only if A > 0.
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Proof. If A > 0, then by Lemma 1.11, x7 Ax > a||x|}? for 2 = A
write

(A) > 0. We can thus

b
£ 2 alllf+ 26" x+c 2 el 20l xll+c =auxn(uxn—2¥)+f’

where we also used the Cauchy-Schwarz inequality. Since obviousty «||x]|(|{x||— 2”%—') +
¢ — o0 as [[x]] — oo, it follows that f(x) — o0 as ||x|| — oo, establishing the coerciveness
of f. Now assume that f is coercive. We need to prove that A is positive definite, or
in other words that all its eigenvalues are positive. We begin by showing that there does
not exist a negative eigenvalue. Suppose in contradiction that there exists such a negative
eigenvalue; that is, there exists a nonzero vector v € R” and A < 0 such that Av = Av.

Then
f(av)= AlvIPa? +2(b7v)a + ¢ - —oo

as @ tends to oo, thus contradicting the assumption that f is coercive. We thus conclude
that all the eigenvalues of A are nonnegative. We will show that 0 cannot be an eigen-
value of A. By contradiction assume that there exists v # 0 such that Av = 0. Then for
any 2 € R

flav)=2(b"v)a+c.

Then if b7v = 0, we have f(av) = casa — co. If b7v > 0, then f(av) = —oo as
a — —oo, and if b7v < 0, then f(av) —» —oo as @ — o0, contradicting the coerciveness
of the function. We have thus proven that A is positive definite. O

The last result describes an important characterization of the property that a quad-
ratic function is nonnegative over the entire space. It is a generalization of the property
that A > 0 if and only if x” Ax > 0 for any x € R”.

Theorem 2.43 (characterization of the nonnegativity of quadratic functions), Let
f(x) = x"Ax + 2b" x + ¢, where A € R™*" is symmetric, b € R”, and ¢ € R. Then the
following two claims are equivalent:

() fX)=xTAx+2bTx+c >0 forall x e R
® (&?)zo

Proof. Suppose that (b) holds. Then in particular for any x € R” the inequality

DR

holds, which is the same as the inequality x” Ax+2b7 x+c > 0, proving the validity of (a).
Now, assume that (a) holds. We begin by showing that A > 0. Suppose in contradiction
that A is not positive semidefinite. Then there exists an eigenvector v corresponding to a
negative eigenvalue A < 0 of A:

Av=Jv.
Thus, for any 2 € R

f(av) = Apv|Pe® +2(b" via +c — —oo
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as @ — —oo, contradicting the nonnegativity of £. Our objective is to prove (b); that is,
we want to show that forany yeR” and t €R

() (& )=

y? Ay +2tbTy +ct2 >0, (2.12)

which is equivalent to

To show the validity of (2.12) for any y € R” and ¢ € R, we consider two cases. If t =0,
then (2.12) reads as y” Ay > 0, which is a valid inequality since we have shown that A > 0.
The second case is when ¢t # 0. To show that (2.12) holds in this case, note that (2.12)
is the same as the inequality

or(2)= [ A ()]

which holds true by the nonnegativity of £. O

Exercises

2.1. Findthe global minimum and maximum points of the function f(x,y) = x*+y*+
2x — 3y over the unit ball $ = B[0,1] = {(x,y): x* +y* < 1}.

2.2. Let a € R” be a nonzero vector. Show that the maximum of a” x over B[0,1] =
fxeR" :||x|| < 1} is attained at x* = ”%” and that the maximal value 1s ||a]|.

2.3. Find the global minimum and maximum points of the function f(x,y)=2x—3y
over the set § = {(x,y): 2x2 +5y* < 1}.

2.4. Show that if A,B are 2 x n positive semidefinite matrices, then their sum A+ B is
also positive semidefinite.

2.5. Let A€ R**” and B € R™*™ be two symmetric matrices. Prove that the following
two claims are equivalent:

(1) A and B are positive semidefinite.

o A O . . .
(i1) (o w ) is positive semidefinite.

e

2.6. Let BER”** 3nd let A=BB’.

(1) Prove A is positive semidefinite.
(i) Prove that A is positive definite if and only if B has a full row rank.
2.7. (1) Let A bean n X n symmetric matrix. Show that A is positive semidefinite if
and only if there exists a matrix B € R™*” such that A = BB7.
(i) Let x € R” and let A be defined as

A"j:xix}', i,)=1,2,...,?’£.

Show that A is positive semidefinite and that it is not a positive definite matrix
when n > 1.
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2.8.

29.

2.10.

2.11.

2.12,

2.13.

Let Q € R™*” be a positive definite matrix. Show that the “Q-norm" defined by

”x”Q = XTQX

is indeed a norm.
Let A be an 7 X 7 positive semidefinite matrix.

(i) Show that for any i #j

2
Auh; 2 AL

(i) Show that if for some { € {1,2,...,n} A;; =0, then the ith row of A consists
of zeros.

Let A® be the 7 x 7 matrix (» > 1) defined by

a __ @, Z = ja
AU"{I,i#ﬁ
Show that A* is positive semidefinite if and only if > 1.
Letd€ A, (A, being the unit-simplex). Show that the 7 X n matrix A defined by

P\ —did;,  i#],
is positive semidefinite.

Prove that a 2 x 2 matrix A is negative semidefinite if and only if Tr(A) < 0 and
det(A)>0.

For each of the following matrices determine whether they are positive/negative
semidefinite/definite or indefinite:
2 2 00
: 2 2 00
OA=15 0 3 1
0 0 1 3
2 2 2
)y B=[(2 3 3].
2 3 3
2 1 3
@ C=(1 2 1}.
3 1 2

-5 1 1
iwD=[1 —7 1}.
1 1 =5

2.14. (Schur complement lemma) Let

A b
()

where A € R**" b€ R", ¢ € R. Suppose that A > 0. Prove that D > 0 if and only
fc—-bTA"b>0.
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2.15. For each of the following functions, determine whether it is coercive or not:
§) f(x%) = %!+,
Gi) f(x,, %) =e" +e% — x 20 — x2%0,
(iii) f(x;,%,)=2x] —8x;x,+x2.
@) f(x;x;)=4%2+2x,x, + 2x2.
) f(xnx%)=x] +x) +x3.
(Vi) f(xy%) = %2 —2x,x3 + x5,
(vit) f(x)= ﬁ%, where A € R"*” is positive definite.

2.16. Find a function f : R* — R which is not coercive and satisfies that for any € R

lim f(:cl,f:wc,)zI l?m f(ax,,x,) = oco.

[, [+o0

2.17. For each of the following functions, find all the stationary points and classify

them according to whether they are saddle points, strict/nonstrict local/global
minimum/maximum points:

W flx,x,)= (4xf —x,)%.
(i) £y, %0 %5) = xF —2x2 + x2 + 26,5 + 27,
(1) f(x,,%,) = 2x3 —6x2 + 3x2x,.
(v) f(x;,%) = x} +2x2x, + x2 —4x2 —8x; —8x,.
@) f(x;,%) = (%, —2x,)* + 64x, x,.
(Vi) fx),%,) = 2x? +3x2 — 2%, x, + 2x; — 3x,.
(i) f(x), %) =x]+4%,x, + x4+ x, —x,.

2.18. Let f be twice continuously differentiable function over R”. Suppose that V£ (x)
> 0 for any x € R”. Prove that a stationary point of f is necessarily a strict global
minimum point.

2.19. Let f(x) = xTAx+2bTx + ¢, where A € R"*" is symmetric, b€ R*, and c € R.
Suppose that A > 0. Show that f is bounded below! over R” if and only if b €
Range(A) = {Ay:yeR"}.

! A function f is bounded below over a set C if there exists a constant & such that f(x) > & for any xe C.
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3.1 = “Solution” of Overdetermined Systems

Suppose that we are given a linear system of the form
Ax =b,

where A € R™*" and b € R™. Assume that the system is overdetermined, meaning that
m > n. In addition, we assume that A has a full column rank; that is, rank(A) = ». In
this setting, the system is usually inconsistent (has no solution) and a common approach
for finding an approximate solution is to pick the solution resulting with the minimal
squared norm of the residual r = Ax—b:

. _hI2
(LS) min||Ax—blI

Problem (LS) is a problem of minimizing a quadratic function over the entire space. The
quadratic objective function is given by

f(x)=x"ATAx—2b" Ax +||b|]*.

Since A is of full column rank, it follows that for any x € R” it holds that V*f(x) =
2ATA > 0. (Otherwise, if A if not of full column, only positive semidefiniteness can be
guaranteed.) Hence, by Lemma 2.41 the unique stationary point

x s =(ATA)'ATb (.1)

is the optimal solution of problem (LS). The vector x, ¢ is called the least squares solution
or the least squares estimate of the system Ax = b. It is quite common not to write the
explicit expression for x; ¢ but instead to write the associated system of equations that

defines it:
(ATA)x,  =A'b.

The above system of equations is called the normal system. We can actually omit the as-
sumption that the system is overdetermined and just keep the assumption that A is of full
column rank. Under this assumption m > n, and in the case when m = n, the matrix A

is nonsingular and the least squares solution is actually the solution of the linear system,
that is, A~'b.

37
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Example 3.1, Consider the inconsistent linear system

x;+2x,=0,
2, +x, =1,
3%, +2x,=1.

We will denote by A and b the coefficients matrix and right-hand-side vector of the sys-
tem. The least squares problem can be explicitly written as

1;11ixn(x1 4+ 25, 4 (2%, + %, — 1) + (3x, + 2%, — 1)
1972

Essentially, the solution to the above problem is the vector that yields the minimal sum
of squares of the errors corresponding to the three equations. To find the least squares
solution, we will solve the normal equations:

1 2\" /1 2 1
2 1) (2 1 ("1)= 2
3 2/ \3 2/\ \3
14 10\ /%, \ _{5
10 9 /\x,/ \3/°
The solution of the above system is the least squares estimate:
(1526
LS—\—8/26 /)

—0.038
Ax; o= 0.846 |,

T

-0

2
1
2

which are the same as

Note that

1.115

so that the residual vector containing the errors in each the equations is

—0.038
Ast""’bz —0.154 |.
0.115

The total sum of squares of the errors, which is the optimal value of the least squares
problem is (—0.038)% +(—0.154)2 +0.1152=0.0338. B

In MATLAB, finding the least squares solution is a very easy task.

MATLAB Implementation

To find the least squares solution of an overdetermined linear system Ax =bin MATLAB,
the backslash operator \ should be used. Therefore, Example 3.1 can be solved by the
following commands

>> A ={1,2;2,1;3,2});
>>» b=[0;1;:;1]3;
>> format rational;
>> A\b
ans =

15/26

-4/13
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3.2 = Data Fitting

One area in which least squares is being frequently used is data fitting. We begin by
describing the problem of linear fitting, Suppose that we are given a set of data points
(s;»4),i =1,2,...,m, where s; ER” and ¢; € R, and assume thar a linear relation of the
form

tj':sg‘x, izl,z,ooc,m,

approximately holds. In the least squares approach the objective is to find the parame-
ters vector X € R” that solves the problem

"
min Z(s?x —)%
=1

xcR" 4
P
We can alternatively write the problem as

in ||Sx —t|}?
;‘gggllx I,

where
T
T t
-—s a— 2
S= 2 . t=\| .
-—-ST*—- L
m

Example 3.2. Consider the 30 points in R? described in the left image of Figure 3.1, The
30 x-coordinates are x;, = (i —1)/29,i = 1,2,...,30, and the corresponding y-coordinates
are defined by y, = 2x; + 1+ ¢;, where for every i, ¢; is randomly generated from a stan-
dard normal distribution with zero mean and standard deviation of 0.1, The MATLAB
commands that generated the points and plotted them are

randn{’'seed’,319);
d=linspace(0,1,30)";
e=2*xd+1+0.1xrandn(30,1);
plot(d,e, '*’)

Note that we have used the command randn (’ seed’ , sd) in order to control the ran-
dom number generator. In future versions of MATLAB, it is possible that this command
will not be supported anymore, and will be replaced by the command rng(sd, *v4’).
Given the 30 points, the objective is to find a line of the form y = ax + b that best fits
them. The corresponding linear system that needs to be “solved” is

x 1 Y1
X 11/, | 72
i \e) T
X35 1 Y30
L
X y

The least squares solution of the above system is (X7 X)~'X”y. In MATLAB, the param-
eters 4 and & can be extracted via the commands
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Figure 3.1. Left image: 30 points in the plane. Right image: the points and the corresponding
least squares line.

>> u=[d,ones (30,1)]\e;
>> a=u(l),b=u(2)
a =
2.0616
b =
0.9725

Note that the obtained estimates of 2 and b are very close to the “true” 2 and 4 (2 and 1,
respectively) that were used to generate the data. The least squares line as well as the 30
points is described in the right image of Figure 3.1.

The least squares approach can be used also in nonlinear fitting. Suppose, for example,
that we are given a set of points in R?: ( i )i )i = 1,2,...,m, and that we know a priori
that these points are approximately related viaa polynormal of degree at most d; i.e., there
exists 4, . .. ,a4, such that

Z “; Ny,, R —

The least squares approach to this problem seeks 44,4, ...,4, that are the least squares
solution to the linear system

1 u, u

=

2 d
1 1 4 Yo
| uzz ug a4 N
2 d
\1 By ¥, “. . . ad Ym
U

The least squares solution is of course well-defined if the m x (d + 1) matrix is of a full
column rank. This of course suggests in particular that 7 > d +1. The matrix U consists
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of the first d + 1 column of the so-called Vandermonde marrix,

2 m—1
U wy # .

2 m—1
1w, o« #,

- - L

2 .. m—1
vV u, =« u,

which is known to be invertible when all the #;s are different from each other. Thus,
when m > d + 1, and all the #;s are different from each other, the matrix U is of a full
column rank.

3.3 = Regularized Least Squares

There are several situations in which the least squares solution does not give rise to a
good estimate of the “true” vector x. For example, when A is underdetermined, that
is, when there are fewer equations than variables, there are several optimal solutions to
the least squares problem, and it is unclear which of these optimal solutions is the one
that should be considered. In these cases, some type of prior information on x should be
incorporated into the optimization model. One way to do this is to consider a penalized
problem in which a regularization function R(-) is added to the objective function. The
regularized least squares (RLS) problem has the form

(RLS) mxin |Ax—b{l’> + AR(x). (3.2)

The positive constant A is the regularization parameter. As A gets larger, more weight is
given to the regularization function.

In many cases, the regularization is taken to be quadratic. In particular, R(x) = ||Dx]|?

where D € R?*” is a given matrix. The quadratic regularization function aims to control
the norm of Dx and is formulated as follows:

min [|Ax —b}}? + A||Dx]|[*.
X

To find the optimal solution of this problem, note that it can be equivalently written as
min{ fz; 5(x) = x7 (AT A+ AD7D)x —2b7 Ax +|[b|{?}.

Since the Hessian of the objective function is V2 fy; o(x) = 2(AT A+ AD7 D) > 0, it follows
by Lemma 2.41 that any stationary point is a global minimum point. The stationary
points are those satisfying V f; (x) = 0, that is,

(ATA+ AD"D)x=ATb.
Therefore, if ATA + AD7D > 0, then the RLS solution is given by
Xps = (ATA+ AD'D)'A7b. (3.3)
Example 3.3, Let A € R** be given by
24107 3 4
A= 3 5+107° 7 .
4 7 1041072

The matrix was constructed via the MATLAB code

B=[(1,1,1;1,2,31;
A=B'*B+0.001lxeye{3);
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The “true” vector was chosen to be x,,,, = (1,2,3)7, and b is a noisy measurement of
AX et

>> x true=[1;2;31];
>> randn(’'seed’, 315);
>> b=Axx_true+0.0l+randn{3,1)
b =
20.001¢
34.0004
48.0202

The matrix A 1s in fact of a full column rank since its eigenvalues are all positive (which
can be checked, for example, by the MATLAB command eig (A)), and the least squares
solution is given by x; 5, whose value can be computed by

A\b
ans =
4.5446
-5.1295
6.5742

X, g is rather far from the true vector x,, .. One difference between the solutions is that the
squared norm ||x; ¢||* = 90.1855 is much larger then the correct squared norm |jx, .II* =
14. In order to control the norm of the solution we will add the quadratic regularization
function ||x}|>. The regularized solution will thus have the form (see (3.3))

Xprs = (ATA 4+ AL 'ATD.
Picking the regularization parameter as A = 1, the RLS solution becomes

>> X_rls=(A'+A+eye(3) )\ (A’ *Db)
X rls =

1.1763

2.0318

2.8872

which is a much better estimate for x, than x;. 1

3.4 = Denoising

One application area in which regularization is commonly used is denoising. Suppose that
a noisy measurement of a signal x € R” is given:

b=x+w.

Here x is an unknown signal, w is an unknown noise vector, and b is the known measure-
ments vector. The denoising problem is the following: Given b, find a “good” estimate
of x. The least squares problem associated with the approximate equations x & b is

min |jx —b|%.

However, the optimal solution of this problem is obviously x = b, which is meaningless.
This is a case in which the least squares solution is not informative even though the as-
sociated matrix—the identity matrix—is of a full column rank. To find a more relevant
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problem, we will add a regularization term. For that, we need to exploit some a priori
information on the signal. For example, we might know in advance that the signal is
smooth in some sense. In that case, it is very natural to add a quadratic penalty, which is
the sum of the squares of the differences of consecutive components of the vector; that is,
the regularization function is

R(x) =n2_l(x,' — %)

This quadratic function can also be written as R(x) = ||[Lx|?>, where L € R"*—1*" ig

given by
l1 -1 ¢ 0 .. 0 O
0 1 -1 0 .. 0 O
L=l0 0 1 -1 .. 0 o0
o 6 ¢ 0 .- 1 =1

The resulting regularized least squares problem is (with A a given regularization para-
meter)

min |[x—b|[* + A|[Lx{}?,
and its optimal solution is given by
Xpis(A) = A+ ALTL) 'b. (3.4)

Example 3.4, Consider the signal x € R*® constructed by the following MATLAB com-
mands:

t=linspace(0,4,300)';

x=sin(t}+t.*(cos({t)."2);

Essentially, th.is is. the signa} give.n by x; = sin(452—?,-§1) + (4%})003?(*?52—;3‘—),5 =1,2,...,300.
A normally distributed noise with zero mean and standard deviation of 0.05 was added
to each of the components:

randn{’'seed’,314);
b=x+0.05*randn (300, 1) ;

The true and noisy signals are given in Figure 3.2, which was constructed by the MATLAB
commands.

subplot(1,2,1);
plot(1:300,x, ‘LineWidth’,2);
subplot(1,2,2);
plot(1:300,b, 'LineWidth’, 2);

In order to denoise the signal b, we look at the optimal solution of the RLS problem given
by (3.4) for four different values of the regularization parameter: A= 1, 10,100, 1000. The
original true signal is denoted by a dotted line. As can be seen in Figure 3.3, as A gets
larger, the RLS solution becomes smoother. For A = 1 the RLS solution xp; (1) is not
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Figure 3.2. A signal (left image) and its noisy version (right image).
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Figure 3.3. Four reconstructions of a noisy signal by RLS solutions.

smooth enough and is very close to the noisy signal b. For A = 10 the RLS solution is a
rather good estimate of the original vector x. For A = 100 we get a smoother RLS signal,
but evidently it is less accurate than xg; 5(10), especially near the boundaries. The RLS
solution for A = 1000 is very smooth, but it is a rather poor estimate of the original signal.
In any case, it is evident that the parameter A is chosen via a trade off between data fidelity
(closeness of x to b) and smoothness (size of Lx). The four plots where produced by the
MATLAB commands

L=zeros (299, 300);
for i=1:299
L1, 1)=1;
L(i,i+l)=-1;
end

X _rls=(eye(300)+1xL’*L) \b;
x_rls=[x_rls, (eye(300)+10xL’*L)\b];
X_rls=[x_rls, (eye(300)+100xL’'*L) \b];
X_rls=[x_rls, (eye(300)+1000*L’*L)\b];
figure(2)
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for j=1:4
subplot(2,2,13);
plot(1:300,%x_xrls(:,Jj), 'LineWidth’,b2};

hold on
plot(1:300,x%,':r’, 'LineWidth’,2);
hold off
title([’\lambda=',num2str(10~(j-1))1};
end
B

3.5 = Nonlinear Least Squares

The least squares problem considered so far is also referred to as “linear least squares”
since it is a method for finding a solution to a set of approximate linear equalities. There
are of course situations in which we are given a system of nonlinear equations

f;(x):dci, t=12,...,m.

In this case, the appropriate problem is the nonlinear least squares (NLS) problem, which
is formulated as

min i(ﬂ (x)—c;)% (3.5)
i=1

As opposed to linear least squares, there is no easy way to solve NLS problems. In Section
4.5 we will describe the Gauss-Newton method which is specifically devised to solve NLS
problems of the form (3.5), but the method is not guaranteed to converge to the global
optimal solution of (3.5) but rather to a stationary point.

3.6 = Circle Fitting

Suppose that we are given m points a,,a,,...,a,, € R". The circle fitting problem seeks to
find a circle

Cxr)={yeR":|ly—x||=r}

that best fits the m points. Note that we use the term “circle,” although this terminol-
ogy is usually used in the plane (# = 2), and here we consider the general #-dimensional
space R”. Additionally, note that C(x, 7) is the boundary set of the corresponding ball
B(x, 7). An illustration of such a fit is given in Figure 3.4. The circle fitting problem has
applications in many areas, such as archaeology, computer graphics, coordinate metrol-
ogy, petroleum engineering, statistics, and more. The nonlinear (approximate) equations
associated with the problem are

llx—a||~r, i=12,...,m.

Since we wish to deal with differentiable functions, and the norm function 1s not differ-
entiable, we will consider the squared version of the latter:

lIx—a?~r? i=12,...,m.
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Figure 3.4. The best circle fit (the optimal solution of problem (3.6)) of 10 points denoted by asterisks.

The NLS problem associated with these equations is

min i(“x——aiﬂz—rz)z. (3.6)
i=l

x€R",reR,

From a first glance, problem (3.6) seems to be a standard NLS problem, but in this case
we can show that it is in fact equivalent to a linear least squares problem, and therefore
the global optimal solution can be easily obtained. We begin by noting that problem (3.6)
1s the same as

m
e {Z(-—h?H Il — 7% +la;]*)* : x e R", 7 € R} : (3.7)

i=1

Making the change of variables R = ||x||* — 2, the above problem reduces to

min {f(x,R) = i(—Za?x +R+[a; P : ||| > R} . (3.8)

x€R",ReR i1

Note that the change of variables imposed an additional relation between the variables
that is given by the constraint ||x||> > R. We will show that in fact this constraint can be
dropped; that is, problem (3.8) is equivalent to the linear least squares problem

m
: - i 112\2 . n
r}t&p{z :( 2a; x+R+|a;|[)* :xeR ,R(‘—_‘R}. 3.9)

i=1

Indeed, any optimal solution (i,ﬁ) of (3.9) automatically satisfies ||X|[> > R since other-
wise, if ||%][> < R, we would have

Ta D 2 TA A A .
—2a] X+ R +|la;|* > —2a] X+ |KIF + [[a;|* = ||k —a;| >0, i=1,...,m.
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Squaring both sides of the first inequality in the above equation and summing over i yield

fER) =3 (~2aT 2+ R+ [l > D2 (~2a 4RI + [l = £ R IR,
i=1

=1

showing that (X, ||X|[°) gives a lower function value than (%,R), in contradiction to the
optimality of (X, R). To conclude, problem (3.6) is equivalent to the least squares problem
(3.9), which can also be written as

min ||Ay —b|, (3.10)
yeRn-{—l
wherey =(%) and
27 oo
~ 232 ~1 ”32“2
A=} | .1, b= . . (3.11)
L .
2 -1 la

If A is of full column rank, then the unique solution of the linear least squares problem
(3.10) 1s
y=(ATA)'A7b.

The optimal x is given by the first » components of y and the radius 7 is given by

r=+/|xl’~R,

where R is the last (i.e., (# + 1)th) component of y. We summarize the above discussion
in the following lemma.

Lemma 3.5. Let y = (ATA)"1ATb, where A and b are given in (3.11). Then the optimal
solution of problem (3.6) is given by (X, 7 ), where X consists of the first n components of y and

r = VIR =y,

Exercises

3.1. Let A € R"*,b e R*",L € R?**, and A € R, .. Consider the regularized least
squares problem
(RLS)  min||Ax— b)[? + Al[Lx]>.
xeR”

Show that (RLS) has a unique solution if and only if Null(A) N Null(L) = {C},
where here for a matrix B, Null(B) is the null space of B given by {x : Bx =0}.

3.2. Generate thirty points (x;,¥;), = 1,2,...,30, by the MATLAB code

randn(’seed’,314);
x=linspace(0,1,30);
y=2*X,"2-3*x+1+0.05*randn (size(x));

Find the quadratic function y = 2x2 + bx + ¢ that best fits the points in the least
squares sense. Indicate what are the parameters 4, b, ¢ found by the least squares
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Figure 3.5. 30 points and their best quadratic least squares fit.

solution, and plot the points along with the derived quadratic function. The re-
sulting plot should look like the one in Figure 3.5.

Write a MATLAB function circle_f£it whose input is an 7 X 7 matrix A; the
columns of A are the m vectors in R” to which a circle should be fitted. The call
to the function will be of the form

[x,r]l=circle_fit (A)

The output (x, ) is the optimal solution of (3.6). Use the code in order to find the
best circle fit in the sense of (3.6) of the 5 points

Q) we() o) ) o=



Chapter 4

The Gradient Method

4.1 » Descent Directions Methods

In this chapter we consider the unconstrained minimization problem
min{f(x):xeR"}.

We assume that the objective function is continuously differentiable over R”. We have
already seen in Chapter 2 that a first order necessary optimality condition is that the gra-
dient vanishes at optimal points, so in principle the optimal solution of the problem can
be obtained by finding among all the stationary points of f the one with the minimal
function value. In Chapter 2 several examples were presented in which such an approach
can lead to the detection of the unconstrained global minimum of £, but unfortunately
these were exceptional examples. In the n‘lajorlty of problems such an approach is not im-
plementable for the following reasons: (i) it might be a very difficult task to solve the set
of (usually nonlinear) equations V £ (x) = 0; (ii) even if it is possible to find all the station-
ary points, it might be that there are infinite number of stationary points and the task of
finding the one corresponding to the minimal function value is an optimization problem
which by itself might be as difficult as the original problem. For these reasons, instead
of trying to find an analytic solution to the stationarity condition, we will consider an
iterative algorithm for finding stationary points.
The iterative algorithms that we will consider in this chapter take the form

xk“:xk—i-tkdk, k=0,1,2,...,

where d,, is the so-called direction and 1, is the stepsize. We will limit ourselves to “descent
directions,” whose definition is now given.

Definition 4.1 (descent direction). Let f : R” — R be a continuously differentiable func-
tion over R”. A vector 0 # d € R” is called a descent direction of f at x if the directional
derivative f'(x;d) is negative, meaning that

Ffxd)=VFix)Td<0.

The most important property of descent directions is that taking small enough steps
along these directions lead to a decrease of the objective function.

49
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Lemma 4.2 (descent property of descent directions). Let f be a continuously differen-
tiable function over R”, and let x € R". Suppose that d is a descent direction of f at x. Then
there exists € > O such that

f(x+1td) < f(x)

forany t €(0,¢].
Proof. Since f'(x;d) <0, it follows from the definition of the directional derivative that

i LEHD)—f()

t—0* t

= f(x;d)<0.

Therefore, there exists an £ > 0 such that

f(:r+td)—f(x)<0

t

for any t € (0,¢], which readily implies the desired result. 0O

We are now ready to write in a schematic way a general descent directions method.

Schematic Descent Directions Method

Initialization: Pick x, € R” arbitrarily.
General step: For any £ =0,1,2,... set

(@) Pick a descent direction d,.
(b) Find a stepsize ¢, satisfying f(x; + £, d;) < f(x;,).
(c) Set Xpr1 =Xp 4 tkdk'

(d) If a stopping criterion is satisfied, then STOP and x, , , is the output.

Of course, many details are missing in the above description of the schematic algorithm:
e What is the starting point?
e How to choose the descent direction?
e What stepsize should be taken?
e What is the stopping criteria?

Without specification of these missing details, the descent direction method remains “con-
ceptual” and cannot be implemented. The initial starting point can be chosen arbitrarily
(in the absence of an educated guess for the optimal solution). The main difference be-
tween different methods is the choice of the descent direction, and in this chapter we
will elaborate on one of these choices. An example of a popular stopping criteria is
IVf(x40)l| < e. We will assume that the stepsize is chosen in such a way such that
f (X)) < f (x¢)- This means that the method is assumed to be a descent method, that
is, a method in which the function values decrease from iteration to iteration. The pro-
cess of finding the stepsize ¢, is called line search, since it is essentially a minimization
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procedure on the one-dimensional function g(¢) = f(x; + td;). There are many choices
for stepsize selection rules. We describe here three popular choices:

e constant stepsize t, = ¢ for any k.

e exact line search ¢, is a minimizer of f along the ray x;, +¢d,:
t, € argmin,,of (x, +tdy).

e backtracking The method requires three parameters: s > 0,a € (0,1), 3 € (0, 1).
The choice of ¢, is done by the following procedure. First, #, is set to be equal to
the initial guess s. Then, while

f)—f (3 + 1) <, Vf(x,) dy,

we set ¢, — [3t,. In other words, the stepsize is chosen as ¢, = s 3%, where i, is the
smallest nonnegative integer for which the condition

fx)—f (3 +55%dy)y > —as VS (x,) d,
is satisfied.

The main advantage of the constant stepsize strategy is of course its simplicity, but at this
point it is unclear how to choose the constant. A large constant might cause the algorithm
to be nondecreasing, and a small constant can cause slow convergence of the method. The
option of exact line search seems more attractive from a first glance, but it is not always
possible to actually find the exact minimizer. The third option is in a sense a compromise
between the latter two approaches. It does not perform an exact line search procedure,
but it does find a good enough stepsize, where the meaning of “good enough” is that it
satisfies the following sufficient decrease condition:

fx)—f(x, +1,d) = —at, VI (x) 7 dy. (4.1)

The next result shows that the sufficient decrease condition (4.1) is always satisfied for
small enough ¢,

Lemma 4.3 (validity of the sufficient decrease condition). Let f be a continuously
differentiable function over R*, and let x € R”. Suppose that 0 £ d € R” is a descent direction
of f at x and let @ € (0,1). Then there exists ¢ > Q such that the inequality

fx)—fx+td)>—atVF(x)'d
holds for all t €[0,¢].

Proof. Since f is continuously differentiable it follows that (see Proposition 1.23)
fx+ed)=f(x)+eVf(x)d+o(e|ldl]),
and hence
fE—fx+td)=—atVf(x) d—(1—a)tVf(x)" d—o(z|/d])). (4.2)
Since d is a descent direction of f at x we have

o =tVf (x)"d+o(elld])

=0t t

=(1—a)Vf(x)Td <C.
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Hence, there exists ¢ > 0 such that for all t € (0, ] the inequality
(1—a)t V) d+o(t||d]]) <0
holds, which combined with (4.2) implies the desired result. 0

We will now show that for a quadratic function, the exact line stepsize can be easily
computed.

Example 4.4 (exact line search for quadratic functions). Let f(x) = x” Ax+2b7 x+c,
where A is an 7 X n positive definite matrix, b € R”,and ¢ € R. Let x € R” and letd € R”
be a descent direction of f at x. We will find an explicit formula for the stepsize generated
by exact line search, that is, an expression for the solution of

1}'1>ic1,1f(x+ td).
We have
g(t)=f(x+td)=(x+td)7 A(x+td)+2b7 (x + td)+¢
=(d"Ad)t? +2(d7 Ax+d7b)r +xTAx+2bTx + ¢
=(d7Ad)t? + 2(dT Ax+d”b)t + f(x).

Since g'(¢) = 2(d” Ad)t + 2d” (Ax +b) and V£ (x) = 2(Ax+b), it follows that g’(t)=0
if and only if
dTV f(x)
2dTAd
Since d is a descent direction of £ at x, it follows that d7 V£ (x) < 0 and hence { > 0,
which implies that the stepsize dictated by the exact line search rule is
VW
~ 2d7Ad
Note that we have 1mphc1tly used in the above analysis the fact that the second order
derivative of g is always positive.

t=1t

#.3)

4.2 « The Gradient Method

In the gradient method the descent direction is chosen to be the minus of the gradient
at the current point: d, = —Vf(x;). The fact that this is a descent direction whenever
Vf(x,) £ 0 can be easily shown—just note that

f =V &) ==V (x) V(x,) ==V <0.

In addition for being a descent direction, minus the gradient is also the steepest direction
method. This means that the normalized direction —V £(x;)/||V f(x,)|| corresponds to
the minimal directional derivative among all normalized directions. A formal statement
and proof is given in the following result.

Lemma 4.5. Let f be a continuously differentiable function, and let x € R” be a non-
stationary point (V f(x) # 0). Then an optimal solution of

min{f'(x;d):||d]| =1} (44)

- 1 Vix
isd =—rrr-
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Proof. Since f'(x;d) = Vf(x)7d, problem (4.4) is the same as
. T : s
min{Vf(x)"d:||d|| = 1}.

By the Cauchy-Schwarz inequality we have

Vi@ d2 =V @)l ldl| =V ).

Thus, —||[Vf(x)|| is a lower bound on the optimal value of (4.4). On the other hand,

plugging d = —”gf g;” in the objective function of (4.4) we obtain that

(o IO\ Y@\
4 ( IIVf(x)II)_ i (uw(x)n) v 7ol

and we thus come to the conclusion that the lower bound —||V f(x)|| is attained at d =

_Ilgf g;l , which readily implies that this is an optimal solution of (4.4). 0O

We will now present the gradient method with the standard stopping criteria, which
is the condition ||V £ (x, )|l < €.

The Gradient Method

Input: ¢ >0 - tolerance parameter.

Initialization: Pick x, € R” arbitrarily.
General step: For any £ =0,1,2,... execute the following steps:

(a) Pick a stepsize t; by a line search procedure on the function
g(t)=f(x, —tVf(x))-

() Set x¢,y =%, — 4 Vf(%p)-
© H||VF (%)l < &, then STOP and x,, ,, is the output.

Example 4.6 (exact line search). Consider the two-dimensional minimization problem

min x? 4 2y> (4.5)
X,y
whose optimal solution is (x,y) = (0,0) with corresponding optimal value 0. To invoke
the gradient method with stepsize chosen by exact line search, we constructed a MATLAB
function, called gradient_method_gquadratic, that finds (up to a tolerance) the op-
timal solution of a quadratic problem of the form

xeR"

min {xTAx + 2bTx} ;

where A € R"*” positive definite and b € R”. The function invokes the gradient method
with exact line search, which by Example 4.4 is equal at the kth iteration to ¢, =

V£ G2 B b ;
2/ () AV (p)” The MATLAB function is described below.
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function [x, fun_vall=gradient_method_guadratic(i,b,x0,epsilon)
% INPUT

% the positive definite matrix associated with the

% objective function

% a column vector associated with the linear part cf the
% chjective functien

¥ x0 ....,.. starting peint of the method

% epsilon . tolerance parameter

$ QUTPUT

% an optimal scluticn {(up te a tolerance) of
% min{x"*T A x+2 b"T x)
% fun_val . the optimal function wvalue up to a teolerance

x=x0;

iter=0;

grad=2x (Axx+b);

while (norm{grad)>epsilon)
iter=iter+1;
t=normi{grad) "2/ (2~ grad’ ~Axgrad) ;
x=X-txgrad;
grad=2+* {A*xx+b) ;
fun_val=x’'*A«X+2*D’'*X;
fprintf{’iter_number = %34 norm grad = %2.6f fun_val = %2.6f\n‘,...
iter,norm{grad), fun_wval);

end

In order to solve problem (4.5) using the gradient method with exact line search, tol-

erance parameter ¢ = 107>, and initial vector x, = (2,1)7, the following MATLAB com-
mand was executed:

[x, fun_val)=gradient_methcd_guadratic({11,0;0.2],10:;0]),12;1],1e-5)

The output 1s

iter number = 1 norm_grad = 1.885618 fun_val = 0.666667
iter_number = 2 norm_grad = 0.628539 fun_val = 0.074074
iter_number = 3 norm_grad 0.209513 fun_wval = 0.008230
iter_number = 4 norm_grad = 0.069838 fun_val = (0.000914
iter_ number = 5 norm_grad = 0.023279 fun_val = 0.000102
iter_number = 6 norm_grad = 0.007760 fun_val = 0.000011
iter number = 7 norm_grad = 0.002587 fun_wval = 0.000001
iter_number = 8 norm_grad = 0.000862 fun_val = 0.000000
iter_number = 9 norm_grad = 0.000287 fun_val = 0.000000
iter_number = 10 norm_grad = 0.000096 fun_val = 0.,000000
iter_number = 11 norm_grad = 0.000032 fun_val = 0.000000
iter_number = 12 norm_grad = 0.000011 fun_val = 0.000000
iter_number = 13 norm_grad = 0.000004 fun_val = 0.000000

The method therefore stopped after 13 iterations with a solution which is pretty close to

the optimal value:

X =

1.0e-005 =

0.1254
~-0.0627
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Figure 4.1. The iterates of the gradient method along with the contour lines of the objective function.

It is also very informative to visually look at the progress of the iterates. The iterates and
the contour plots of the objective function are given in Figure 4.1. 1

An evident behavior of the gradient method as illustrated in Figure 4.1 is “zig-zag”
effect, meaning that the direction found at the kth iteration x, ., — X, is orthogonal to
the direction found at the (k+1)th iteration x, . ,—x; . ,. This is a general property whose
proof will be given now.

Lemma 4.7. Let {x}},-, be the sequence generated by the gradient method with exact line
search for solving a problem of minimizing a continuously differentiable function f. Then
forany k=0,1,2,...

T
(xk+2 _xk+1) (xk+1 T xk) =0.

Proof. By the definition of the gradient method we have that x, ., —x;, =—1, Vf(x;) and

Jsr? +2—Xp41 = —tp 11 V[ (Xp41)- Therefore, we wish to prove that V£ (x, )" V£(x,,,) =0.
ince

t € argmin, o {g(t) = f(x, —t V£ (x,))},
and the optimal solution is not , =0, it follows that g’(z,) = 0. Hence,
—Vf(%) Vf(x— V(%)) =0,
meaning that the desired result V£(x;)" Vf(x;,,)=0holds. O

Let us now consider an example with a constant stepsize.

Example 4.8 (constant stepsize). Consider the same optimization problem given in Ex-
ample 4.6

min x? 422
x,y
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To solve this problem using the gradient method with a constant stepsize, we use the fol-
lowing MATLAB function that employs the gradient method with a constant stepsize for
an arbitrary objective function.

function [x, fun_vall=gradient_method_constant{f,qg,x0,t,epsilon)
% Gradient method with constant stepsize

%

% INPUT

%:::::::::”‘_‘::::::==:==============‘======

% £ ......... objective function

B g ..o gradient of the objective function
$ x0......... initial point

2 constant stepsize

% epsilon ... tolerance parameter

% OUTPUT
%===============================:=======

2 cptimal solution {up to a tolerance)
% of min f(x)

$ fun_val ... optimal function wvalue

x=x0;

grad=g{x);

iter=0;

while (norm{grad}>epsilon)
iter=iter+1;
x=x-t*xgrad;
fun val=f{x);
grad=qg(x};
fprintf(’iter_number = %3d norm_grad = %2.6f fun_val = %2.6f \n’,...
iter,norm{grad), fun_val);
end

We can employ the gradient method with constant stepsize t, = 0.1 and initial vector
X, =(2,1)7 by executing the MATLAB commands

A=[1‘0:0!2];
[x, fun wval]l=gradient _method_constant (@ (x)x *Axx, @(x)2xhx*x,[2:1],0.1,1e-5);

and the long output is

iter_number = 1 norm_grad = 4.000000 fun_val = 3.280000
iter_number = 2 norm_grad = 2.937210 fun_wval = 1.897600
iter number = 3 norm_grad = 2.222791 fun_val = 1.141888
iter number = 56 norm_grad = 0.000015 fun_val = 0.000000

iter_number = 57 norm_grad = 0.000012 fun_val = 0.000000
iter_number = 58 norm_grad 0.000010 fun_wval = 0.000000

1l

The excessive number of iterations is due to the fact that the stepsize was chosen to be too
small. However, taking a stepsize which is large might lead to divergence of the iterates.
For example, taking the constant stepsize to be 100 results in a divergent sequence.

»>> A=[1,0;0,21;

>> [x,fun_wval]=gradient_method_constant (@{x)x’ *A+x, B (xX}2*Axx, [2:;1],100,1le-5);
iter number = 1 norm_grad = 1783.488716 fun_wval = 476806.000000
iter_number = 2 norm_grad 656209.693339 fun val = 56962873606.000000
iter_number = 3 norm_grad 286032703.004797 fun_val = B8318300807190406.0

H

iter_number 119 norm_grad

NaN fun_val = NaN
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The important question is therefore how to choose the constant stepsize so that it will
not be too large (to ensure convergence) and not too small (to ensure that the convergence
will not be too slow). We will consider again the theoretical issue of choosing the constant
stepsize in Section 4.7. N

Let us now consider an example with a backtracking stepsize selection rule.

Example 4.9 (stepsize selection by backtracking). The following MATLAB function
implements the gradient method with a backtracking stepsize selection rule.

function {x, fun vall=gradient_method_backtracking(f,g,x0,s,alpha, ...
beta,epsilon)
Gradient method with backtracking stepsize rule

%

%

% INPUT

%:::::::'—‘.::::===========================

$  f ...... ... objective function

L. J « SR gradient of the objective function

$ x0........, initial point

- initial choice of stepsize

% alpha ..... tolerance parameter for the stepsize selection
% beta ...... the constant in which the stepsize is multiplied
% at each backtracking step {(O<beta<l)
% epsilon ... tolerance parameter for stopping rule
¥ ouTeUT

%232::::::=======:=:Z:===========:=t====

£ X ... optimal sclution {(up to a tolerance)
% of min £{x)

% fun_wval ... optimal function walue

x=x0;

grad=g{x};

fun_wval=f (x};

iter=0;

while {normi{grad}>epsilon)
iter=iter+1;
L=s;
while ({(fun_val-f(x~t*xgrad)<alphart+norm(grad)”~2}
t=beta*t;
end
x=x-trgrad;
fun_val=f{x):
grad=g(x};
forintf('iter_number = %34 norm grad = %2.6f fun_wval = %2.6f \n’,.
iter,norm({grad), fun_val);
end

As in the previous examples, we will consider the problem of minimizing the func-
» 2 2 - . - - . .
tion x% + 2y?. Employing the gradient method with backtracking stepsize selection rule,
a starting vector X, = (2,1)7 and parameters ¢ = 10,5 =2,a = 1, 8 = § results in the
following output:

>> A=[1,0;0,2]:
>> [x, fun_vall=gradient_method_backtracking(@(x}x’«Axx,@{X)2«Axx, ..
[2;11,2,0.25,0.5,1e-5);

iter_number = 1 norm _grad
iter_number = 2 norm_grad

2.000000 fun_val
0.000000 fun_wval

1.000000
0.000000

That is, the gradient method with backtracking terminated after only 2 iterations.
In fact, in this case {and this is probably a result of pure luck), it converged to the exact
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optimal solution. In this example there was no advantage in performing an exact line
search procedure, and in fact better results were obtained by the nonexact/backeracking
line search. Computational experience teaches us that in practice backtracking does not
have real disadvantages in comparison to exact line search.

The gradient method can behave quite badly. As an example, consider the minimiza-

tion problem
min x” + Z y?
%y 1007 °

and suppose that we employ the backtracking gradient method with initial vector ( 75, 1)

>> A=[1,0;0,0.01];
»>> [x,fun_val]=gradient_method_backtracking{@(xX)x’ »A+x, @ (x)2xAxrx, ,
[0.01;1]1,2,0.25,0.5,1e~5);

iter_number = 1 norm_grad = 0.028003 fun_val = 0.008704
iter_number = 2 norm_grad = 0.027730 fun_val = 0.009324
iter_number = 3 norm_grad = 0.02746% fun_val = 0.008958

iter_number 201 norm _grad 0.000010 fun_val = 0.000000

Clearly, 201 iterations is a large number of steps in order to obtain convergence for a
two-dimensional problem. The main question that arises is whether we can find a quan-
tity that can predict in some sense the number of iterations required by the gradient
method for convergence; this measure should quantify in some sense the “hardness” of
the problem. This is an important issue that actually does not have a full answer, but a
partial answer can be found in the notion of condition number.

4.3 » The Condition Number

Consider the quadratic minimization problem

min{f(x) = x" Ax}, (4.6)

where A > 0. The optimal solution is obviously x* = 0. The gradient method with exact
line search takes the form

X1 =X — bdy,

where d, = 2Ax, is the gradient of f at x; and the stepsize #, chosen by the exact mini-
mization rule is (see formula (4.3))

d7d,

=k = 4.7
2d] Ad, 47

L

Therefore,

f(¥)= X{HA’%H
= (3, — £, dp) T A(x, — £4,d,)
=x] Ax, —2t,d] Ax, +t}d] Ad,
=x] Ax, —t,d[d, +1/d] Ad,.
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Plugging in the expression for ¢, given in (4.7) into the last equation we obtain that

TR (G C YN OO S C Y
f(xe)=x, 4 dg' Ad, =% Axe{ 1 4(d§Adk)(x:AA‘1AXk)
_ (did,y
= (1 (d{Adk)(d{A“‘d&))f(Xk). 0

We will now use the following well-known result, also known as the Kantorovich
inequality.

Lemma 4.10 (Kantorovich inequality). Let A be a positive definite n x n matrix. Then
for any 0 # x € R the inequality
O Wi
(X" AR)(xTATX) T (A A) + Agin(A))°

4.9)
holds.

Proof. Denote m = Amin(A) and M = A__ (A). The eigenvalues of the matrix A+M mA™
are A,(A)+ f-’(% i =1,...,n. Itis easy to show that the maximum of the one-dimensional

function ¢(t) = t + %2 over [m,M] is attained at the endpoints m and M with a cor-
responding value of M + m, and therefore, since m < A, {(A) < M, it follows that the
cigenvalues of A+ MmA~! are smaller than (M + m). Thus,

A+MmA™ <(M+m)l.
Multiplying by x7 from the left and by x from the right we obtain
xTAx+ Mm(xT A7'x) < (M + m)(x" x),

which combined with the simple inequality a8 < {(a + 5)* (for any two real numbers
a, 3) yields

M({x){

which after some simple rearrangement of terms establishes the desired result. 0O

(xT Ax)[Mm(x" A"'x)] < - [(xTAx)+Mm(xTA‘1 )]

Coming back to the convergence rate analysis of the gradient method on problem
{4.6), it follows by using the Kantorovich inequality that (4.8) yields

AMm M—m
f(xkﬂ)s(l—(M )f( %)= ( )f(xk)

where M = A, (A),m = A,;,(A). We summarize the above discussion in the following
lemma.

Lemma 4.11. Let {X; };»o be the sequence generated by the gradient descent method with
exact line search for solving problem (4.6). Then for any k =0,1,...

M—
IR i DTN 410
where M = A (A),m= A, (A)
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Inequality (4.10) implies
F(x) < c* fxo),

where ¢ = (¥=2?, That is, the sequence of function values is bounded above by a decreas-

ing geometric sequence. In this case we say that the sequence of function values converges
at a linear rate to the optimal value. The speed of the convergence depends on c; as ¢ gets
larger, the convergence speed becomes slower. The quantity ¢ can also be written as

C: —— L]
x+1
M — Amu(A)

where x =< = Tﬂm Since ¢ is an increasing function of x, it follows that the behavior

m)Z

of the gradlent method depends on the ratio between the maximal and minimal eigenval-
ues of A; this number is called the condition number. Although the condition number
can be defined for general matrices, we will restrict ourselves to positive definite matrices.

Definition 4.12 (condition number). Let A be an n X n positive definite matrix. Then the
condition number of A is defined by

max(A)
(&)

x(A)=

mm

We have already found one illustration in Example 4.9 that the gradient method ap-
plied to problems with large condition number might require a large number of iterations
and vice versa, the gradient method employed on problems with small condition number
15 likely to converge within a small number of steps Indeed the condition number of
the matrix associated with the function x2+0.01y% is o_cﬁ = 100, which is relatively large,
is the cause for the 201 iterations that were required for convergence, and the small con-
dition number of the matrix associated with the function x? 4 2y? (x = 2) is the reason
for the small number of required steps. Matrices with large condition number are called
il-conditioned, and matrices with small condition number are called well-cond:tioned. Of
course, the entire discussion until now was on the restrictive class of quadratic objective
functions, where the Hessian matrix is constant, but the notion of condition number also
appears in the context of nonquadratic objective functions. In that case, it is well known
that the rate of convergence of x;, to a given stationary point x* depends on the condition
number of x(V?f(x*)). We will not focus on these theoretical results, but will illustrate
it on a well-known ill-conditioned problem.

Example 4.13 (Rosenbrock function). The Rosenbrock function is the following func-
tion:
S (%, %,) = 100(x, _xlz)z +{(1—x, )2

The optimal solution is obviously (x;,x,)} = (1,1) with corresponding optimal value 0.
The Rosenbrock function is extremely ill-conditioned at the optimal solution. Indeed,

_ [ —400x,(x, —x2) — 2(1—x1)
Vix)= ( 2020(x2 — X3 3 )

2 __{—400x, + 1200.7c1 +2 —400x,
V= ( —400x, 200 J°
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It is not difficult to show that (x,,x,) =(1,1) is the unique stationary point. In addition,

ey (%, 2

and hence the condition number is

>> A=[802,-400;-400,200];
>> cond(A)
ans =

2.5080e+003

A condition number of more than 2500 should have severe effects on the convergence
speed of the gradient method. Let us then employ the gradient method with backtracking
on the Rosenbrock function with starting vector x, = (2,5):

>> f=@(x)100x*(x(2)-x(1)"2)"2+(1-x(1))"2;

>> g=@(x) [-400* (x(2)-x(1)"2) *»x (1) -2+ (1-x(1)) ;200 (x(2)-x(1)"2)];

>> [x, fun_val]=gradient_method_backtracking(f,g, [2;5],2,0.25,0.5,1e-5);
iter_number 1 norm_grad 118.254478 fun_val = 3.221022
iter_number 2 norm _grad 0.723051 fun_val = 1.496586

6889 norm_grad
6890 norm_grad

iter_number

0.000019 fun_val = 0.000000
iter_number -

0.000009 fun_val 0.000000

This run required the huge amount of 6890 iterations, so the ill-conditioning effect
has a significant impact. To better understand the nature of this pessimistic run, consider
the contour plots of the Rosenbrock function along with the iterates as illustrated in Fig-
ure 4.2. Note that the function has banana-shaped contour lines surrounding the unique
stationary point (1,1). W

-4 =5 =2 =1 0 1 2 3 4

Figure 4.2. Contour lines of the Rosenbrock function along with thousands of iterations of
the gradient method.
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Sensitivity of Solutions to Linear Systems

The condition number has an important role in the study of the sensitivity of linear sys-
tems of equations to perturbation in the right-hand-side vector. Specifically, suppose that
we are given a linear system Ax = b, and for the sake of simplicity, let us assume that A is
positive definite. The solution of the linear system is of course x == A~'b. Now, suppose
that instead of b in the right-hand side, we consider a perturbation b+ Ab. Let us denote
the solution of the new system by x + Ax, that is, A(x+ Ax) = b + Ab. We have

x+Ax =A"(b+ Ab) = x+A'Ab,

so that the change in the solution is Ax = A~'Ab. Our purpose is to find a bound on the

relative error ”” Hﬂ in termns of the relative error of the right-hand-side perturbation ”ii?ln

Axi] _ A7 Ab| _ (1A [Ab] _ Apy(AIIAB]
{Ixli =i~ il Il
where the last equality follows from the fact that the spectral norm of a positive definite

matrix D is [|Df| = A_,.(D). By the positive definiteness of A, it follows that A, (A™!) =
1-_-1—(1-(, and we can therefore continue the chain of equalities and inequalities:

Iaxl 1 fiAbl_ 1 jjab)
W= T TRl A CA) TAD]
.1 {ab -
= T ® T Ab] |
DA [1AD]
= Ton(A) I
1Ab|
=X A

where inequality (4.11) follows from the fact that for a positive definite matrix A, the
inequality [JA~1b|| > A,;,(A~1)||b| holds. Indeed,

JA~'bl} = VBT A=2b > 4/ A (A D[P = A (A7) Ibll.

We can therefore deduce that the sensitivity of the solution of the linear system to right-
hand-side perturbations depends on the condition number of the coefficients matrix.

Example 4.14. As an example, consider the matrix

_{1+107 1
A“( 1 1+10—5)’

whose condition number is larger than 20000:

>> format long

>> A=[l+le~5,1;1,1+1le-5);

>> cond({A)

ans =
2.000009999998795e+005
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The solution of the system

1S

>> A\[1;1]

ans =
0.499997500018278
0.499997500006722

That is, approximately (0.5,0.5)7. However, if we make a small change to the right-hand-

side vector: (1.1,1)7 instead of (1,1)7 (relative error of ”l%%)—])% = 0.0707), then the per-

turbed solution is very much different from (0.5,0.5):

>> AN[1.1;1]
ans =
1.0e+003 =
5.000524997400047
-4.999475002650021

4.4 = Diagonal Scaling

The problem of ill-conditioned problems is a major one, and many methods have been
developed in order to circumvent it. One of the most popular approaches is to “condition”
the problem by making an appropriate linear transformation of the decision variables.
More precisely, consider the unconstrained minimization problem

min{f(x):x € R"}.

For a given nonsingular matrix $ € R”**, we make the linear transformation x = Sy and
obtain the equivalent problem

min{g(y) = f(Sy): yeR"}.

Since Vg(y) = ST V£ (Sy) = ST V£ (x), it follows that the gradient method applied to the
transformed problem takes the form

Yisr =Ye — &ST VF(Sys)-

Multiplying the latter equality by S from the left, and using the notation x, = Sy,,, we
obtain the recursive formula

Xpy = X, — 1,887V £(x).

Defining D = SS7, we obtain the following version of the gradient method, which we
call the scaled gradient method with scaling matrix D:

Xpp1 =X — 1, DVf(x,).
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By its definition, the matrix D is positive definite. The direction —DV f(x, ) is a descent
direction of f at x;, when Vf(x;) # 0 since

f'(xe;—DVf (%)) ==V £ (x,) DV (x;) <O,

where the latter strict inequality follows from the positive definiteness of the matrix D.
To summarize the above discussion, we have shown that the scaled gradient method with
scaling matrix D is equivalent to the gradient method employed on the function g(y) =
f(D'%y). We note that the gradient and Hessian of g are given by

Vg(y)=D"?Vf(D'?y)=D'?Vf(x),
Vzg(y) — D1/2V2f(D1/2y)Dl/2 — DI/ZVZf(X)DIIZ’

where x = D%y,

The stepsize in the scaled gradient method can be chosen by each of the three options
described in Section 4.1. It is often beneficial to choose the scaling matrix D differently
at each iteration, and we describe this version explicitly below.

Scaled Gradient Method

Input: ¢ - tolerance parameter.

Initialization: Pick x, € R” arbitrarily.
General step: For any k =0, 1,2,... execute the following steps:

(a) Pick a scaling matrix D, > 0.
(b) Pick a stepsize t;, by a line search procedure on the function

g(t)=f(x, —tD, Vf(xy)).

(© Set Xgys =X — DL Vf(x,).
) ¥ ||V (1)l <€, then STOP, and x, ,, is the output.

Note that the stopping criteria was chosen to be ||V f(x,,,)|| < . A different and
perhaps more appropriate stopping criteria might involve bounding the norm of
D,V (xe41).

The main question that arises is of course how to choose the scaling matrix D;. To
accelerate the rate of convergence of the generated sequence, which depends on the con-
dition number of the scaled Hessian D}e/ e f (xk)D;/ ? the scaling matrix is often cho-
sen to make this scaled Hessian to be as close as possible to the identity matrix. When

V2£(x;) > 0, we can actually choose D, = (V?£(x;))~" and the scaled Hessian becomes
the identity matrix. The resulting method

Xpy1 =X — 5 V£ (%) V(%)

is the celebrated Newton’s method, which will be the topic of Chapter 5. One difficulty
associated with Newton’s method is that it requires full knowledge of the Hessian
and in addition, the term V2f(x,) 'V f(x;) suggests that a linear system of the form
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V2 f(x,)d = Vf(x;,) needs to be solved at each iteration, which might be costly from a
computational point of view. This is why simpler scaling matrices are suggested in the
literature. The simplest of all scaling matrices are diagonal matrices. Diagonal scaling 1s
in fact a natural idea since the ill-conditioning of optimization problems often arises as a
result of a large variery of magnitudes of the decision variables. For example, if one vari-
able is given in kilometers and the other in millimeters, then the first variables is 6 orders
of magnitude larger than the second. This is a problem that could have been solved at the
initial stage of the formulation of the problem, but when it is not, it can be resolved via
diagonal rescaling. A natural choice for diagonal elements is

D; = (V2 f(x))7,

With the above choice, the diagonal elements of DV/2V2 £ (x,)D'/? are all one. Of course,
this choice can be made only when the diagonal of the Hessian is positive.

Example 4.15. Consider the problem
min{ IOOOxf +40x, x, + x22 }.

We begin by employing the gradient method with exact stepsize, initial point
(1,1000)7, and tolerance parameter ¢ = 107> using the MATLAB function
gradient_method_quadratic that uses an exact line search.

>> A=[1000,20;20,1];
>> gradient_method_quadratic(A,[0;0], [1;1000],1le-5}

iter_number = 1 norm_grad = 1199.023961 fun_val = 598776.964973
iter_number = 2 norm_grad = 24186.628410 fun_val = 344412.923902
iter_number = 3 norm_grad = 689.671401 fun_val = 198104.25098
iter_number = 68 norm grad = 0.000287 fun_val = 0.000000
iter_number = 69 norm grad = 0.000008 fun_wal = 0.000000
ans =

1.0e-005 =

-0.0136

0.6812

The excessive number of iterations is not surprising since the condition number of
the associated matrix is large:

>> cond(A)
ans =
1.6680e+003

The scaled gradient method with diagonal scaling matrix

- 0
o=(% 1)
should converge faster since the condition number of the scaled matrix D'/2AD? is sub-

stantially smaller:

>> D=diag(l./diag{A));
>> sgrtm{D) *xA«sqgrtm(D)
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ans =
1.0000 0.6325
0.6325 1.0000
>> cond{ans)
ans =

4.4415

To check the performance of the scaled gradient method, we will use a slight
modification of the MATLAB function gradient_method_quadratic, which we
call gradient_scaled_guadratic.

function [x,fun_valj=gradient_scaled_guadratic{a,b,D,x0,epsilon)
% INPUT

% H1 113+t 11+ttt

$ A ... ..., the positive definite matrix associated

% with the objective function

$b....... a column vector associated with the linear part
$ of the obhjective function

¥ D ......, scaling matrix

% x0 ...... starting peint of the method

% epsilon . tolerance parameter

% OUTPUT

% R e R I A T o o e 7 i o o T e e e e et e e

X .o an optimal sclution {up tc a tolerance)...

of min(x"T & %x+2 b™T x)
% fun_wval . the optimal function value up to a tolerance

x=x0;

iter=0;

grad=2x (Axx+b) ;

while (normigrad)repsilon)
iterziter+l;
t=grad’«D=grad/ (2+ (grad’+D’ ) »A=* (Dxgrad) ) :
x=xX-t*Dxgrad;
grad=2x* (A*x+b) ;
fun_val=x’«A*xx+2+b’ *x;
fprintft( iter_number = %3d norm grad = %2.6f fun_val = %2.6f \n’,
iter,normigrad), fun_val};

end

The running of this code requires only 19 iterations:

>> gradient_scaled_qguadratic (A, [0;0],.D,[1;1000]),1le-5)
iter_number = 1 norm_grad = 10461.338850 fun_val = 102437.875289

iter_ number = 2 norm _grad = 4137.812524 fun_wval = 10080.228308
iter_number = 18 norm grad = 0,000036 fun_val = 0.000000
iter_ number = 19 norm_grad = 0.000009 fun_wval = 0,000000
ans =
1.0e-006 =
-0.0106
0.3061
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4.5 = The Gauss—-Newton Method

In Section 3.5 we considered the nonlinear least squares problem
m
min {g(x) = Z(fi(x)—c,- )2}. 4.12)
xeR =1

We will assume here that f,,..., f,, are continuously differentiable over R” for all i =
1,2,...,mandthat¢,...,c, € R. The problem is sometimes also written in the terms of
the vector-valued function

?(x) —G
X} —c
Fw<| 297 |
m(x)_ Cm
and then it takes the form
min||F(x)|i%.

The general step of the Gauss—Newton method goes as follows: given the kth iterate x;,
the next iterate is chosen to minimize the sum of squares of the linear approximations of
f; at X, that is,

]

Xp 4y = ATGMIN, {Z [£0)+ VA (x—x)—, ]2} : (4.13)

i=l
The minimization problem above is essentially a linear least squares problem

in||A, x—b, ||
gelir,zll pX—bg||5,

where
VAT

Vfxe)

A, = =J(x)

V(%)

is the so-called Jacobian matrix and

gfl(xk);xk —fix) +¢
b, = (%) %, -_"f;!(xk)"*" ¢ )% — F(x,).

V() %, :_fm(xk)'i'cm

The underlying assumption is of course that J(x, ) is of a full column rank; otherwise the
minimization in (4.13) will not produce a unique minimizer. In that case, we can also
write an explicit expression for the Gauss-Newton iterates (see formula (3.1) in Chap-

ter 3):
X1 = ) T (x) (%) by
Note that the method can also be written as
X1 = J(x) T(x)) 7 (x) (3% — F(x5))
=%, —(J ) T )T ) F(xy,).
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The Gauss-Newton direction is therefore d;, = (J(x;)7J(x4)) "/ (x;)” F(x;). Noting that
Vg(x) = 2J(x)” F(x), we can conclude that

1
d, = EU(Xk)T] (%)) "'V g(x),

meaning that the Gauss-Newton method is essentially a scaled gradient method with the
following positive definite scaling matrix

1
D, = EU(X:B)T] (%))~

This fact also explains why the Gauss-Newton method is a descent direction method. The
method described so far is also called the pure Gauss—Newton method since no stepsize is
involved. To transform this method into a practical algorithm, a stepsize is introduced,
leading to the damped Ganss—Newton method.

Damped Gauss-Newton Method
Input: £ > 0 - tolerance parameter.

Initialization: Pick x, € R” arbitrarily.
General step: For any k£ =0, 1,2,... execute the following steps:

(a) Set dp = (J(x) 7T (x¢)) ™7 (%) T F (x)-

(b) Set t; by a line search procedure on the function
h(t) = g(x, —tdy).

(©) Setx,., =x;, —t,d,.

(© If|[Vg(xp4)ll < €, then STOP, and x;,  ; is the output.

4.6 = The Fermat—-Weber Problem

The gradient method is the basis for many other methods that might seem at first glance
to be unrelated to it. One interesting example is the Fermat-Weber problem. In the 17th
century Pierre de Fermat posed the following problem: “Given three distinct points in
the plane, find the point having the minimal sum of distances to these three points.” The
Italian physicist Torricelli solved this problem and defined a construction by ruler and
compass for finding it (the point is thus called “the Torricelli point” or “the Torricelli-
Fermat point”). Later on, it was generalized by the German economist Weber to a prob-
lem in the space R” and with an arbitrary number of points. The problem known today
as “the Fermat-Weber problem” is the following: given 7 points in R” : a,,...,a,,—also
called the “anchor point”—and m weights w,, w,,...,w,, > 0, find a point x € R” that
minimizes the weighted distance of x to each of the points a,,...,a,,. Mathematically,
this problem can be cast as the minimization problem

min {f(x)sgw,m—-afu}.
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Note that the objective function is not differentiable at the anchor points a,,...,a,,. This
problem is one of the fundamental localization problems, and it is an instance of a facility
location problem. For example, a,,a,,...,a,, can represent locations of cities, and x will
be the location of a new airport or hospital (or any other facility that serves the cities); the
weights might be proportional to the size of population at each of the cities. One popular
approach for solving the problem was introduced by Weiszfeld in 1937. The starting point
is the first order optimality condition:

Vf(x)=0.
Note that we implicitly assume here that x is not an anchor point. The latter equality can
be explicitly written as
L2 X—a;
i=1 ”x - a.i ”

After some algebraic manipulation, the latter relation can be written as

(an an) 2=y

p IIX 3; I|

which is the same as

an —a||

z-.-.I I[x—a || i=1

We can thus reformulate the optimality condition as x = T(x), where T is the operator

T09= a2 e

i—l ||x-a || i=l1
Thus, the problem of finding a stationary point of f can be recast as the problem of

finding a fixed point of T'. Therefore, a natural approach for solving the problem is via a
fixed point method, that is, by the iterations

X1 = T,

We can now write explicitly Weiszfeld’s theorem for solving the Fermat-Weber problem.

Weiszfeld’s Method

Initialization: Pick x, € R” such that x #a,,a,,...,a,,
General step: For any £ =0,1,2,... compute

1 ", lw:a:
=T (%)== e

i=1 Tl E lix —a;ll

(4.14)

Note that the algorithm is defined only when the iterates x; are all different from
a,,...,a,,. Although the algorithm was initially presented as a fixed point method, the
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surprising fact is that it is basically a gradient method. Indeed,

1 2, w;a,
Xp+1 =
s T = e —ayll
1 L X;, —a;
=X S e D Wi
?—;1 Ixp—a,]] i=t lIx —a]|
1
=%, — =V (X).
iz=1 Trg—a,l

Therefore, Weiszfeld’s method is essentially the gradient method with a special choice of
stepsize:
1
L= ~m @
=1 ||x§—a{||

We are left of course with several questions. Is the method well-defined? That is, can
we guarantee that none of the iterates x;, is equal to any of the points a,,...,a,,? Is the
sequence of objective function values decreases? Does the sequence {x; };.o converge to
a global optimal solution? We will answer at least part of these questions in this section.

We would like to show that the generated sequence of function values is nonincreasing,
For that, we define the auxiliary function

= y—all . "
h(y,x) = Z TRl yeR", xeR"\«,

where & = {a,,3,,...,a,,}. The function b(-,-) has several important properties. First
of all, the operator T can be computed on a vector x ¢ 2/ by minimizing the function
h(y,x) over all y € R”.

Lemma 4.16. For any x € R\ ., one has
T(x)=argmin {h(y,x):y €R"}. (4.15)

Proof. The function h(:,x) is a quadratic function whose associated matrix is positive
definite. In fact, the associated matrix is (377 , l-lx—fm)l Therefore, by Lemma 2.41, the

unique global minimum of (4.15), which we denote by y*, is the unique stationary point
of h(-,x), that is, the point for which the gradient vanishes:

Vyh(y",x)=0.

Thus,

ZZw

i=1

Iix—a ||

Extracting y* from the last equation yields y* = T(x), and the result is established. O

Lemma 4.16 basically shows that the update formula of Weiszfeld’s method can be
written as

Xp 1 = argmin{h(x,x, ) : x €R"}.
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We are now ready to prove other i important properties of b, which will be crucial for
showing that the sequence {f(%;)};, is nonincreasing.

Lemma 4.17. If x € R"\ A, then
@ h(x,x)= f(x),
b) b(y,x)22f(y)— f(x) foranyy € R”,
© AT < f(x) and F(T)=f(x) if and only i x = T(x),
(d) x=T(x) if and only if Vf(x)=0.
Proof. () h(x,x) = 37, w; 2l = 37 eo;lIx—ay[| = £ (x).

fle-agll T
(b} For any nonnegative number # and positive number b, the inequality

2
%ZZd——-b

holds. Substituting 2z = |ly —a,|| and & =||x—a,|], it follows that for any i = 1,2,...,m

ly—al’ |
T 2 2ly—a;lt—Ix—a;fi

Multiplying the above inequality by w; and summing over i = 1,2,...,m, we obtain that

Lt

S o e 223 ol —all- e k=l

i=1

Therefore,
h(y,x) 2 2f (y)— f (%). (4.16)
(c) Since T(x) = argmin, g h(y, x), it follows that
h(T(x),x) < b(x,x) = f(x), (4.17)

where the last equality follows from part (a). Part (b) of the lemma yields

h(T(x),x) 2 2f(T(x))— f(x),
which combined with (4.17) implies

fx) 2 h(T(x),x) 2 2f (T(x))— f (x), (4.18)

establishing the fact that f(7(x)) £ f(x). To complete the proof we need to show that
F(T(x)) = f(x) if and only if T(x) = x. Of course, if T(x) = x, then f(T(x)) = f(x).
To show the reverse implication, let us assume that f(7'(x)) = f(x). By the chain of
inequalities (4.18) it follows that A(x,x) = f(x) = A(T(x),x). Since the unique minimizer
of h(-,x) is T(x), it follows that x = T'(x).

(d) The proof of (d) follows by simple algebraic manipulation. O

We are now ready to prove the descent property of the sequence {f'(x;)}.., under the
assumption that all che iterates are not anchor points.
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Lemma 4.18. Let {X; };»q be the sequence generated by Weiszfeld’s method (4.14), where we
assume that X, & < for all k > 0. Then we bave the following:

(@) The sequence {f(x,)} is nonincreasing: for any k > 0 the inequality f(x,,,) < f(x;)
holds.

) For any b, f(x) = f (%) if and only if V f(x) =0,

Proof. (a) Since x;, ¢ & for all &, this result follows by substituting x = x,, in part (c) of
Lemma 4.17.

(b) By part (c) of Lemma 4.17 it follows that f(x,) = f(x,,,) = f (T(x,)) if and
only if x, = x,,, = T(x,). By part (d) of Lemma 4.17 the latter is equivalent to
Vf(xk) = 0. 0

We have thus shown that sequence {f(x;)};50 is strlctly decreasing as long as we are
not stuck at a stationary point. The underlying assumption that x, ¢ .of is problematic
in the sense that it cannot be verified easily. One approach to make sure that the sequence
generated by the method does not contain anchor points is to choose the starting point
X, so that its value is strictly smaller than the values of the anchor points:

f (%) <min{f(a,), f(a),.... f(a,)}.

This assumption, combined with the monotonicity of the function values of the sequ-
ence generated by the method, implies that the iterates do not include anchor points. We
will prove that under this assumption any convergent subsequence of {x; };.., converges
to a stationary point. -

Theorem 4.19. Let {x; },.., be the sequence generated by Weiszfeld'’s method and assume that
f(x9) < min{f(a,),f(ay),...,f(a,)}. Then all the limit points of {x, };», are stationary

points of f

Proof. Let {x; },., be a subsequence of {x,},,, that converges to a point x*. By the
monotonicity of the method and the continuity of the objective function we have

F(x) £ (%) <min{f(a,), f(22),..-, f(a,)}.

Therefore, x* ¢ .of, and hence Vf(x*) is defined. We will show that Vf(x*) = 0. By the
continuity of the operator T at x*, it follows that the sequence x, ,, = T(x, ) > T(x")as
n — oo. The sequence of function values {f(x;)},., is nonincreasing and bounded below
by 0 and thus converges to a value which we denote by f*. Obviously, both {f(x; )},

and {f (X, _i1)},o converge to f*. By the continuity of f, we thus obtain that f(7(x*)) =
f(x*)=f*, which by parts (c) and (d) of Lemma 4.17 implies that Vf(x*)=0. 0O

It can be shown that for the Fermat—Weber problem, stationary points are global
optimal solutions, and hence the latter theorem shows that all limit points of the sequence
generated by the method are global optimal solutions. In fact, it is also possible to show
that the entire sequence converges to a global optimal solution, but this analysis is beyond
the scope of the book.
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4.7 « Convergence Analysis of the Gradient Method
4.7.1 = Lipschitz Property of the Gradient

In this section we will present a convergence analysis of the gradient method employed
on the unconstrained minimization problem

min{f(x):x € R"}.

We will assume that the objective function f is continuously differentiable and that its
gradient V£ is Lipschitz continuous over R”, meaning that

IV/ (%)= Vf(y)ll < L|[x—yl| for any x,y € R".

Note that if Vf is Lipschitz with constant L, then it is also Lipschitz with constant L

for all £ > L. Therefore, there are essentially infinite number of Lipschitz constants for
a function with Lipschitz gradient. Frequently, we are interested in the smallest possible
Lipschitz constant. The class of functions with Lipschitz gradient with constant L is
denoted by C"!(R") or just C;"!. Occasionally, when the exact value of the Lipschitz

constant is unimportant, we will omit it and denote the class by Cb!. The following are
some simple examples of C"! functions:

e Linear functions Given a € R”, the function f(x) =a’x is in Col".

¢ Quadratic functions Let A be an 7 x # symmetric matrix, b € R”, and ¢ € R.
Then the function f(x)=x? Ax+2b?x +¢ isa C*! function.

To compute a Lipschitz constant of the quadratic function f(x)=x" Ax+2bTx+¢, we
can use the definition of Lipschitz continuity:

IVf(x)—V £ (y)ll =2l|(Ax+b)—(Ay+b)l| = 2|Ax—Ayl} = 2|| A(x—y)l| < 2]|A]|-|Ix—yl}.

We thus conclude that a Lipschitz constant of V£ is 2|}Al).
A useful fact, stated in the following result, is that for twice continuously differen-

tiable functions, Lipschitz continuity of the gradient is equivalent to boundedness of the
Hessian.

Theorem 4.20. Let f be a twice continuously differentiable function over R”. Then the
following rwo claims are equivalent:

@ feCl (R
o) [V f(x)|| € L for any x e R".

Proof. (b) => (a). Suppose that ||V?f(x)|| < L for any x € R”. Then by the fundamental
theorem of calculus we have for all x,y € R”

V()= V) + L V2 (x4 tly— X)Xy — %)

=Vf(x)+(L vzf(x+r(y—x))dr) (y—x),
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Thus,

1
V)=V f(x)||= UO Vif(x+ f(Y"X))dt) (y~x)

lly —x|

1
< f Vi (x+e(y—x))de
0

1
< ( [ o7 c(y—x»udt) ly—x|
< Llly~—x|l,

establishing the desired result f € C*".

(a) = (b). Suppose now that f € C 2". Then by the fundamental theorem of calculus
for any d € R” and a > 0 we have

Vf(x+ad)~Vf(x)=faV2f(x+ td)dd:.

Thus,

(La Vif(x+ td)dt)d" =||Vf(x+ad)—Vf(x)|| <L||d|
Dividing by a and taking the limit « — 0%, we obtain
727 o0d]| < Zid,
implying that ||V2f(x)[|<L. O
Example 4.21. Let / : R — R be given by f(x) = v/1+ x%. Then
0L f(x)= REPEYs <1

forany x €R,andthus feC". B

4.7.2 s The Descent Lemma

An important result for C"! functions is that they can be bounded above by a quadratic
function over the entire space. This result, known as “the descent lemma,” is fundamental
in convergence proofs of gradient-based methods.

Lemma 4.22 (descent lemma). Let f € C/(R™). Then for any x,y € R*

L
fFO<f®)+V ) (y—x)+ Ellx—yllz»

Proof. By the fundamental theorem of calculus,

f&)—f ()= L (Vf (xt 1y~ )y — ).
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Therefore,

1

[ —f(x)={Vi(x),y~x) +L (VAx+t(y—x))—Vf(x),y—x)dt.

Thus,

f 3 —f—{Vf(x)y—x)|= L (Vf(x+t(y—x)— Vf(x),y—x)dt

1
< | WVfG+tly—x) =V (x),y—x)ld?

JO
rl

. IVf(x+t(y—x) =V X |ly —xlid:

~1

IA

< | tLlly—xlPd:

o

L ,
—_ —_— . []
zlly x|]

| S

Note that the proof of the descent lemma actually shows both upper and lower bounds
on the function:

L L
fE)+Vf(x) (y—x)— Ellx"-YII2 <f@) < f@+VF) (y—x)+ Ellx—YIIZ-

4.7.3 » Convergence of the Gradient Method

Equipped with the descent lemma, we are now ready to prove the convergence of the
gradient method for C!! functions. Of course, we cannot guarantee convergence to a
global optimal solution, but we can show the convergence to stationary points in the
sense that the gradient converges to zero. We begin by the following result showing a
“sufficient decrease” of the gradient method at each iteration. More precisely, we show
that at each iteration the decrease in the function value 1s at least a constant times the
squared norm of the gradient.

Lemma 4.23 (sufficient decrease lemma).  Suppose that f € C,"\(R™). Then for any
xER" and t >0

F0—fx= 19 ezt (1- 3 ISP .19

Proof. By the descent lemma we have

2
Flx= V£ () < 0~ VS I+ IV F GO
= 1=t (1= 2 )IvF W

The result then follows by simple rearrangement of terms. O
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Our goal now is to show that a sufficient decrease property occurs in each of the
stepsize selection strategies: constant, exact line search, and backtracking. In the constant
stepsize setting, we assume that #, = # € (0, #). Substituting x =x,,¢ = £ in (4.19) yields
the inequality

_ Lt
£ =F )2 (1= 3 IVS o 420

Note that the guaranteed descent in the gradient method per iteration is

. ¢ L
(1= 107

If we wish to obtain the largest guaranteed bound on the decrease, then we seek the max-
imum of #(1— &) over (0,2). This maximum is attained at £ = }, and thus a popular
choice for a stepsize is 7. In this case we have

1 1
FOs)~F ) =S =f (3= 7900 ) 2 I/ OP. 420
In the exact line search setting, the update formula of the algorithm is

Xpi1 =%, — 5, V(Xg),

where ¢, € argmin, o f (X, —tVf(x,)). By the definition of t, we know that

1
fE—Vfx NS f (X;e — sz(Xk)> ,
and thus we have
1 1 )
JO)—f(Zep) = fx)—f (Xk — 'L"Vf(xk)) > E"L'”Vf(xfe)“ , (4.22)

where the last inequality was shown in (4.21).
In the backtracking setting we seek a small enough stepsize ¢, for which

f)—f (% — 6, V(%) 2 a2, IV (xp)IP, 4.23)

where a € (0,1). We would like to find a lower bound on #,. There are two options.
Either 1, = s (the initial value of the stepsize) or t, is determined by the backtracking

procedure, meaning that the stepsize §, = #,/3 is not acceptable and does not satisfy
(4.23):

f(xk)—f(xk——%w(xk))< I 4.24)

Substituting x = X, ¢ = % in (4.19) we obtain that

fx)— f(xk——ﬁw )2 g(l—ﬁ)nw(xk)nz

which combined with (4.24) implies that

50-5) <5
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which is the same as ¢, > Hi—a)f QOrverall, we obtained that in the backtracking settin
13 T 4 4

we have
2(1—
t, > min{s, _(L—a)ﬁ}’

which combined with (4.23) implies that

2(1—a
fos0= s =t fs) zamin{s, Lo oslr. w2

We summarize the above discussion, or, better said, the three inequalities (4.20), (4.22),

and (4.25), in the following resuit.

Lemma 4.24 (sufficient decrease of the gradient method). Let f € C'(R"). Let
{X1 }eo be the sequence generated by the gradient method for solving

min f(x)

xcR"
with one of the following stepsize strategies:
o constant stepsize t € (0, %),

o exact line search,

e backtracking procedure with parameterss € R, ,a €(0,1), and 3 €(0,1).

Then
Fx) = f(Rpp) Z MV (xp)IF, (4.26)
where
3 (1 — -‘-2":) constant stepsize,
M= E{Z exact line search,
amin {s, 2“1“)’8 } backtracking.

We will now show the convergence of the norms of the gradients ||V £(x,)|| to zero.

Theorem 4.25 (convergence of the gradient method). Let f € C"'(R"), and let {x, };5,
be the sequence generated by the gradient method for solving

min f(x
min f(x)
with one of the following stepsize strategies:

o constant stepsize t € (0, %),

e exact line search,

o backtracking procedure with parameters s € R, ,a € (0,1), and 3 € (0,1).
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Assume that | is bounded below over R, that is, there exists m € R such that f(x) > m for
all x e R*,

Then we have the following:

(@) The sequence {f (X,)}o s nonincreasing. In addition, for any k 2> 0, f(x,,,) <
f(x,) unless Vf(x,)=0.

(b) Vf(x,)—0ask— .

Proof. (a) By (4.26) we have that

f)—f (Reyr) Z MIVF(x)IfF 20 (4.27)

for some constant M > 0, and hence the equality f(x,) = f(x,,,) can hold only when
Vf(xk) =0Q.

(b) Since the sequence {f(x; )}, is nonincreasing and bounded below, it converges.
Thus, in particular f(x,)— f(x,,,) — O as £ — oo, which combined with (4.27) implies
that ||V (x,)|| > Cask —o00. 0O

We can also get an estimate for the rate of convergence of the gradient method, or
more precisely of the norm of the gradients. This is done in the following result.

Theorem 4.26 (rate of convergence of gradient norms). Under the setting of Theorem
4.25, let f* be the limit of the convergent sequence {f (X))o Then for any n=0,1,2,...

: fx)—f*
Goin IVl < \’ HE T

¢ (1 — %) constant stepsize,
M= ﬁ exact line search,

amin {s, 3‘6—%-_1)} backtracking.

where

Proof. Summing the inequality (4.26) over £ =0,1,...,7n, we obtain
fOo) = f (%) 2 M NIV F ()P
k=0

Since f(x,, )2 f*, we can thus conclude that

) —F* > M S UV IR
k=0
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Finally, using the latter inequality along with the fact that for every £ = 0,1,...,7 the
obvious inequality ||V £(x)|1* = ming_q, ,1IVf(x,)|I? bolds, it follows that

f0)—f" 2 Mn+1) _min W/,

implying the desired resule. 0

Exercises

4.1.

4.2,

4.3.

Let f € C"'(R”)and let {x; };5, be the sequence generated by the gradient method

with a constant stepsize t, = ;. Assume that x; — x*. Show that if Vf(x,) # 0
forall & >0, then x* is not a local maximum point.

[9, Exercise 1.3.3] Consider the minimization problem
min{x” Qx:x € R?},

where Q is a positive definite 2 x 2 matrix. Suppose we use the diagonal scaling

matrix
D—( N 0)
=1 )
22

Show that the above scaling matrix improves the condition number of Q in the
sense that
x(D'?QD'?) < x(Q).

Consider the quadratic minimization problem
min{x” Ax:x € R%},
where A is the 5 x 5 Hilbert matrix defined by

1
A .= ,
M4 —1

i,j=1,2,3,4,5.

The matrix can be constructed via the MATLAB command A = hilb(5). Run
the following methods and compare the number of iterations required by each
of the methods when the initial vector is x; = (1,2,3,4,5)7 to obtain a solution x
with ||[Vf(x)|l < 10~%

e gradient method with backtracking stepsize rule and parameters « = 0.5, 5 =

0.5,s=1;

e gradient method with backtracking stepsize rule and parameters = 0.1, 3 =
0.5,s=1;

e gradient method with exact line search;

o diagonally scaled gradient method with diagonal elements D;; = --,i =

1,2,3,4,5 and exact line search;

o diagonally scaled gradient method with diagonal elements D;; = ~,i =

1,2,3,4,5 and backtracking line search with parameters @ = 0.1, 3 = 0.5,
s=1.
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4.4,

4.5.

4.6.

Consider the Fermat-Weber problem

min {f(X) Zw l[x—a; H}

where w,,...,w,, >0and Bseeerdy, € R”* are m different points. Let

p €argmin,_,,  f(a,).
Suppose that
a,—a;
i#p ”ap _'ai”

(i) Show that there exists a direction d € R” such that f*(a,;d) <0.
(i) Show that there exists x, € R” satisfying f (%) < min{f(a,), f(a;),..., f(3,)}-

Explain how to compute such a vector.

In the “source localization problem” we are given m locations of sensors a, a,,. ..,

a,, € R” and approximate distances between the sensors and an unknown “source”
located at x € R”:

d; ~ ||lx—a;]|.

The problem is to find and estimate x given the locations ay,a,,...,a,, and the
approximate distances d,,d,,...,d,,. A natural formulation as an optimization
problem is to consider the nonlinear least squares problem

(SL) min {f(x) = Z(“x—aiH —d;‘)z} -
i=1

We will denote the set of sensors by . = {a,,a,,...,a,,}.
(i) Show that the optimality condition Vf(x) =0 (x ¢ .« ) is the same as

{Z“ YT a;n}

=1 i=1

(i) Show that the corresponding fixed point method

Xg,q = — {Za +Zd I, — 3, ll}

is a gradient method, assuming that x, ¢ &/ for all & > 0. What is the step-
size?

Another formulation of the source localization problem consists of minimizing
the following objective function:

(L2) min {f (x) =D (IIx—a]f —df)z}-
i=l1

This is of course a nonlinear least squares problem, and thus the Gauss-Newton
method can be employed in order to solve it. We will assume that n = 2.



Exercises

81

4.7.

4.8.
4.9.

4.10.

4.11.

(1) Show that as long as all the points a,a,,...,a,, do not reside on the same line
in the plane, the method is well-defined, meaning that the linear least squares
problem solved at each iteration has a unique solution.

(1) Write a MATLAB function that implements the damped Gauss-Newton
method employed on problem (SL2) with a backtracking line search strat-
egy with parameters s = 1,a = 3 = 0.5,¢ = 107*. Run the function on the
two-dimensional problem (z = 2) with 5 anchors (7 = 5) and data generated
by the MATLAB commands

randn(‘'seed’,317);

A=randn(2,5);

x=randn{2,1);

d=sqrt (sum( (A-x*ones(1,5)).72))+0.05*randn(1,5);
é=a’;

The columns of the 2 X 5 matrix A are the locations of the five sensors,
x is the “true” location of the source, and d is the vector of noisy measure-
ments between the source and the sensors. Compare your results (e.g., num-
ber of iterations) to the gradient method with backtracking and parameters
s = l,a = = 05,¢ = 107 Start both methods with the initial vector
(1000,—500)7

Let f(x) = x” Ax+ 2b7x + ¢, where A is a symmetric # X 7 matrix, b € R”, and
¢ € R. Show that the smallest Lipschitz constant of V£ is 2||A]|.

Let f : R” — R be given by f(x) = 4/1+|[x|{*. Show that f € C"".

Let f € Cz’l(R’“), and let A € R™** b € R™. Show that the function g : R”* - R
defined by g(x) = f(Ax +b) satisfies g € C;"(R"), where L =||A|P’L.

Give an example of a function f € C,"'(R) and a starting point x, € R such that

the problem min f(x) has an optimal solution and the gradient method with con-
stant stepsize t = % diverges.

Suppose that f € C E’I(R”) and assume that V2 f(x) > 0 for any x € R”. Suppose
that the optimal value of the problem min, g« f(x) 1s f*. Let {x;}z5¢ be the se-

quence generated by the gradient method with constant stepsize 7. Show that if
{X; }i>0 is bounded, then f(x,) — f* ask — oo,
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Newton’s Method

5.1 = Pure Newton’s Method

In the previous chapter we considered the unconstrained minimization problem
min{f(x):x € R"},

where we assumed that f is continuously differentiable. We studied the gradient method
which only uses first order information, namely information on the function values and
gradients. In this chapter we assume that f is twice continuously differentiable, and we
will present a second order method, namely a method that uses, in addition to the infor-
mation on function values and gradients, evaluations of the Hessian matrices. We will
concentrate on Newton’s method. The main idea of Newton’s method is the following.
Given an iterate X,, the next iterate X, | is chosen to minimize the quadratic approxima-
tion of the function around x,:

1
Xp 4y = ALGMUN, _po {f(xk) + V(%) (x—x,) + E(X—Xk)TVZf(Xk)(X—Xk)} . (B.1)

The above update formula is not well-defined unless we further assume that V2£(x,) is
positive definite. In that case, the unique minimizer of the minimization problem (5.1) is
the unique stationary point:

V() + V(% )Xy =%, ) =0,
which is the same as
Xer1 =X — (VA () VF (). (5.2)
The vector «{V2f(x,))"1Vf(x,) is called the Newton direction, and the algorithm in-
duced by the update formula (5.2) is called the pure Newton’s method. Note that when

V2£(x}) is positive definite for any &, pure Newton’s method is essentially a scaled gradi-
ent method, and Newton’s directions are descent directions.

83
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Pure Newton’s Method

Input: £ > 0- tolerance parameter.
Initialization: Pick x, € R” arbitrarily.
General step: For any £ =0,1,2,... execute the following steps:

(@) Compute the Newton direction d;,, which is the solution to the linear system

V2 f (%), ==V £ (x)-
(b) Set xp,y =% +d,.
(©) I||Vf(xp4)l| < &, then STOP, and x;, , is the output.

At the very least, Newton’s method requires that V2f(x) is positive definite for
every X € R”, which in particular implies that there exists a unique optimal solution x*.
However, this is not enough to guarantee convergence, as the following example illustrates.

Example 5.1. Consider the function f(x) = 4/ 14 x? defined over the real line. The
minimizer of f over R is of course x = 0. The first and second derivatives of f are

/ — x ﬂ'x — 1
f(x)— m: f( )"(_—1+x2)3/2.

Therefore, (pure) Newton’s method has the form
f'(x)

2 3
X4t ka—fok) = xk—xk(l—l—xk):—xk.

We therefore see that for |x,| > 1 the method diverges and that for |x,| < 1 the method
converges very rapidly to the correct solution x* = 0.

Despite the fact that a lot of assumptions are required to be made in order to guarantee
the convergence of the method, Newton’s method does have one very attractive feature:
under certain assumptions one can prove local guadratic rate of convergence, which means
that near the optimal solution the errors e, = ||x, —x*|| (where x* is the unique optimal
solution) satisfy the inequality e, ,; < Me? for some positive M > 0. This property essen-
tially means that the number of accuracy digits is doubled at each iteration.

Theorem 5.2 (quadratic local convergence of Newton’s method). Let f be a twice
continuously differentiable function defined over R”. Assume that

o there exists m > 0 for which V2 f(x) > mI for any x € R”,
o there exists L > 0 for which ||V f (x)— V£ (y)|| £ L||x—yl|| for any x,y € R™.
Let {x} }>0 be the sequence generated by Newton’s method, and let x* be the unique mini-
mizer of f over R”. Then for any k =0,1,... the inequality '
e =11 < 5l — P 53)
holds. In addition, if ||x, —x*|| < 7, then

2m (1\*
||xk—x*||<—(§) . o=0,1.2..:. (5.4)
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Proof. Let k be a nonnegative integer. Then

%=X = %—(Vf )V (x)—x
VE = (P ) (T = VS (%)

= xx (VS () fo (V2 £ (xg + £ —x))X —x )
1
- (V) jo (V2 (% + £(x" = x0))— V£ (3 | —x¢)dt.

Combining the latter equality with the fact that V2 f(x,) > mIimplies that [[(V2 £ (x,)) ||
< L. Hence,

(1% — X1 < T2 £ ()7 ’L [V2F (%), + t(x* —%,))— V2 (%) ] (x* —x,)d ¢

<IKV2f Gy L R Mo Ty 2
<IKw2F ) f |92 f (ke + 206 = x) = VS ()| lix” el e
<= [ dim—xPde = ol T

We will prove inequality (5.4) by induction on k. Note that for & =0, we assumed that

o—xll<
-—.—x -,
X, <7
so in particular
I i< 2m (1)20
Xy —X —i{=1],
° = L \2

establishing the basis of the induction. Assume that (5.4) holds for an integer &, that 1s,
lIx, —x*|| < sz(%)z’e; we will show it holds for £ + 1. Indeed, by (5.3) we have

| < L b x| < L f2m/0\*\ 2m 1\
Xert TXUS e =X =0V T\ 2 L \2)

proving the desired result. O

A very naive implementation of Newton’s method in MATLAB is given below.

function x=pure_newton{f,qg,h,x0,epsilon)

% Pure Newton'’'s method

%

% INPUT

% = ——— e — g ————

$ £ ... ..., objective function

59 - gradient of the objective function
$ h .......... Hessian of the objective function
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$ x0........... initial point

% epsilon ..... tolerance parameter
% OUTPUT

% ======z=========

$ x - sclution obtained by Newton’s method (up to some tolerance)

if (nargin<5)
epsilon=le-5;
end
x=x0;
gval=g(x);
hval=h(x);
iter=0;
while {({norm{gval)>epsilon)&&(iter<10000))
iter=iter+l;
x=x-hval\gval;
fprintf('iter= %2d f(x}=%10.10f\n’,iter, f{x))
gval=g(x);
hval=h(x);
end
if (iter==10000)
fprintf{'did not converge’)
end

Note that the above implementation does not check the positive definiteness of the
Hessian, and it essentially assumes implicitly that this property holds. As already men-
tioned, Newton’s method requires quite a lot of assumptions in order to guarantee con-
vergence, and hence the described implementation includes a divergence criteria (10000
iterations).

Example 5.3. Consider the minimization problem

min 100x* +0.01%%,
x,y

whose optimal solution is obviously (x,y) = (0,0). This is a rather poorly scaled prob-
lem, and indeed the gradient method with initial vector x, = (1,1)7 and parameters
(s,a, 3,¢) =(1,0.5,0.5,107°) converges after the huge amount of 14612 iterations:

>> f=@(x)100+x(1)"4+0.01+x{2)"4;

>> g=6(x) [400+x{1)"3;0.04*xx{2}"3];

>> [x, fun_val]=gradient_method_backtracking(f,qg,[1;1),1,0.5,0.5,1e-6)
iter_number = 1 norm grad = 90.513620 fun_val = 13.799181
iter_number 2 norm grad = 32.381098 fun_val = 3.511932

iter_number = 3 norm grad = 11.472585 fun_val = 0.887929
iter_number = 14611 norm_grad = 0.000001 fun_wval = 0.000000
iter_number = 14612 norm_grad = 0.000001 fun_wval = ©0.000000

Invoking pure Newton’s method, we obtain convergence after only 17 iterations:

>> h=@(x)[1200+*x{1}"2,0;0,0.12*x(2)7*2];
>> pure_newton(f,g,h,[1;1],le-6}

iter= 1 f(x)=19.7550617284

iter= 2 £(x)=3.9022344155

iter= 3 £(x}=0.7708117364
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iter= 15 f£(x)}=0.0000000027
iter= 16 f(x)=0.0000000005
iter= 17 £(x)=0.0000000001

Note that the basic assumptions required for the convergence of Newton’s method as
described in Theorem 5.2 are not satisfied. The Hessian is always positive semidefinite,
but it is not always positive definite and does not satisfy a Lipschitz property. #

The previous example exhibited convergence even when the basic underlying assump-
tions of Theorem 5.2 are not satisfied. However, in general, convergence is unfortu-
nately not guaranteed in the absence of these very restrictive assumptions.

Example 5.4, Consider the minimization problem

min \/xf+1+\/x22+1,

12Xz

whose optimal solution is x = 0. The Hessian of the function is

1
—lo 0
Viim=| " ).
P

Note that despite the fact that the Hessian is positive definite, there does not exist an
m > 0 for which V2f(x) > ml. This violation of the basic assumptions can be seen
practically. Indeed, if we employ Newton’s method with initial vector x, = (1,1)7 and
tolerance parameter ¢ = 10~® we obtain convergence after 37 iterations:

>> F=@(x)sqgrt(l+x(1l)"2)+sgrt{l+x{(2}"2);

>> g=@(x} [x(1) /sart (x(1)"2+1);x(2) /sq@rt(x(2)"2+1)1];
>> h=@({x)diag([1/{x(1)"2+1)"~1.5,1/(x(2}"2+1)"1.5}}:
>> pure_newton(f,g,h,[1;1},1le-8)

iter= 1 £(x)=2.8284271247

iter= 2 £(x)=2.8284271247

iter= 30 £(x)=2.8105247315
iter= 31 £(x)=2.7757389625
iter= 32 £(x)=2.6791717153
iter= 33 f(x)=2.4507092918
iter= 34 f(x}=2.1223796622
iter= 35 £(x)=2.0020052756
iter= 36 f£(x)=2.0000000081
iter= 37 £(x)=2.0000000000

Note that in the first 30 iterations the method is almost stuck. On the other hand, the
gradient method with backtracking and parameters (s, @, 5) = (1,0.5,0.5) converges after
only 7 iterations:

>> [x%, fun_val]l=gradient_method_backtracking(f,g,(1:;1]1,1,0.5,0.5,1e-8);

iter_number = 1 norm_grad = 0.397514 fun_val = 2,084022
iter_number = 2 norm_grad = 0.016699 fun_val = 2.000139
iter_number = 3 norm_grad = 0.000001 fun_vwval = 2.000000
iter_number = 4 norm_grad = 0.000001 fun_wval = 2.000000
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iter_number = 5 norm _grad = 0.000000 fun_val = 2.000000
iter_number = 6 norm_grad = 0.000000 fun_val = 2.000000
iter_number = 7 norm_grad = 0.000000 fun_val = 2.000000

If we start from the more distant point (10,10)7. The situation is much more severe.
The gradient method with backtracking converges after 13 iterations:

>> [x,fun_val]=gradient_method_backtracking(f,g,[10;10],1,0.5,0.5,1e-8);

iter_number = 1 norm_grad = 1.405573 fun_val = 18.120635
iter_number = 2 norm_grad = 1.403323 fun_val = 16.146490
iter_number = 12 norm_grad = 0.000049 fun_val = 2.000000
iter_number = 13 norm_grad = 0.000000 fun_val = 2.000000

Newton’s method, on the other hand, diverges:

>> pure_newton(f,g,h, [10;10],1e-8);

|

iter= 1 £(x)=2000.0009999997
iter= 2 £(x)=1999999999.9999990000
iter= 3 £(x)=1999999999999997300000000000.0000000
iter= 4 £(x)=199999999999999230000000000000000000....
iter= 5 f£(x)= Inf

|

As can be seen in the last example, pure Newton’s method does not guarantee descent
of the generated sequence of function values even when the Hessian is positive definite.
This drawback can be rectified by introducing a stepsize chosen by a certain line search
procedure, leading to the so-called damped Newton’s method.

5.2 » Damped Newton’s Method

Below we describe the damped Newton’s method with a backtracking stepsize strategy.
Of course, other stepsize strategies may be used.

Damped Newton’s Method

Input: o, 8 €(0,1) - parameters for the backtracking procedure.
¢ >0 - tolerance parameter.

Initialization: Pick x, € R” arbitrarily.
General step: For any k£ =0,1,2,... execute the following steps:

(@) Compute the Newton direction d;, which is the solution to the linear system
V2 f(%)d, ==V 1 (x)-

(b) Set t, = 1. While
f(x)—f(x +1,dy) <—at, V£ (x,)" d,
set t, = ﬁtk'
© Xey1 =% + 5 dy.
© I ||V (% 0)ll < €, then STOP, and x,, , is the output.
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A MATLAB implementation of the method is given below.

function x=newton_backtracking{f,g,h,x0,alpha,beta,epsilon)
% Newton'’'s method with backtracking

%

% INPUT

%‘—‘:=======:====:==:‘—_====================

g f ......... objective function

2 S gradient of the objective function
$h ......... hessian of the objective function

$ x0......... initial peoint

% alpha ..... tolerance parameter for the stepsize selection strategy
% beta ...... the proportion in which the stepsize is multiplied
% at each backtracking step (O<beta<l)
% epsilon ... tolerance parameter for stopping rule
% OUTPUT

%::::::::::I:::‘J::::::=:Z::==========:I¢

T X i cptimal solution (up to a tolerance)
% of min f(x)

% fun_wval ... optimal function wvalue

x=x0;

gval=gi{x);

hval=h(x);

d=hval\gval;

iter=0;

while ({norm(gval)>repsilon)&&{iter<10000))
iter=iter+1;
t=1;
while({f (x-t+d)>f (x}-alpha~t*gval’ »d}
t=betax*t;
end
X=X-t*Q;
forintf{'iter= %24 f£(x}=%10.10f\n’,itexr, £(x))
gval=g(x};
hval=h(x}:
d=hvali\gval;
end

if {iter==10000)
fprintf{'did not convergei\n’)
end

Example 5.5. Continuing Example 5.4, invoking Newton’s method with the same initial
vector X, = (10,10)” that caused the divergence of pure Newton’s method, results in
convergence after 17 iterations.

>> newton_backtracking(£f,g,h, (10;10]),0.5,0.5,1e-8);
iter= 1 £(x)}=4.6688169339
iter= 2 £(x)=2.4101973721
iter= 3 f(x)=2.0336386321
iter= 16 £(x}=2.0000000005
iter= 17 f£(x)=2.0000000000
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5.3 » The Cholesky Factorization

An important issue that naturally arises when employing Newton’s method is the one of
validating whether the Hessian matrix is positive definite, and if it is, then another issue
is how to solve the linear system V?f(x, )d = —V f(x, ). These two issues are resolved by
using the Cholesky factorization, which we briefly recall in this section.

Given an n X n positive definite matrix A, a Cholesky factorization is a factorization
of the form
A=LLT,

where L is a lower triangular 7 x # matrix whose diagonal is positive. Given a Cholesky
factorization, the task of solving a linear system of equations of the form Ax = b can be
easily done by the following two steps:

A. Find the solution u of Lu =b.
B. Find the solution x of L7x=u.

Since L is a triangular matrix with a positive diagonal, steps A and B can be carried out by
backward or forward substitution, which requires only an order of 72 arithmetic opera-
tions. The computation of the Cholesky factorization requires an order of 7° operations.

The computation of the Cholesky factor L is done via a simple recursive formula.
Consider the following block matrix partition of the matrices A and L:

A, A L, ©
A=(%n 12), Lz( 1 ),
(A;rz Ay Ly Ly
whereAd,; €R, A, € R, A, e R0 L, €R,L, € R*7, Ly, € RA-IX0D),
Since A =LL7 we have

T
(Alrl Au) _ ( L3 Luly )
Au A22 L11L21 L21L21 +L22L22
Therefore, in particular,
1
Ly=+vA, Ly= —Afz’
VA
and we can thus also write
T T 1
Lzszz =A,— ]-'211'21 =A,— 2‘“‘
11

We are left with the task of finding a Cholesky factorization of the (n — 1) x (n — 1)
matrix A,,—~ 1“%1.(;';1&1 ;- Continuing in this way, we can compute the complete Cholesky

ATA,,.

factorization of the matrix. The process is illustrated in the following simple example.

9 3 3
A=[3 17 21 |.
3 21 107

We will denote the Cholesky factor by

I, 0 0
L _— 121 122 0 .
131 132 133

Example 5.6, Let
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Then

and

(1)=50)=0)

We now need to find the Cholesky factorization of
1 17 21 1/3 16 20
T _. AT —_ — _
Lol =An—-ApAn = (21 107) 5 (3) ¢ 3)= (20 106

To do so, let us write
[l O )
L= (132 Ly)

Consequently, /,, = V16 = 4 and L, = ﬁ +20 = 5. We are thus left with the task of
finding the Cholesky factorization of

1
106 — — - (20 20) = 81,
16

which is of course /;; = v/81 = 9. To conclude, the Cholesky factor is given by

3 00
L=|1 4 0]. B
1 5 9

The process of computing the Cholesky factorization is well-defined as long as all the
diagonal elements /;; that are computed during the process are positive, so that comput-
ing their square root is possible. The positiveness of these elements is equivalent to the
property that the matrix to be factored is positive definite. Therefore, the Cholesky fac-
torization process can be viewed as a criteria for positive definiteness, and it is actually the
test that is used in many algorithms.

Example 5.7, Let us check whether the matrix

2 4 7
A=i14 6 7
7 7 4
is positive definite. We will invoke the Cholesky factorization process. We have
! 1 /4
et (-4l
t L) =7\
Now we need to find the Cholesky factorization of
6 7\ 174 -2 -7
(7 4)_ 2 (7) (# 7)= (-7 —~20.5)'

At this point the process fails since we are required to find the square root of —2, which
is of course not a real number. The conclusion is that A is not positive definite. W
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In MATLAB, the Cholesky factorization if performed via the function chol. Thus,
for example, the factorization of the matrix from Example 5.6 can be done by the follow-
ing MATLAB commands:

>> A=[9:3:3}'3,17;21}3,21,107];
>> L=chol (A, 'lower’)

i =
3 0 0
1 4 0
1 5 9

The function chol can also output a second argument which is zero if the matrix is
positive definite, or positive when the matrix is not positive definite, and in the latter
case a Cholesky factorization cannot be computed. For the nonpositive definite matrix
of Example 5.7 we obtain

>> A=[2.4,7:4,6,7:7,7,4]:
>> [L,pl=chol (A, 'lower’) ;
>> p
p —

2

As was already mentioned several times, Newton’s method (pure or not) assumes that the
Hessian matrix is positive definite and we are thus left with the question of how to employ
Newton’s method when the Hessian is not always positive definite. There are several ways
to deal with this situation, but perhaps the simplest one is to construct a hybrid method
that employs either a Newton step at iterations in which the Hessian is positive definite
or a gradient step when the Hessian is not positive definite. The algorithm is written in
detail below and also incorporates a backtracking procedure.

Hybrid Gradient-Newton Method

Input: o, €(0,1) - parameters for the backtracking procedure.
e > 0- tolerance parameter.

Initialization: Pick x, € R” arbitrarily.
General step: For any k£ =0, 1,2,... execute the following steps:

(@) IfV2f(x;) > 0, then take d;, as the Newton direction dj, which is the solution
to the linear system V£ (x;)d, =—V f(x;). Otherwise, set d, =—V f(x;).

(b) Set t, = 1. While
f (%)= f (% + i) < —at, V£ (x;)" d.
set t;, == Bt
(c) Xp1 =X+ tkdk‘
© ||V (%)l < ¢, then STOP, and x; , ; is the output.
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Following is a MATLAB implementation of the method that also incorporates the
Cholesky factorization.

function x=newton_hybrid(f,g.,h,x0,alpha,beta,epsilon)
% Hybrid Newton’'s method

%
% INPUT
%::::====::=:::=========:::::x::======::
¥ £ ... ... objective function
59 v gradient cof the cbjective function
$ h ......... hessian of the objective function
% x0......... initial point
% alpha ..... tolerance parameter for the stepsize selection strategy
% beta ...... the proportion in which the stepsize is multiplied
% at each backtracking step {O<beta<l)
% epsilon ... tolerance parameter for stopping rule
% OUTPUT
%::::===================::============:-‘_"
T X o optimal solution (up to a tolerance)
% of min fi{x)
% fun_val ... optimal function value
x=x0;
gval=g{x):
hval=hi{x):
[L,pl=cholihval, ‘lower’);
if (p==0)
d=L'\ (L\gval};
else
d=gval;
end
iter=Q;

while ({norm(gvallrepsilon)&&(iter<10000))
iter=iter+1;

t=1;
while(f{x-t*d)>f (x}-~alphaxt*xgval ' »d)
t=betaxt;
end
x=x-t*d;
fprintf(riter= %24 f£(x)=%10.10f\n’,1lter, £(x))
gval=g{x);
hval=h{x);
[L.pl=chol{hval, 'lower’);
if (p==0)
d=L*\{L\gval}:
else
d=gval;
end

end

if (iter==10000)
fprintf{-did not converge\n’)
end

Example 5.8 (Rosenbrock function). Recall that the Rosenbrock function introduced
in Example 4.13 is given by f(x;,x,) = 100(x, — x)? + (1 — x,)? and is severely ill-
conditioned near the minimizer (1, 1) (which is the unique stationary point). In Example
4.13 we employed the gradient method with a backtracking stepsize selection strategy,
and it took approximately 6900 iterations to converge from the starting point (2,5)7 to
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a point satisfying ||V (x)|| € 107°. Employing hybrid Newton’s method with the same
starting point and stopping criteria results in a fast convergence after only 18 iterations:

>> £=@(x)100%(x(2)-x(1)72)*2+(1-x(1))*2;

>> g=@(x) [-400* (x(2)-x(1)"2) *x(1)-2*(1-%x(1));200*(x(2)-x(1)"2)]
>> h=@(x) [-400*x(2)+1200*x (1) *2+2,-400*x(1) ;-400*x(1),200];

>> x=newton_hybrid(f,g,h,[2;5],0.5,0.5,1e-5);

iter= 1 £(x)=3.2210220151

iter= 2 f£(x)=1.4965858368

iter= 16 £(x)=0.0000000000
iter= 17 £(x)=0.0000000000

The contour plots of the Rosenbrock function along with the 18 iterates are illustrated in
Figure5.1. W

-4 -3 -2 -1 0 1 2 3 4

Figure 5.1. Contour lines of the Rosenbrock function along with the 18 iterates of the hybrid
Newton’s method.

Exercises
5.1. Find without MATLAB the Cholesky factorization of the matrix

1 2 4 7
2 13 23 3B
4 23 77 122
7 38 122 294

A=
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5.2, Consider the Freudenstein and Roth test function

f®=fixP+A(x), xR’
where

f(x)=—134x, +((5—x,)x,—2)x,,
F(X) = =29+ x; +((x, + Dx, — 14)x,.

(i) Show that the function f has three stationary points. Find them and prove
that one is a global minimizer, one is a strict local minimum and the third is
a saddle point.

(i) Use MATLAB to employ the following three methods on the problem of
minimizing f:
1. the gradient method with backtracking and parameters (s,a,8) =
(1,0.5,0.5).
2. the hybrid Newton'’s method with parameters (s, a, 3) = (0.5,0.5).
3. damped Gauss-Newton’s method with a backtracking line search strat-
egy with parameters (s, 2, 8) =(1,0.5,0.5).

All the algorithms should use the stopping criteria ||V f(x)]| € 1075, Each
algorithm should be employed four times on the following four starting
points: (—50,7)7,(20,7),(20,—18)7,(5,—10)7. For each of the four start-
ing points, compare the number of iterations and the point to which each
method converged. If a method did not converge, explain why.

5.3. Let f be atwice continuously differentiable function satisfying LI > V?f(x) > ml
for some L > m > 0 and let x* be the unique minimizer of f over R”.

(1) Show that ”
F—fo) 2 Zl—xlF

for any x € R”.

(i) Let {x,},>0 be the sequence generated by damped Newton’s method with
constant stepsize ¢, = 7. Show that

F )= F ) 2 3V &) (T F )V (3

(i) Show that x, — x* as & — oo.



Chapter 6
Convex Sets

In this chapter we begin our exploration of convex analysis, which is the mathematical
theory essential for analyzing and understanding the theoretical and practical aspects of
optimization.

6.1 = Definition and Examples
We begin with the definition of a convex set.

Definition 6.1 (convex sets). A set C C R” is called convex if for any x,y € C and
A€[0,1), the point Ax+(1— A)y belongs to C.

The above definition is equivalent to saying that for any x,y € C, the line segment

[x,y] is also in C. Examples of convex and nonconvex sets in R? are illustrated in Figure
6.1. We will now show some basic examples of convex sets.

convex sets nonconvex set

-

Figure 6.1. The three left sets are convex, while the three right sets are nonconvex.

Example 6.2 (convexity of lines). A line in R” is a set of the form
L={z+td:t€R},

where z,d € R” and d # 0. To show that L is indeed a convex set, let us take x,y € L.

Then there exist ¢,,¢, € R such that x = z+ t,d and y = z+ t,d. Therefore, for any

97



98

Chapter 6. Convex Sets

A€[0,1] we have
Ax+(1=Dy=Az+t,d)+(1—-Az+ t,d) =2+ (A, +(1— A, )del. B

Similarly we can show that for any x,y € R”, the closed and open line segments
[x,¥),(x,¥) are also convex sets. Simpler examples of convex sets are the empty set @
and the entire space R”. A hyperplane is a set of the form H = {x € R” : a7 x = b}, where
a€R"\{0}, b €R, and the associated halfspace is the set H™ = {x € R" :a"x < b}. Both
hyperplanes and half-spaces are convex sets.

Lemma 6.3 (convexity of hyperplanes and half-spaces). Let a € R"\{0} and b € R.
Then the following sets are convex:

() the hyperplane H = {x € R" :a’x = b},
(b) the halfspace H~ = {x € R* :a"x < b},
(c) the open half-space {x € R" :aTx < b}.
Proof. We will prove only the convexity of the half-space since the proof of convexity of

the other two sets is almost identical. Let x,y € ™ and let A €{0,1]. We will show that
z=Ax+(1— A)y € H™. Indeed,

a’z=a’[x+(1=-Ayl=A@"x)+ (1 - y) < b +(1— )b =b,

where the inequality in the above chain of equalities and inequalities follows from the fact
thata”x < b,a’y< b,and A€[0,1]. D

Other important examples of convex sets are the closed and open balls.

Lemma 6.4 (convexity of balls). Letc € R” and r > 0. Let ||-]| be an arbitrary norm
defined on R”™. Then the open ball

Ble,r)={xeR":||lx—¢|| < 7}

and closed ball
Ble,r]={xeR":||x—¢|| < r}

are convex.

Proof. We will show the convexity of the closed ball. The proof of the convexity of the
open ball is almost identical. Let x,y € B[c,r] and let A€[0,1]. Then

x—cll<nlly—cll<r (6.1)
Let z = Ax +(1— A)y. We will show that z € B[c, r]. Indeed,

llz—cl] =llAx+{1—Qy—¢]l
=||Ax—e)+(1— Ay —c)l
< Ax—oll+{{(1—Ay—c)ll (riangle inequality)
=Alx—c|[+(1=Ally—cll  (0<ALY)
<Ar+(1—Ar=r (equation (6.1)).

Hence, z € B[¢c, 7], establishing the result. [
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Note that the above result is true for any norm defined on R”. The unit-ball is the
ball B[0,1]. There are different unit-balls, depending on the norm that is being used.
The [;,1,, and [ balls are illustrated in Figure 6.2. As always, unless otherwise specified,
we assume in this book that the underlying norm is the /,-norm and that the balls are
with respect to the /,-norm.

o0
2 2 \
15 J 15
1 " 1
oS : 05
ot - ot
-05 ' -05 |
1 1
-15 : : : -1.5 1
-2 . -2
1 0 1 2 -2 -1 0 1 2 2 0 1 2

Figure 6.2. I, ,, and I__ balls in R,

Another important example of convex sets are ellipsoids.

Example 6.5 (convexity of ellipsoids). An ellipsoid is a set of the form
E={xeR":x"Qx+2b"x+c< 0},
where Q € R™*” is positive semidefinite, b € R”, and ¢ € R. Denoting
f(x)=x"Qx+2b"x+c,
the set E can be rewritten as
E={xeR": f(x)<0}.

To prove the convexity of E, we take x,y € E and A € [0,1]. Then f(x) <0, f(y) <0,
and thus the vector z = Ax + (1 — A)y satisfies

27 Qz = (Ax+ (1= A)y)" Q(Ax +(1—A)y)
= 2x"Qx+(1—A)*y"Qy+24(1— A)x’ Qy. (6.2)

Now, note that x” Qy = (Q'/2x)7(Q"/?y), and hence by the Cauchy-Schwarz inequality,
it follows that

1
' Qy <[IQ"*x]l-IQyll= VX' Qxvy Qy < s("Qx+y"Qy),  (63)

where the last inequality follows from the fact that /ac < }(a + ¢) for any two nonnega-
tive scalars 4, ¢. Plugging inequality (6.3) into (6.2), we obtain that

27 Qz < T Qx+(1—A)y’ Qy,
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and hence

fl2)=2"Qz+2b"z+¢
< XTQx+ (1= Dy’ Qy+ 2T x+2(1— b y+¢
= AxTQx+2bTx+ )+ (1— D ' Qy+ 267y +¢)
=Af(x)+(1-Df (y) <0,

establishing the desired result thatze E. 1

6.2 = Algebraic Operations with Convex Sets

An important property of convexity is that it is preserved under the intersection of sets.

Lemma 6.6, Let C; € R” be a convex set for any i € 1, where I is an index set (possibly
infinite). Then the set [ ;_, C; is convex.

Proof. Suppose that x,y € [, C; and let A € [0,1]. Then x,y € C, forany i € I,

and since C; is convex, it follows that Ax + (1 — )y € C, for any i € I. Therefore,
x+(1—Alye(),,C. O

Example 6.7 (convex polytopes). A direct consequence of the above result is that a set
defined by a set of linear inequalities, specifically,

P={xeR":Ax<b},

where A € R”*” and b € R™ is convex. The convexity of P follows from the fact that it
is an intersection of half-spaces:

P:ﬂ{XGRn:Alxgbl},

i=1

where A, is the ith row of A. Since half-spaces are convex (Lemma 6.3), the convexity of
P follows. Sets of the form P are called convex polytopes. M

Convexity 1s also preserved under addition, Cartesian product, linear mappings, and
inverse linear mappings. This result is now stated, and its simple proof is left as an exercise
(see Exercise 6.1).

Theorem 6.8 (preservation of convexity under addition, intersection and linear map-
pings).

@) Let C|,C,,...,C, CR” be convex sets and let py, u,, ..., € R. Then the set

k
MG+ Gt 1, G = {ZP;‘X;‘ =x£€Cni=1’2w-sk}

i=1

1s convex.
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(b) Let C, C R* be 2 convex set for any i =1,2,...,m. Then the Cartesian product
CiXCyxo-xC, ={(X,X35-..,%X,,): X, €C;,i =1,2,...,m}
1S CONvex.
(c) Let M CR” be a convex set and let A € R™*", Then the set
AM)={Ax:xe M}
15 convex.
(d) Let D CIR™ be a convex set, and let A € R™**. Then the set
A{(D)=({xeR":Axe D}

IS CONVEX.

A direct result of part (a) of Theorem 6.8 is that if C C R” is a convex set and b € R”,
then the set

C+b={x+b:xeC}

1s also convex.

6.3 = The Convex Hull

Definition 6.9 (convex combinations). Given k vectors X,,%,,...,%;, € R*, 2 convex
combination of these k wvectors is a vector of the form A X, + AyXy 4+« oo 4 A, Xy, where
Aps Ags ... s Ay, are nonnegative numbers satisfying A, + A, 4+ A, = 1.

A convex set is defined by the property that any convex combination of two points
from the set is also in the set. We will now show that a convex combination of any number
of points from a convex set is in the set.

Theorem 6.10. Let C CR” beaconvexsetandletx,,x,,...,x,, € C. Thenforany A€ A,
the relation 3.7 | A;x; € C holds.

Proof. We will prove the result by induction on m. For m = 1 the result is obvious (it
essentially says that x, € C implies that x;, € C...). The induction hypothesis is that for
any m vectors Xy, Xy, ...,X,, € C andany A€ A, the vector 3772 | A;x; belongs to C. We
will now prove the theorem for m + 1 vectors. Suppose that x,,X%,,...,x,,,, € C and that

A€A,,,, Wewillshowthatz=> 7+ Ax; € C. If A, ., =1,thenz=x,,, € Cand

the result obviously follows. If A, , < 1, then

3
Y

Lx.

i
1

N
il

H

i

Ax; 4+ A, X

M

=1

=(1- ’lm+1)Z T_—)‘f‘_xi +A 1 Xmi1:
i=1

m+1

»”

v
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Since 37 1_ e :—:’;ﬁ'—: = 1, it follows that v (as defined in the above equation)

is a convex combination of 7 points from C, and hence by the induction hypotheses
we have that v € C. Thus, by the definition of a convex set, z = (1— A, )v+
Am+lxm+1 eC. 0O

Definition 6.11 (convex hulls). Let S C R”. Then the convex hull of S, denoted by
conv(S), is the set comprising all the convex combinations of vectors from S:

k
conv(S) = {ZAEX:' : Xy, Xps..sXp €S, A€ AL R E N} .
i=1

Note that in the definition of the convex hull, the number of vectors £ in the convex

combination representation can be any posmve integer. The convex hull conv(S) is the

“smallest” convex set contammg S meaning that if another convex set T contains S, then
conv(S) C T. This property is stated and proved in the following lemma.

Lemma 6.12. Let S CR". If S C T for some convex set T, then conv(S) C T.

Proof. Suppose that indeed S C T for some convex set T. To prove that conv(S) C T,
take z € conv(S). Then by the definition of the convex hull, there exist x;,x,,...,X; €
S C T (where k is a positive integer) and A € A, such that z= 3% A;x;. By Theorem
6.10 and the convexity of T, it follows that any convex combination of elements from T
isin T, and therefore, since x,,X,,...,X; € T, it follows that z € T, showing the desired
result. O

An example of a convex hull of a nonconvex polytope is given in Figure 6.3.

C conv(C)

Figure 6.3. A nonconvex set and its convex hull.

The following well-known result, called the Carathéodory theorem, states that any
element in the convex hull of a subset of a given set § C R” can be represented as a convex
combination of no more than » + 1 vectors from §.

Theorem 6.13 (Carathéodory theorem). Let S C R” and let x € conv(S). Then there
exist X;,X,,...,X, 1 € S such that x € conv({X, Xy, ...,X, 1 }); that is, there exist A€ A,

such that
X= Z ’lf X,‘ R

i=
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Proof. Let x € conv(S). By the definition of the convex hull, there exist x,,%,,...,x, €S
and A€ A, such that
k
Xx= Z AG Xi .

i=1

We can assume that A, > Oforall i = 1,2,..., &, since otherwise the vectors corresponding
to the zero coefficients can be omitted. If £ < 7 + 1, the result is proven. Otherwise, if
k > n+2, then the vectors x, —Xx, X; —X;,...,X; —X,, being more than » vectors in R”,
are necessarily linearly dependent, which means that there exist y,, y3,..., 4, which are

not all zeros such that \
Z y,(xz “"Xl) = 0.
i=2

Defining u, = ——Zfﬁ H;, we obtain that

Z/“:x _0

where not all of the coefficients y |, 4,,..., ¢ are zeros and in addition they satisfy
S *_, M; =0. In particular, there exists an index 7 for which 4; < 0. Leta € R,. Then

k k k k
Z -=Z X; +aZp, E:Z(zl,f+a,u,-)x,-. 6.4)
i=1 i=1 i=1 i=l1

We have 3 (A, + ;) = 1, so the representation (6.4) is a convex combination repre-
sentation if and only if

A +ay; >0foralli=1,...,k. (6.5)
Since A; > 0 for all 7, it follows that the set of inequalities (6.5) is satisfied for all « € [0, ¢]
where £ = min,,, <0{—ﬁ‘-}. The scalar ¢ is well-defined since, as was already mentioned,

there exists an index for which y; < 0. If we substitute o = ¢, then (6.5) still holds, but
A;+eu; =0for j €argmin,,, f 5—: }. This means that we have found a representation

of X as a convex combination of & — 1 vectors. This process can be carried on until a
representation of x as a convex combination of no more than n+1 vectors is derived. O

Example 6.14. For n =2, consider the following four vectors:

N G

and let x € conv({x,,X,,X;,%,}) be given by

1 1 1 1 2

By the Carathéodory theorem, x can be expressed as a convex combination of three of the
four vectors x,,x,,%,,X,. To find such a convex combination, let us employ the process
described in the proof of the theorem. The vectors

0 1 1
xz—-—x1=<1), X3 — X =(0)’ X; — X, =(1)
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are linearly dependent, and the linear dependence is given by the equation
(%, %)+ (X3 — %) — (X, — %} =0.
We thus have the linear dependence relation
—X;+X;+X;—x, =0.

Therefore, we can write the following for any @ > 0:

{ 1 1 1
XZ("8‘“—*{2)3{1+(Z+C¥)X2+(-2-+CZ)X3+(§—Q'>X4.

The weights in the above representation add up to one, so we need only guarantee that
they are nonnegative, meaning that

! >0 L +a>0 ! +a>0 ! >0

8 @ — ] 4 4 pal e | 2 @ — - 8 24 S ]
which combined with @ > 0 yields that 0 < o < % Substituting @ = %, we obtain the
convex combination

3 5
X=—-X,+ =X;.
g2 8"
Note that in this example two coefficients were turned into zero, so we obtained a repre-
sentation with only two vectors, while the Carathéodory theorem can guarantee only a
presentation by at most three vectors.

6.4 « Convex Cones

A set § is called a cone if it satisfies the following property: for any x € S and 1> 0, the
inclusion Ax € § is satisfied. The following lemma shows that there is a very simple and
elegant characterization of convex cones.

Lemma 6.15. A set S is a convex cone if and only if the following properties hold:
A . x,yeS=>x+yes.

B. xe€$§,A>0=> ixeS.

Proof. (convex cone = A,B). Suppose that S is a convex cone. Then property B follows
from the definition of a cone. To prove property A, assume that X,y € §. Then by the
convexity of § we have that %(x +y) € §, and hence, stnce § is a cone, it follows that
x+y=2-3(x+y)€S.

(A,B = convex cone). Now assume that S satishies properties A and B. Then S is a
cone by property B. To prove the convexity, let x,y € § and A € [0,1]. Then Ax,(1—
A)y € § by property B, and thus by property A, Ax + (1 — A)y € S, establishing the
convexity of S. O

The following are some well-known examples of convex cones.
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Example 6.16. Consider the convex polytope
C:{XGR” Ax < 0},

where A € R”*", The set C is clearly a convex cone since it is a convex polytope (see
Example 6.7). It is also a cone since

x€EC,A>0=2>Ax<0,A>0=2>A(Ax)<0=> AxeC.
Taking, for example, m = n and A = —I, the set C reduces to the nonnegative orthant

R?. W

Example 6.17 (Lorenz cone). The Lorenz cone, or ice cream cone whose boundary is de-
scribed in Figure 6.4, is given by

L= {(f) eR":|x||<t,xeR"t € ]R} x
The Lorenz cone is in fact a convex cone. To show this, let us take (¥),(¥) € L". Then
|Ix|| < 2,|ly]| £ s, which combined with the triangle inequality implies that
lx+yll < Ikl +llyll < £+,

showing that (¥)+ (¥) € L”, and hence that property A holds. To show property B,
take (¥) € L” and A > 0, then since ||x|| < ¢, it readily follows that ||Ax|| < At, so that
AY)eL . &

-2 -2

Figure 6.4. The boundary of the ice cream cone L.

Example 6.18 (nonnegative polynomials). Consider the set of all coefficients of poly-
nomials of degree of at most #» — 1 which are nonnegative over R:

K*={x€R": x,t" ' 4+ x,t" 2 4-+-4x,_,t+x,>0forall  eR}.

It is easy to verify that this is a convex cone. Let us consider two special cases. When
n =2, then clearly

K2 — {(xl,xz)T :xlt +x2 2 0} — {(xl,xz) : xl —t O,xz 2 0},
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so K? is the nonnegative part of the x,-axis. For 7 = 3 we have
3_ T., .2
K’ ={(x,%,,%3)" 1 x;t° +x,t +x; > 0}.

A quadratic polynomial ¢(t) =at?+ bt + ¢ is nonnegative over R if and only if 2,c >0
and the discriminant A = b% — 4ac is nonpositive. We thus conclude that

K= {(xl,xz,xJ)T X1, %3 20, x§ <4x.x,}. O

Similarly to the notion of a convex combination, we will now define the concept of a
conic combination.

Definition 6.19 (conic combination). Given k points x,,X,,...,X, € R", 2 conic combi-
nation of these k points is 4 vector of the form Ax, + Ayx, + -4+ Ay Xy, where A€ RE.

It is easy to show that any conic combination of points in a convex cone C belong
to C. The proof of this elementary result is left as an exercise (Exercise 6.14).

Lemma 6.20. Let C be a convex cone, and let X|,%,,...,x, € C and A, Ayy..., A, 2 0.
Then 3k Ax; €C.

The definition of the conic hull is now quite natural.

Definition 6.21 (conic hulls). Let S C R”. Then the conic hull of S, denoted by cone(S),
is the set comprising all the conic combinations of vectors from S:

k
cone(S$) = {Zlixi PXqyXpy e ey X € S,).E]Ri,/e EN} .
i=1

Similar to the convex hull, the conic hull of a set S is the smallest convex cone con-
taining S. The proof of this result is left as an exercise (Exercise 6.15).

Lemma 6.22, Let S CR*. If S C T for some convex cone T, then cone(S) C T.

A natural question that arises is whether we can establish a result similar to the
Carathéodory theorem on the representation of vectors in the conic hull of a set. Interest-
ingly, we can establish an even stronger result for conic hulls: each vector in the conic hull
of a set § CR” can be represented as a convex combination of at most 7 vectors from .
(Recall that in Carathéodory 7 + 1 vectors are required.)

Theorem 6.23 (conic representation theorem). Let S CR” and let x € cone(S). Then
there exist k linearly independent vectors x,,%,,...,X, € S such that x € cone({X,,X,,..., X });
that is, there exists A€ Rﬁ_ such that

k
X =Z/1ix£.
i=1

In addition, k < n.
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Proof. The proof is similar to the proof of the Carathéodory theorem. Let x € cone(S).
By the definition of the convex hull, there exist x,,x,,...,x, €S and A€ Rk such that

|
iM-
o
R

=1

We can assume that A, > 0 for all i = 1,2,...,k, since otherwise the corresponding
vectors can just be omitted. If the vectors x,,X,,...,X, are linearly independent, then
the result is proven. Otherwise, if the vectors are linearly dependent, then there exist
Ly s -+ g € R which are not all zeros such that

E
Z#fxi =0.

i=1

Then for any a € R

k k k k
X=D A% =D Ax+a) ux = (4 +au)x. (6.6)
i=1 i=1 i=1 i=1

The representation (6.6) is a conic representation if and only if
A+au; 20forall i =1,...,k. (6.7)

Since A; > O for all 7, it follows that the set of inequalities (6.5) is satisfied for all @ € 7
where I is a closed interval with a nonempty interior. Note that one (but not both) of
the endpoints of I might be infinite. If we substitute one of the finite endpoints of 7,
call it &, into , then we still get that (6.7) holds, but in addition A; + &u; = 0 for some
index 7. Thus we obtain a representation of x as a conic combination of at most £ — 1
vectors. This process can be carried on until we obtain a representation of x as a conic
combination of linearly independent vectors. Stnce the vectors X;,X,,...,X; are linearly
independent vectors in R” it follows that k <». 0O

The latter representation theorem has an important application to convex polytopes
of the form

P={xeR":Ax=b,x>0},

where A € R"*" and b € R™. We will assume without loss of generality that the rows of
A are linearly independent. Linear systems consisting of linear equalities and nonnega-
tivity constraints often appear as constraints in standard formulations of linear program-
ming problems. An important property of nonempty convex polytopes of the form P
is that they contain at least one vector with at most m nonzero elements (m being the
number of constraints). An important notion in this respect is the one of a basic feasible
solution.

Definition 6.24 (basic feasible solutions). Let P = {x € R” : Ax = b,x > 0}, where
A € R™*" and b € R™, Suppose that the rows of A are linearly independent. Then x is a
basic feasible solution (abbreviated bfs) of P if the columns of A corresponding to the indices
of the positive values of X are linearly independent.

Obviously, since the columns of A reside in R™, it follows that a bfs has at most »
nonzero elements.
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Example 6.25. Consider the linear system

x1+x2+x3=6,
X, +x, =3,
X5 Xy, X3 2 Q.

An example of a bfs of the system is (x;, x,, x;) = (3,3,0). This vector is indeed a bfs since
it satisfies all the constraints and the columns corresponding to the positive elements,

meaning columns 1 and 2
1 1
0/’\1)°

The existence of a bfs in P, provided that it is nonempty, follows directly from Theo-
rem 6.23.

are linearly independent. WMl

Theorem 6.26. Let P = {x € R” : Ax = b,x > 0}, where Ac R™" and be R™. IfP #4,
then it contains at least one bfs.

Proof. Since P # 0, it follows that b € cone({a;,a,,...,3,}), where a; denotes the ith
column of A. By the conic representation theorem (Theorem 6.23), we have that b can be
represented as a conic combination of & linearly independent vectors from {a,,a,,...,a,};
that is, there exist indices i, < ¢, < --- < i, and k& numbers YisVip-ers¥i, 20 such that

b= Zfﬂ Yi anda; ,a, ,...,a; arelinearly independent. Denote x = Z?:I ¥ € - Then
obviously x > 0 and in addition

k k
Ai:zyi;Aei; =Z;ZV£J i, =0
j:l )t'=

Therefore, % is contained in P and satisfies that the columns of A corresponding to the
indices of the positive components of x are linearly independent, meaning that P contains

abfs. O

6.5 = Topological Properties of Convex Sets

We begin by proving that the closure of a convex set is a convex set.

Theorem 6.27 (convexity preservation under closure). Let C C R” be a convex set.
Then ci(C) is a convex set.

Proof. Let x,y € cl(C) and let A € [0,1]. Then by the definition of the closure set, it
follows that there exist sequences {x; };~o € C and {y;},5o € C for which x, — x and
¥, — ¥ as k£ — co. By the convexity of C, it follows that Ax;, + (1 — A)y, € C for any
k 2 0. Since Ax;, + (1— A)y, — Ax+ (1 — A)y, it follows that there exists a sequence in C
that converges to Ax +(1— A)y, implying that Ax+(1— )y ec(C). 0O

Proving that the interior of a convex set is also a convex set is more tricky, and we will
require the following technical and quite useful result called the line segment principle.
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Lemma 6.28 (line segment principle). Let C be a convex set, and assume that int{C) # 0.
Suppose that x € int(C) and y € cl(C). Then (1— A)x+ Ay € int(C) for any A€ (0,1).

Proof. Since x € int(C), there exists ¢ > 0 such that B(x,¢) C C. Let z=(1— A)x + Ay.
To prove that z € int(C), we will show that in fact B(z,(1— A)e) C C. Let then w be a
vector satisfying |[[w —z|| < (1— A)e. Since y € cl(C), it follows that there exists w; € C
such that
(1—A)e —|lw—z|
v —yll < 2 69

Set w; = r—3(w— Aw,). Then

wW— AW
wy x| = || ——+~x
1
1
< (il + Alw, ~I)
(6.8)
< &,

and hence, since B(x,¢) C C, it follows that w, € C. Finally, since w = Aw, + (1~ A)}w,
with w,,w, € C, we have that w € C, and the line segment principle is thus proved. 0O

T he immediate consequence of the line segment principle is the convexity of interiors
of convex sets.

Theorem 6.29 (convexity of interiors of convex sets). Let C CR” be a convex set. Then
int{C) is convex.

Proof. If int(C) = @, then the theorem is obviously true. Otherwise, let x,,x, € int(C),
and let A €(0, 1). Then by the line segment principle we have that Ax,+(1—A)x, € int(C),
establishing the convexity of int(C). D

Other topological properties that are implied by the line segment property are given
in the next result.

Lemma 6.30. Let C be a convex set with a nonempty interior. Then
(@) cl(int(C)) = cl(C),
() int(cl(C)) = int(C).

Proof. (a) Obviously, since int{C) € C, the inclusion ¢l(int(C)) C ¢l(C) holds. To prove
the opposite, let x € cl(C) and let y € int(C). Then by the line segment principle, x;, =
Fy+{1—1)x € int(C) for any & > 1. Since x is the limit of the sequence {x, },, € int(C),
it follows that x € cl(int(C)).

(b} The inclusion int(C) C int{cl(C)) foliows immediately from the inclusion C C
cl(C). To show the reverse inclusion, we take x € int(cl(C)) and show that x € int(C).
Since x € int(cl(C)), there exists ¢ > 0 such that B(x,¢) Ccl(C). Let y € int(C). If y =x,
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then the result is proved. Otherwise, define
Zz=x+ Q’(X - Y)s

where a = 5. Since ||z—x|| = £, it follows that z E cl(C). Therefore, (1—A)y+ Az€

int(C) for any /1 e [0, 1) and specifically for A= A, = 1-. Noting that (1—4,)y+4,z =%,
we conclude that x € int(C). O

In general, the convex hull of a closed set is not necessarily a closed set. A classical
example for this fact is the the closed set

= {(O’O)T} U {(xsy)T ixy 2 1,x 20,y 20},
whose convex hull is given by the set

conv(§) = {(0,0)"}URE ,,

which is neither closed nor open. However, closedness is preserved under the convex
hull operation if the set is compact. As will be shown in the proof of the following result,
this nontrivial fact follows from the Carathéodory theorem.

Proposition 6.31 (closedness of convex hulls of compact set). Let § CIR” be a compact
set. Then conv(S) is compact.

Proof. To prove the boundedness of conv(S), note that since § is compact, there ex-
ists M > 0 such that ||x|] £ M for any x € S. Now, let y € conv(§). Then by the
Carathéodory theorem it follows that there exist x;,%,,...,%,,, € Sand A€ 4 for
which y = 3"#*! A;x;, and therefore

n+1

Z/lx

establishing the boundedness of conv(S). To prove the closedness of conv(§), let {yj }¢»1 €
conv(S) be a sequence of vectors from conv(§) converging to y € R”. Our objective 15 to
show that y € conv(S). By the Carathéodory theorem we have that for any & > 1 there
exist vectors x’f,xg, . .,xﬁH €Sand K e A, such that

n+l a+1

<Al <MD A =M,

i=l1 i=1

livll =

n+1

Ve= D0 Afxt. 6.9)
i=l
By the compactness of S and A,, +1 1t follows that {(A¥, x* kxk, L +1)}k>1 has a conver-
gent subsequence {(A* f,x1 ,va2 yoresX, +1)} j>1 Whose limit will be denoted by

(A%,%5,. 000X, )
with A€ A, |, X}, %,,..., X,y €§. Taking the limit j — oo in

n+1

Y, -—Z’l
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we obtain that
n+1

y= Z)-;'Xss
i=l

meaning that y € conv(S) as required. [

Another topological result which might seem simple but actually requires the conic
representation theorem is the closedness of the conic hull of a finite set of points.

Lemma 6.32 (closedness of the conic hull of a finite set). Lez a,,a,,...,a, € R". Then
cone({a;,a,,...,a, }) is closed.

Proof. By the conic representation theorem, each element of cone({a,,a,,...,2,}) can
be represented as a conic combination of a linearly independent subset of {a,,a5,...,3,}.
Therefore, if §,,S,,...,Sy are all the subsets of {a,,a,,...,a,} comprising linearly inde-
pendent vectors, then

N
cone({a;,ay,...,a,}) = Ucone(S,;).

i=1
It 1s enough to show that cone(S;) is closed for any i € {1,2,...,N}. Indeed, let i €

{1,2,...,N}. Then
Sl': — {bl’bz’toc’bm}

for some linearly independent vectors b;,b,,...,b,,. We can write cone(S;) as
cone(S;) = {By:y € R7},

where B is the matrix whose columns are b, b,,...,b .. Suppose that x, € cone(S;) for
all & > 1 and that x, — x. We need to show that x € cone(S;). Since x, € cone(S;), it
follows that there exists y, € R’ such that

Xk szk. (6.10)

Therefore, using the fact that the columns of B are linearly independent, we can deduce

that

y, =(B"B)'Bx,.
Taking the limit as # — oo in the last equation, we obtain that y, — y where y =
(BTB)~'B7%, and since y, € R” for all &, we also have y € R”?. Thus, taking the limit in
(6.10), we conclude that x =By with y € R”, and hence x €cone(S;). O

6.6 » Extreme Points

Definition 6.33 (extreme points). Let S CR”. A point X € S is called an extreme point
of S if there do not exist x,,%, € S(x, £ X, and A€ (0, 1), such that x = Ax; + (1— )x,.

That is, an extreme point is a point in the set that cannot be represented as a nontriv-
ial convex combination of two different points in S. The set of extreme points is denoted
by ext(S). The set of extreme points of a convex polytope consists of all its vertices; see,
for example, Figure 6.5.
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2r X3

=4 L x,

—g =1 0 1 2 3 4

Figure 6.5. The filled area is the convex set S = conv{x,,X,,X;,X,}, where X, =
(2,—1)7,x, =(1,3)7,x, = (—1,2)7,x, = (1,1)7. The extreme points set is ext(S) = {X,,X,,X; }.

We can fully characterize the extreme points of convex polytopes of the form P =
{x € R” : Ax = b,x > 0}, where A € R”™*” has linearly independent rows and b € R™.
Recall (see Section 6.4) that x is called a basic feasible solution of P if the columns of
A corresponding to the indices of the positive values of x are linearly independent. In
Section 6.4 it was shown that if P is not empty, then it has at least one basic feasible
solution. Interestingly, the extreme points of P are exactly the basic feasible solutions of
P, which means that the linear independence of the columns of A corresponding to the
positive variables is an algebraic characterization of extreme points.

Theorem 6.34 (equivalence between extreme points and basic feasible solutions). Let
P ={x€R": Ax=b,x > 0}, where A € R™*" has linearly independent rows and b € R™.
Then X is a basic feasible solution of P if and only if it is an extreme point of P.

Proof. Suppose that X is a basic feasible solution and assume without loss of generality
that its first & components are positive while the others are zero: x; > 0,%, >0,...,%, >
0,%,4 = Xpyp = +-+ =%, = 0. Since X is a basic feasible solution, the first & columns
of A denoted by a,,a,,...,a, are linearly independent. Suppose in contradiction that
x ¢ ext(P). Then there exist two different vectors y,z € P and A € (0,1) such that x =
Ay + (1 — A)z. Combining this with the fact that y,z > 0, we can conclude that the last
n —k variables in y and z are zeros. We can therefore write

Subtracting the second inequality from the first, we obtain

k
D (i—z)a; =0,
=1

and since y # z, we obtain that the vectors a,,a,,...,a, are linearly dependent, which isa
contradiction to the assumption that they are linearly independent. To prove the reverse
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direction, let us suppose that X € P is an extreme point and assume in contradiction that X
1s not a basic feasible solution. This means that the columns corresponding to the positive
components are linearly dependent. Without loss of generality, let us assume that the
positive variables are exactly the first £ components. The linear dependance of the first &
columns means that there exists a nonzero vector y € R¥ for which

k
ZJ’;‘“;‘ =0.
i=1

The latter identity can also be written as A¥ = 0, where ¥ = (OL ). Since the first &
components of X are positive, it follows that there exist an ¢ > O for whichx;, = %+ >0
andx, =X—¢¥ > 0. In addition Ax; = AX+cAy =b+¢-0=Db, and similarly Ax, =b.
We thus conclude that x,,x, € P; these two vectors are different since ¥ is not the zeros
vector, and finally, & = 1%, + 3x,, contradicting the assumption that X is an extreme
point. 0O

We finish this section with a very important and well-known theorem called the Krein~
Milman theorem, stating that a compact convex set is the convex hull of its extreme points.
We will state this theorem without a proof.

Theorem 6.35 (Krein-Milman). Let § CR” be a compact convex set. Then

S = conv(ext()).

Exercises

6.1. Prove Theorem 6.8.
6.2. Give an example of two convex sets C;, C, whose union C,; U C, is not convex.
6.3. Show that the following set is not convex:

S:{xeRZ:xf—x§+x1+x2S4}.
6.4, Prove that
conv{e,,e,,—e;,—€,} = {x € R%: |x,|+|x,| < 1},
where e, =(1,0)7,e, =(0,1).

6.5. Let K be a convex, bounded, and symmetric? set such that 0 € intX. Define the
Minkowski functional as

p(x):inf{/1>0:§€K}, xeR”.

Show that p(-) 1s a norm.
6.6. Show the following properties of the convex hull:

() If S C T, then conv(§) € conv(T).
(11) For any S CR”, the identity conv(conv(§)) = conv(S) holds.

2A set § is called symmetric if x € § implies —x € §.
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6.7.
6.8.

6.9.

6.10.

6.11.

6.12.

6.13.

6.14.
6.15.
6.16.

(i) For any §,,§, CR” the following holds:
conv(S; +S,) = conv(§,)} + conv(S,).

Let C be a convex set. Prove that cone(C) is a convex set.
Show that the conic hull of the set

S= {(xl,xz) (% — 1)2 +x§ = 1}
is the set
{(xl:xZ) - X4 > 0} U {(0’0)}

Remark: This is an example illustrating the fact that the conic hull of a closed set
is not necessarily a closed set.

Let a,b € R*(a #b). For what values of y is the set
S, ={xeR":|lx—a|| < u|lx—bl}

convex?
Let C € R” be a nonempty convex set. For each x € C define the normal cone

of C at x by
Ne(x)={weR":{w,y~x) <0forallye C},

and define N(x) =@ when x ¢ C. Show that N(x) is a closed convex cone.
Let C CR” be cone. The dual cone is defined by

C*={yeR":{y,x)>0forallxe C}.

(1) Prove that C* is a closed convex cone (even if C is nonconvex).
(i) Prove that if C, C, are cones satisfying C, C C,, then C; C C;.
(u1) Show that (L") = L”.
(iv) Show that the dual cone of K = {(7) : ||x]|; <t} is

k= {(7) st s}

A cone K is called pointed if it contains no lines, meaning that x,—x€ K => x =0.
Show that if K has a nonempty interior, then K* is pointed.

Consider the optimization problem
(P) min{a’x:x€S$},

where § CR”. Let x* € § and let K CR” be the set of all vectors a for which x* is
an optimal solution of (P,). Show that X is a convex cone.

Prove Lemma 6.20.
Prove Lemma 6.22,
Find all the basic feasible solutions of the system

""'4x2 +x3 = 6,
le -—sz — Xy = 1,
X1s X3 X3, X4 2 0.
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6.17.

6.18.

6.19.

6.20.

Let S be a convex set. Prove that x € § is an extreme point of § if and only if §\ {x}
1S CONVeX.

Let § = {x € R” :||x||,, < 1}. Show that
ext(S)={xeR": xf =1,1=12,...,n}.
Let § = {x€ R" :|Ix|}, < 1}. Show that
ext($)={xeR” : ||x||, = 1}.
Let X, CR™,: =1,2,...,k. Prove that

ext(X; X X, x - x X ) = ext(X;) X ext(X;) X -+ X ext(X, ),



Chapter 7
Convex Functions

7.1 = Definition and Examples

In the last chapter we introduced the notion of a convex set. This chapter is devoted to
the concept of convex functions, which is fundamental in the theory of optimization.

Definition 7.1 (convex functions). A function f : C — R defined on a convex set C C R”
is called convex (or convex over C) if

FOx+(1=Ny) S M@ +A—Nf @) foranyx,y€C,A€[0,1].  (.1)

The fundamental inequality (7.1) is illustrated in Figure 7.1.

I
|
| e |
]
I

]
|

AX)+(1-A)fy) -~~~ - i /
fAx+(1=A)y) f------ 1 __________ _
1 ix .

Ax+(1-Ay v
Figure 7.1. lllustration of the inequality f(Ax+ (1— A)y) < Af (x)+(1—A)f (y).

In case when no domain is specified, then we naturally assume that f is defined over

the entire space R”. If we do not allow equality in (7.1) when x 7é y and A € (0,1), the

function is called strictly convex.

Definition 7.2 (strictly convex functions). A function f : C — R defined on a convex set
C CR” is called strictly convex if

f(Ax+(1=2)y) < Af (x)+(1—A)f (y) forany x#y€ C,A€ (0, 1).

117
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Another important concept is concavity. A function is called concave if —f is convex.
Similarly, f is called strictly concave if —f is strictly convex. We can of course write a
more direct definition of concavity based on the definition of convexity. A function f is
concave if and only if for any x,y € C and A €[0,1] we have

fAx+(1—-Dy) > Af %)+ (1— A)f ().

Equipped only with the definition of convexity, we can give some elementary examples
of convex functions. We begin by showing the convexity of affine functions, which are
functions of the form f(x) = a’x+ &, where a€R” and b € R. (If b =0, then f is also
called linear.)

Example 7.3 (convexity of affine functions). Let f(x) = a"x+ b, where a € R* and
b € R. To show that f is convex, take x,y € R” and A€[0,1]. Then

fAx+(1=Ay) =a" (Ax+(1 - Ay)+ b
=XaTx)+ (1= @Y+ b+ (1= )b
=Aa"x+b)+(1—- D)@ y+b)
=Af(x)+(1=Df (y),
and thus in particular f(Ax+(1—A)y) € Af(x)+{(1— A)f(y), and convexity follows. Of

course, if f is an affine function, then so is —f, which implies that affine functions (and
in fact, as shown in Exercise 7.3, only affine functions) are both convex and concave. Nl

Example 7.4 (convexity of norms). Let ||-|| be 2 norm on R”. We will show that the

norm function f(x) = ||x|| is convex. Indeed, let x,y € R” and A € [0,1]. Then by the
triangle inequality we have

f(Ax+(1—Ry) = ||Ax+ (1 — Ayl
< [ A+ [i(1 = Ayl
= Alixl|+ (1= Allyll
= Af(0)+(1-Af (y),

establishing the convexityof f. B

The basic property characterizing a convex function is that the function value of a
convex combination of two points x and y is smaller than or equal to the correspond-
ing convex combination of the function values £(x) and f(y). An interesting result is
that convexity implies that this property can be generalized to convex combinations of
any number of vectors. This is the so-called Jensen’s inequality.

Theorem 7.5 (Jensen’s inequality), Let f : C — R be a convex function where C CR”
is a convex set. Then for any X,,%,,...,X, € C and A€ A, the following inequality holds:

b k
f (Z A xs) < Z Af(x;). 7.2)

Proof. We will prove the inequality (7.2) by induction on k. For k = 1 the result is obvious
(it amounts to f(x,) < f(x,) for any x, € C). The induction hypothesis is that for any &
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VECTOrs X, X,,...,X;, € C and any A € A, the inequality (7.2) holds. We will now prove
the theorem for & + 1 vectors. Suppose that X;,X,,...,%,,; € C andthat A€ A, ;. We

will show that f(z) < SH1 A f(x;), where z = 3% Ax,. If A, =1, thenz = x,,
and (7.2) is obvious. If 4, ; <1, then

k+1
f@=f (Z Aixi)

i1

k
=f (Z Aix; + ’Ile+1xk+1) 7.3

=1

=f1 (- Ak+1)Z /1 % A1 % (7.4)
= e+t B
S (1= )f (V) + A f (Xpp1)- 7.3)
Since Z;—1 1_—,1'&’ - = :j*“ = 1, 1t follows that v is a convex combination of & points

from C, and hence by the induction hypothesis we have that f(v) < Z, - 1—1'— f(x),
which combined with (7.5) yields

k+1t

f(z)< Z’lif(xi)' o

7.2 = First Order Characterizations of Convex Functions

Convex functions are not necessarily differentiable, but in case they are, we can replace
the Jensen’s inequality definition with other characterizations which utilize the gradient
of the function. An important characterizing inequality is the gradient inequality, which
essentially states that the tangent hyperplanes of convex functions are always underesti-
mates of the function.

Theorem 7.6 (the gradient inequality), Let f : C — R be a continnously differentiable
function defined on a convex set C CR”. Then f is convex over C if and only if

FX)+ V(%) (y—x) < f(y) forany x,y € C. (7.6)

Proof. Suppose first that f is convex. Let x,y € C and A € (0,1]. If x =y, then (7.6)
trivially holds. We will therefore assume that x #y. Then

f(Ay +(1=Ax) < Af (y) + (1= A)f (%),
and hence 1
Fet Mo == e g

Taking A — 0%, the left-hand side converges to the directional derivative of f at x in the

direction y —X, so that
[y —x) < f(y)—~f(x).
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Since f is continuously differentiable, it follows that f*(x;y —x) = Vf(x)7 (y —x), and
hence (7.6) follows.

To prove the reverse direction, assume that that the gradient inequality holds. Let
z,w € C, and let A€ (0,1). We will show that f(Az +(1— A)w) < Af(z)+ (1= D) f(w).
Letu=Az+(1—Awe C. Then

— B._.__(.].._.—:.QY. -u :_ﬂ(w_u)

A A

Invoking the gradient inequality on the pairs z,u and w,u, we obtain

f)+V () (z—uv) < f(2),
A
fW)——Vf () (z—u) < f(w).

Multiplying the first inequality by l—fj and adding it to the second one, we obtain

1 A
=/ W< 5@+, (w)

which after multiplication by 1 — A amounts to the desired inequality:
fW)<Af(z)+(1-A)f(w). O

A slight modification of the above proof will show that a function is strictly convex if
and only if the gradient inequality is satisfied with strict inequality for any x #y.

Theorem 7.7 (the gradient inequality for strictly convex function). Let f : C —» R
be a continnonsly differentiable function defined on a convex set C CR”. Then f is strictly
convex over C if and only if

FE)+ V) (y—x)< f(y) for any x,y € C satisfying x #y.

Geometrically, the gradient inequality essentially states that for convex functions, the
tangent hyperplane is below the surface of the function. A two-dimensional illustration
is given in Figure 7.2.

A direct result of the gradient inequality is that the first order optimality condition
V£(x*) = 0 is sufficient for global optimality.

Proposition 7.8 (sufficiency of stationarity under convexity). Lez f be a continuously
differentiable function which is convex over a convex set C CR”. Suppose that Vf(x*) =0
for some x* € C. Then x* is a global minimizer of f over C.

Proof. Let z € C. Plugging x = x* and y = z in the gradient inequality (7.6), we obtain
that

@2 f(xX)+ V() (z—x"),

which by the fact that V£(x*) = 0 implies that f(z) > f(x*), thus establishing that x* is
the global minimizer of f over C. 0O
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Figure 7.2. The function f(x,y) = x* +y? and its tangent hyperplane at (1,1), which is a
lower bound of the function’s surface.

We note that Proposition 7.8 establishes only the sufficiency of the stationarity condi-
tion Vf(x*) = 0 for guaranteeing that x* is a global optimal solution. When C is not the
entire space, this condition is not necessary. However, when C = R”, then by Theorem
2.6, this is also a necessary condition, and we can thus write the following statement.

Theorem 7.9 (necessity and sufficiency of stationarity). Let f : R” — R be a continu-
ously differentiable convex function. Then V f(x*) = 0 if and only if x* is a global minimum
point of f over R”,

Using the gradient inequality we can now establish the conditions under which a
quadratic function is convex/strictly convex.

Theorem 7.10 (convexity and strict convexity of quadratic functions with positive
semidefinite matrices). Let f : R” — R be the quadratic function given by f (x) = x” Ax+
2b7x + ¢, where A € R™ " is symmetric, b € R”, and ¢ € R. Then f is (strictly) convex if
and only if A > 0 (A > 0).

Proof. By Theorem 7.6 the convexity of f is equivalent to the validity of the gradient
inequality:

()= f(®)+Vf(x)"(y—x) for any x,y € R”,
which can be written explicitly as
y' Ay +2b7y+ ¢ > x” Ax+2b" x+ ¢ + 2(Ax+b)” (y—x) for any x,y € R".
After some rearrangement of terms, we can rewrite the latter inequality as
(y—x)T A(y—x) > 0 for any x,y € R”. 7.7)
Making the transformation d = y —x, we conclude that inequality (7.7) is equivalent to

the inequality d” Ad > 0 for any d € R”, which is the same as saying that A > 0. To prove
the strict convexity variant, note that strict convexity of f is the same as

f(y)> f(x)+Vf(x)" (y—x) for any x,y € R” such that x £y.
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The same arguments as above imply that this is equivalent to
dTAd>0forany0;£d€]R",

which isthe sameas A»>0. 0O

Examples of convex and nonconvex quadratic functions are illustrated in Figure 7.3.

Lo33883838

A

y -5 o

Figure 7.3. The left quadratic function is convex (f(x,y) = x* + y*), while the middle
(—x? —y?) and right (x* — y?) functions are nonconvex.

Another type of a first order characterization of convexity is the monotonicity prop-
erty of the gradient. In the one-dimensional case, this means that the derivative is nonde-
creasing, but another definition of monotonicity is required in the 7-dimensional case.

Theorem 7.11 (monotonicity of the gradient). Suppose that f is a continuously differen-
tiable function over a convex set C CR”. Then f is convex over C if and only if

(V/(®)—Vf(y) (x—y) 20 for any x,y € C. (7.8)

Proof. Assume first that f is convex over C. Then by the gradient inequality we have for
any x,ye C

f®) =)+ Vi) (x—y)
f@) = f®+V ) (y—x).

By summing the two inequalities, the inequality (7.8) follows. To prove the opposite
direction, suppose that (7.8) holds and let x,y € C. Let g be the one-dimensional function
defined by

g(t)=f(x+t(y—x)), t€[0,1].
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By the fundamental theorem of calculus we have

1
£@)= g(1) = g(O)+ j ¢(1)dt
0
=f(x)+J; (y =%V (x+ t(y—x))ds

i
— O+ V) (y—x)+ L (=T (Vf (x4 tly—x) = VF (x))de
> )+ VF ()T (y—x),

where the last inequality follows from the fact that for any ¢ > 0 we have by the mono-
tonicity of V £ that

(v = (Vf (o Ly =)=V () = (VS (x dy=x) = Vf G (x-+ oy =) =) 20
ul

7.3 = Second Order Characterization of Convex Functions

When the function is twice continuously differentiable, convexity can be characterized
by the positive semidefiniteness of the Hessian matrix.

Theorem 7,12 (second order characterization of convexity). Let f be a twice continy-
ously differentiable function over an open convex set C C R”. Then f is convex if and only
if V2f(x)>0foranyx€C.

Proof. Suppose that V2f(x) > 0 for all x € C. We will prove the gradient inequality,
which by Theorem 7.6 is enough in order to establish convexity. Let x,y € C. Then by
the linear approximation theorem (Theotem 1.24) we have that there exists z € [x,y] (and
hence z € C) for which

F)=FOO+ TR (=) + 50— Vf 2y ). 79)

Since V3f(z) = 0, it follows that (y — x)” V2f(z)(y — x) = 0, and hence by (7.9), the
inequality f(y) 2 f(x)+ Vf(x)” (y—x) holds.

To prove the opposite direction, assume that f is convex over C. Let x € C and let
y € R”, Since C is open, it follows that x+ Ay € C for 0 < A < ¢, where ¢ is a small
enough positive number, Invoking the gradient inequality we have

FO+Ay) 2 f)+ AVF()Ty. 7.10)

In addition, by the quadratic approximation theorem (Theorem 1.25) we have that

AZ
fx+Ay)=f(x)+ AVF(x)Ty+ 7YTV2f x)y + o(A2|lyII"),

which combined with (7.10) yields the inequality

2

A
E—YTVZf (x)y +o(Xlyll) =0
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for any A €(0,¢). Dividing the latter inequality by A% we have

oRllyIP)

720

1
Y Vi f(y+
Finally, taking A — 0%, we conclude that

y' Vf(x)y =0

for any y € R, implying that V2f(x) > Oforanyx€ C. [

We also present the corresponding result for strictly convex functions stating that if
the Hessian is positive definite, then the function is strictly convex. The proof of this

result is similar to the one given in Theorem 7.12 and is hence left as an exercise (see
Exercise 7.6).

Theorem 7,13 (sufficient second order condition for strict convexity). Let f be a twice
continuously differentiable function over a convex set C CIR”, and suppose that V2 f(x) > 0
forany x € C. Then f is strictly convex over C.

Note that the positive definiteness of the Hessian is only a sufficient condition for
strict convexity and is not necessary. Indeed, the function f(x) = x* is strictly convex,
but its second order derivative f”(x) = 12x? is equal to zero for x = 0. The Hessian test
immediately establishes the strict convexity of the one-dimensional functions x?, e*,e™*
and also of —In(x), x In(x) over R, ,. A much more complicated example is that of the
so-called log-sum-exp function, whose convexity can be shown by the Hessian test.

Example 7.14 (convexity of the log-sum-exp function). Consider the function
f(x)=In(e" +e™ +.--+e"),

called the log-sum-exp function and defined over the entire space R*. We will prove its
convexity using the Hessian test. The partial derivatives of £ are given by

af e .
3_x:(X) - 22:] x; L = 1’2: 2 12,
and therefore \
— eigh , i "
aZf (X) = (sz exk) # 7
Ix;dx; ——e o E =
’ L) | S

We can thus write the Hessian matrix as
V2£(x) = diag(w) —ww?,

X, . . . .
where w; = =—. In particular, w € A,. To prove the positive semidefiniteness of
=1

V2f(x), take 0 # v € R” and consider the expression

i
VIV f(x)v= Z w; fuf —(vTw)%
i=1
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The latver expression is nonnegative since employing the Cauchy-Schwarz inequality on
the vectors s, t defined by

Si=1fwi‘vi, t;=1,4‘w;, i=1,2,...,n,
yields

% 2 weh, Z
(vTw)2 =(sTe)? < |lsl|ltl2 = (Z , vf) (Z fwi) =" > w7},
=1 i=1 i=1

establishing the inequality vV V2f(x)v > 0. Since the latter inequality is valid for any
v €R?, it follows that V2f(x) is indeed positive semidefinite. B

Example 7.15 (quadratic-over-linear). Let

xZ
f(xvxz) = _1:
X3

defined over R x R, = {(x,,x,) : x, > 0}. The Hessian of f is given by

1oy

2 _ *2 x
V f(xl’xZ) =2 x, sz
-—--;2; X3

By Proposition 2.20, since the Hessian is a 2 X 2 matrix, it is enough to show that the trace
and determinant are nonnegattve, and indeed,

, 1 x?
Tr[V f(xI,xz)]=2|:x— + —13] >0,

2 xz

1 x? x 2
det[sz(xl,xz)]=4 —_15_<_%) =0,

x2 xz x2

establishing the positive semidefiniteness of V2f(x;,x,) and hence the convexity

of /. N

7.4 = Operations Preserving Convexity

There are several important operations that preserve the convexity property. First, the
sum of convex functions is a convex function and a multiplication of a convex function
by a nonnegative number results with a convex function.

Theorem 7.16 (preservation of convexity under summation and multiplication by
nonnegative scalars).

() Let f be a convex function defined over a convex set C CR” and let a > 0. Then af
1s a convex function over C.

b) Let £, £oy ..., f, be convex functions over a convex set C CR", Then the sum function
1272 P
fitfo+ -+ £, is convex over C.
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Proof. (a) Denote g(x) = af(x). We will prove the convexity of g by definition. Let
x,y € C and A€[0,1]. Then

g(Ax+(1=A)y) =af (Ax+(1—A)y) (definition of g)
<aAf(x)+a(1—AD)f(y) (convexity of f)
= Ag(x)+(1—A)g(y) (definition of g).

(b) Let x,y € C and A€[0,1]. For each i =1,2,..., p, since f; is convex, we have
fi(Ax+(1—=Ay) < A () + (1= Dfi(y)-
Summing the latter inequality over i = 1,2,...,k yields the inequality
g(Ax+(1—A)y) < Ag(x)+(1— Ag(y)

for all x,y € C and A€[0,1], where g = f; + f, +-+- + f,. We have thus established that
the sum function is convex. O

Another important operation preserving convexity is linear change of variables.

Theorem 7,17 (preservation of convexity under linear change of variables). Let f :
C — R be a convex function defined on a convex set C CR". Let A€ R"™™ andb € R”.
Then the function g defined by

g(y)=f(Ay+b)
is convex over the convex set D = {y e R” : Ay+be C}.

Proof. First of all, note that D is indeed a convex set since it can be represented as an
inverse linear mapping of a translation of C (see Theorem 6.8):

D=A"Y{C—-Db).
Let y,,y, € D. Define
x, = Ay, +b, (7.11)
x, = Ay, +b, 7.12)

which by the definition of D satisfy x,,x, € C. Let A € [0,1]. By the convexity of f
we have

FAx + (1= %) < Af(x)) +(1—Af (x,)-

Plugging the expressions (7.11) and (7.12) of x, and x, into the latter inequality, we ob-
tain that

Ay, +(1—A)y,)+b) < Af (Ay, +b)+(1—A)f(Ay, +b),

which is the same as

g(Ay, + (1= A)y,) < 2g(y) +(1—)g(y,),

thus establishing the convexity of g. O
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Example 7.18 (generalized quadratic-over-linear). Let A€ R™**,beR"”,c€R”, and
d € R. We assume that ¢ # 0. We will show that the quadratic-over-linear function

oy JAX B
$ c’x+d
is convex over D = {x € R" : ¢Tx +d > 0}. We begin by proving the convexity of the
function :
lyll
h(y,t)==—
t
over the convex set C = {(7) € R”*' : y € R, t > 0}. For that, note that h =7 b,
where )
y.
bi (y’ t) = _t-‘— .

By the convexity of the quadratic-over-linear function ¢(x,z) = izi over {(x,z) : x €
R,z > 0} (see Example 7.15), it follows that A, is convex for any i (specifically, b, 1s
generated from ¢ by the linear transformation x = y,,z = ). Hence, b is convex over C.
The function f can be represented as

f(x) = h(Ax+b,c"x+d).

Consequently, since f is the function b which has gone through a linear change of vari-
ables, it is convex over the domain {x€R” : c’x+d >0}. B

Example 7.19. Consider the function
F(x,%)= xl2 +2x,%, +3x22 +2x, —3x, +e".
To prove the convexity of £, note that f = f; + f;, where

Si(x,2%,) = %7 4 23y + 3x2 + 2%, — 3x,,

[z, %) =™,

The function f| is convex since it is a quadratic function with an associated matrix A =
(11) which is positive semidefinite since Tr(A) = 4 > 0,det(A) = 2 > 0. The function f,
1s convex since it is generated from the one-dimensional convex function ¢(t) = e’ by the
linear transformation t =x,. W

Example 7.20. The function f(x,, x,,%;) = ™%+ 24 %, is convex over R’ asa sum
of three convex functions: the function e¥~27% which is convex since it is constructed
by making the linear change of variables ¢ = x,—x,+x, in the one-dimensional ¢(¢) = ¢°.
For the same reason, e**2 is convex. Finally, the function x,, being linear, is convex.

Example 7.21. The function f(x,,x,) = ~In(x,x,) is convex over R? _ since it can be
written as

f{(x1, %) = —In(x;)—In{x,),
and the convexity of —In(x,) and —In(x,) follows from the convexity of ¢(t) = —In(t)

over R_H_.



128

Chapter 7. Convex Functions

In general, convexity is not preserved under composition of convex functions. For
example, let g(t) = t? and h(t) = t? —4. Then g and b are convex. However, their
composition

s(t) = g(h(t)) = (" —4)’

is not convex, as illustrated in Figure 7.4. (This can also be seen by the fact that s”(¢) =

12¢2 —16 and hence s”(t) < 0 for all |t] < \/g .) The next result shows that convexity is

preserved in the case of a composition of a nondecreasing convex function with a convex
function.

(x2_4)2

1200
1000
800
600
400
200 +

Figure 7.4. The nonconvex function (t* —4)2.

Theorem 7.22 (preservation of convexity under composition with a nondecreasing
convex function). Let f : C — R be a convex function over the convex set C CR”. Let
g : I — R be a one-dimensional nondecreasing convex function over the interval I C R.
Assume that the image of C under f is contained in I: f(C) C I. Then the composition of g
with f defined by

h(x)=g(f(x)), x€C,
is a convex function over C.
Proof. Let x,y € C and let A€[0,1]. Then

h(Ax+(1—A)y) = g(f (Ax+(1—=A)y)) (definition of A)
< g(Afx)+(1—=A)f(y)) (convexity of f and monotonicity of g)

< Ag(f(x)+(1—A)g(f(y)) (convexity of g)
= Ab(x)+(1—A)h(y) (definition of b),

thus establishing the convexity of . O

Example 7.23. The function h(x) = el® is convex since it can be represented as h(x) =
g(f(x)), where g(t) = e’ is a nondecreasing convex function and f(x) = ||x||? is a convex
function.
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Example 7.24. The function h(x) = (||x}|* 4 1)? is a convex function over R” since it can
be represented as h(x) = g(f(x)), where g(t) = t? and f(x) = ||x||*+ 1. Both f and g
are convex, but note that g is not a nondecreasing function. However, the image of R*
under f is the interval [1,00) on which the function g is nondecreasing. Consequently,
the composition h(x) = g(f(x)) is convex. Nl

Another important operation that preserves convexity is the pointwise maximum of
convex functions.

Theorem 7.25 (pointwise maximum of convex functions). Let f,,...,f,: C >R be p
convex functions over the convex set C C R”. Then the maximum function

fx)= max fi(x)

i=1,2,.,p

is a convex function over C.

Proof. Let x,y € C and let A€[0,1]. Then

f(x+(1=Ay)=max,,, ., fi(Ax+(1—Ay) {definition of f)
<max;_, AAL(X)+(1=Af()} (convexity of f;)
< A maxi:l,z,...,p f; (X) + (1 — ’1) maxi:l,Z,...,p f: (Y) (ﬂ.)
=Af(x)+ (1= )f(y) (definition of f).

The inequality (*) follows from the fact that for any two sequences {4;}7_,{5,}7_, one has

max (a +b)< max a4;,+ max b,. 0O
i=1,2,.. =12,.,p i=12,.,p

Example 7.26 (convexity of the maximum function). Let

f(x) = max{x;, X,y...,%,}.

Then since f is the maximum of » linear functions, which are in particular convex, it
follows by Theorem 7.25 that it is convex. W

Example 7.27 (convexity of the sum of the & largest values). Given a vector x =
(%15 %p5-.+,%,) . Let x;;) denote the ith largest value in x. In particular, x;;; =
max{x,xy,...,x,} and x,) = min{x;, x,,...,x,}. As stated in the previous example, the
function h(x) = x(;) is convex. However, in general the function h(x) = x(;; is not convex.
On the other hand, the function

he(®) = X+ 2z 4o+ X

that is, the function producing the sum of the k largest components, is in fact convex. To
see this, note that b, can be rewritten as

by(x) = max{xil Fxp bt X i 0, € {1,2,...,n} are different},
so that b, as a maximum of linear (and hence convex) functions, is a convex function. i

Another operation preserving convexity is partial minimization.
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Theorem 7.28, Let f : C x D — R be a convex function defined over the set C x D where
C CR”™ and D CR" are convex sets. Let

g =minf(xy), x€C,
where we assume that the minimum in the above definition is finite. Then g is convex over C.
Proof. Let x,,x, € C and A€ [0,1]. Take £ > 0. Then there exist y,,y, € D such that
f(xyy) < g(x)+e, 7.13)
f(%2,y2) S g(x) + . (7.14)

By the convexity of f we have

fAx +{(1=x,, Ay, +(1—A)y,) < Af(xl’)ﬁ)’*'(l_'l)f(xz:h)
(7.13){7.14)
P Aa) )+ (1= gk +e)

Ag(x;)+ (1= )g(x) +.
By the definition of g we can conclude that
g(Ax; +(1—A)x,) < Ag(x)) + (1—D)g(x)) +=.

Since the above inequality holds for any £ > 0, it follows that g(Ax,+(1—A)x,) < Ag(x,)+
(1—A)g(x,), and the convexity of g is established. 0O

Note that in the latter theorem, we only assumed that the minimum is finite, but we
did not assume that it is artained.

Example 7.29 (convexity of the distance function). Let C C R” be a convex set. The
distance function defined by

d(x,C) =min{|jx—y]||:ye€ C}

is convex since the function f(x,y) = {ix—y/|} is convex over R” x C, and thus by Theorem
7.28 it follows that d(-,C) is convex.

7.5 = Level Sets of Convex Functions

We begin with the definition of a level set.

Definition 7.30 (level sets). Let f : S — R be a function defined over a set S CR”, Then
the level set of f with level a is given by

Lev(f,a)={x€S: f(x)<a}l.

A fundamental property of convex functions is that their level sets are necessarily
convex.

Theorem 7.31 (convexity of level sets of convex functions). Let f : C — R bea convex
function defined over a convex set C C R”™. Then for any a € R the level set Lev(f,a) is
convex.
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Proof. Let x,y € Lev(f,a)and 1 €[0,1]. Then f(x), f(y) £ a. By the convexity of C we
have that Ax+(1— A)y € C, which combined with the convexity of f yields

FOx+(1=y) < A ) +(1=Df () < Aa +(1— Da =,

establishing the fact that Ax 4 (1 — A)y € Lev(f,a) and subsequently the convexity of
Lev(f,a). D

Example 7.32. Consider the following subset of R”:

D= {x:(xTQJH— 1)2+ln<iex'> < 3} ,

where Q > 0 is an n X n matrix. The set D is convex as a level set of a convex function.
Specifically, D = Lev(f, 3), where

F(x)=x"Qx+1)*+In (i e’ ) .
i=1

The function f is indeed convex as the sum of two convex functions: the log-sum-exp
function, which was shown to be convex in Example 7.14, and the function g(x) =
(xT Qx + 1)?, which is convex as a composition of the nondecreasing convex function
@(t) = (t + 1) defined on R, with the convex quadratic functionx’Qx.

All convex functions have convex level sets, but the reverse claim is not true. That is,
there do exist nonconvex functions whose level sets are all convex. Functions satisfying
the property that all their level sets are convex are called guasi-convex functions.

Definition 7.33 (quasi-convex functions). A function f : C — R defined over the convex
set C CR” is called quasi-convex if for any a € R the set Lev(f , a) is convex.

The following example demonstrates the fact that quasi-convex functions may be non-
convex.

Example 7.34. The one-dimensional function f(x) = +/|x| is obviously not convex (see
Figure 7.5), but its level sets are convex: for any @ < 0 we have that Lev(f,2) =, and for
any a > 0 the corresponding level set is convex:

Lev(f,a)={x: |x| L a} ={x:|x| £ *} =[—a?, "]
We deduce that the nonconvex function £ is quasi-convex. W
Example 7.35 (linear-over-linear). Consider the function

alx+ b
Ix+d’

fx)=

where a,c € R” and b,d € R. To avoid trivial cases, we assume that ¢ # 0 and that the
function is defined over the open half-space

C={xeR*:c'x+d >0}
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Figure 7.5. The quasi-convex function /|x|.

In general, f is not a convex function, but it is not difficult to show that it is quasi-convex.
Indeed, let @ € R. Then the corresponding level set is given by

Lev(f,a)={x€C: f(x)<a}={xeR":c"x+d >0,(a—ac)"x+(b—ad) <0},

which is convex due to the fact that it is an intersection of two half-spaces (which are in

particular convex sets) when a # ac, and when a = acit is either a half-space (if 5—ad < 0)
or the empty set (f b —ad >0). N

7.6 = Continuity and Differentiability of Convex Functions

Convex functions are not necessarily continuous when defined on nonopen sets. Let us
consider, for example, the function

1, x=0,
f(x)-{ x?, 0<x<1,

defined over the interval [0, 1]. It is easy to see that this is a convex function, and obviously
it is not a continuous function (as also illustrated in Figure 7.6). The main result is that
convex functions are always continuous at interior points of their domain. Thus, for

0.8

0.6

0.4

0 20 oot oo oo gassns oo k51 G s s

-0.2 s i i i i
~0.2 0 0.2 0.4 0.6 0.8 1

Figure 7.6. A noncontinuous convex function over the interval [0, 1].
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example, functions which are convex over the entire space R” are always continuous. We
will prove an even stronger result: convex functions are always local Lipschitz continuous
at interior points of their domain.

Theorem 7.36 (local Lipschitz continuity of convex functions). Let f : C - R bea
convex function defined over a convex set C CR”. Let x, € int(C). Then there exist € > 0
and L > O such that B[x,,¢]1 C C and

[f ()= f (x)| < Lilx — x| (7.15)
forall x € Bxy,¢].

Proof. Since x, € int(C), it follows that there exists £ > O such that
B [xp.e]={x€R":{Ix—xofl,, < e} € C.

Next we show that f isupper bounded over B, [x,,¢]. Let v, v,,..., v, bethe 2” extreme
points of B, [%g, ¢ ]; these are the vectors v; = x,+cw;, where w,,..., W, are the vectors
in {—1,1}". Then by the Krem—Mllman theorem (T heorem 6.35), for any x € B_[x,,¢]
there exists A € Aj- such that x=3"" A;v;, and hence, by Jensen’s inequality,

f(x)zf(leivi) < ZAsf(V;') <M,

i=1
where M = max;_,, ; f(v;). Since ||x]|,, < ||x}|, for any R” it holds that

B)[xp,6] = B[xg,¢ ] = {x € R" : |[[x —x,ll, < e} € B [%0,].

We therefore conclude that f(x) < M for any x € B{x,,¢]. Let x € B[x,¢] be such that
X # x,. {The result (7.15) is obvious when x = x,.) Define

1
2=X,+ ;(x“xo)s

where @ = 1{jx—x,||. Then obviously @ < 1 and z € B[x,, ¢}, and in particular f(z) <M.
In addition,

x=az+(l—a)x,.

Consequently, by Jensen’s inequality we have

fE L af(@)+(1—a)f (%)
< flxg) +a(M —f(x,))

= 7o) + LB

We can therefore deduce that f(x)— f(x,) < L||x—xg]||, where L = w To prove the

result, we need to show that f(x)—f(x,) > —L||x—x,||. For that, define u = x,+ 2 (%,—x).
Clearly we have [ju — x,|| = ¢ and hence u € B[x,,¢] and in particular f(u) < M. In
addition, x = x, + a(x, —u). Therefore,

F(x) = f(xo+a(x—u)) = f(x5)+ a(f (%) — f (). (7.16)
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The latter inequality is valid since

1 @
Xo = m(xo+a(xo—“))+ 2"

and hence, by Jensen’s inequality

&

L (ot a(xo — )+ —— F(u),

ﬂxO)Sl-i-a t+a

which is the same as the inequality in (7.16) (after some rearrangment of terms). Now,
continuing (7.16),

fF®) 2 f(x0) + alf (%) — f(u))
2 f(%0) —a(M — f(x,))

M—
= frg - T LDy
= Fxo)~ Lllx =]l

and the desired result is established. O

Convex functions are not necessarily differentiable, but on the other hand, as will be
shown in the next result, all the directional derivatives at interior points exist.

Theorem 7.37 (existence of directional derivatives for convex functions), Let f : C —
R be a convex function defined over the convex set C CR"*. Let x € int(C). Then for any
d #0, the directional derivative f'(x;d) exists.

Proof. Let x € int(C) and d # 0. Then the directional derivative (if exists) is the limit

o 80—

£t L

(7.17)

where g(¢) = f(x+ td). Defining h(¢) = 3(—’)?5-@, the limit (7.17) can be equivalently
written as

lim A(2).

t—0*

Note that g, as well as b, is defined for small enough values of ¢ by the fact that x € int(C).
In fact, we will take an ¢ > 0 for whichx+ td,x —¢td € C for all # € [0,¢]. Now, let
0<t,<t;<e. Then

x+td= (1—— i)x+ i(Ji:—i—t:,d),

b 2
and thus, by the convexity of f we have

flx+rd)< (l—i—:)f(x)+z—;f(x+rzd).

The latter inequality can be rewritten (after some rearrangement of terms) as

f(x+d)—f(x) < f(x+6d)—f(x)

2 L
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which is the same as h(¢,) < b(t,). We thus conclude that the function 4 is monotone
nondecreasing over R, . All that is left is to prove that b is bounded below over (0,¢].
Indeed, taking 0 < t < ¢, note that

3 t
sz(x+td)+ r(X—"Ed).

€+

Hence, by the convexity of f/ we have

£ t
< — td)+ ——f(x—ed),
f0) € ——f(x+ td)+ ——f(x—sed)
which after some rearrangement of terms can be seen to be equivalent to the inequality

oy LEH IS [ F s ed)

&

showing that 4 is bounded below over (0,¢]. Since 4 is nondecreasing and bounded be-
low over (0,¢] it follows that the limit lim, 4+ A(t) exists, meaning that the directional
derivative f/(x;d) exists. [

7.7 = Extended Real-Valued Functions

Until now we have discussed functions that are finite-valued, meaning that they take their
values in R = (—o00,00). It is also quite natural to consider functions that are defined over
the entire space R” that take values in RU {00} = (—o0,00]. Such a function is called an
extended real-valued function. One very important example of an extended real-valued
function is the indicator function, which is defined as follows: given a set § C R”, the
indicator function & : R” — RU {oo} is given by

0 ifxeSs,
SS(X):{ o0 if:ZS.

The effective domain of an extended real-valued function is the set of vectors for which
the function takes a finite value:

dom(f)={x€R": f(x) < o0}

An extended real-valued function f : R” — RU{oco} is called proper if it is not always equal
to 0o, meaning that there exists x, € R” such that f(x,) < oo. Similarly to the definition
for finite-valued functions, an extended real-valued function is convex if for any x,y € R”
and A€ [0, 1] the following inequality holds:

S(Ax+(1=Ay) < A () +(1—=Df (y),
where we use the usual arithmetic with oco:

atoo=oocforanyaeR,
arco=ooforanyae€R, .

In addition, we have the much less obvious rule that 0- co = 0. The above definition
of convexity of extended real-valued functions is equivalent to saying that dom(f) is a
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convex set and that the restriction of f to its effective domain dom(f); that is, the function
g : dom(f) — R defined by g(x) = f(x) for any x € dom(f) is a convex finite-valued
function over dom(f). As an example, the indicator function 8(-) of a set C C R” is
convex if and only if C is a convex set.

An important set associated with extended real-valued functions is its epigraph. Sup-
pose that f : R” — R U {oco}. Then the epigraph set epi(f) C R**! is defined by

wir={() i}

An example of an epigraph can be seen in Figure 7.7. It is not difficult to show that an
extended real-valued (or a real-valued) function f is convex if and only if its epigraph
set epi(f) is convex (see Exercise 7.29). An important property of convex extended real-
valued functions that convexity is preserved under the maximum operation. As was al-
ready mentioned, we do not use the “sup” notation in this book and we always refer to
the maximum of a function or the maximum over a given index set.

epi(f)

Figure 7.7. The epigraph of a one-dimensional function.

Theorem 7.38 (preservation of convexity under maximum). Let f; : R” — RU{oo} be
an extended real-valued convex function for any i € I (I being an arbitrary index set). Then
the function f(x) = max;; f;(X) is an extended real-valued convex function.

Proof. The result follows from the fact that epi(f) =(");_, epi(f;). The convexity of £;
for any i € I implies the convexity of epi(f;) for any i € I. Consequently, epi(f), as an
intersection of convex sets, is convex, and hence the convexity of f is established. 0O

The differences between Theorems 7.38 and 7.25 are that the functions in Theorem
7.38 are not necessarily finite-valued and that the index set I can be infinite.

Example 7.39 (support functions). Let S CR”". The support function of S isthe function

T.
X) = maxx'y.
og(x) . y

Since for each y € S, the function £ (x) =y’ x is a convex function over R” (being linear),
it follows by Theorem 7.38 that oy is an extended real-valued convex function. W
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As an example of a support function, let us consider the unit (Euclidean) ball § =
B[0,1]={yeR":|lyl| < 1}. Let x € R”. We will show that

os(x) =|Ix}]. (7.18)

Obviously, if x = 0, then o4(x) = 0 and hence (7.18) holds for x = 0. If x # 0, then for
any y € § and x € R”, we have by the Cauchy-Schwarz inequality that

x"y < [Ix|]- Iyl < llxl-

On the other hand, taking ¥ = ﬁx € S, we have

x'y =|lxl,
and the desired formula (7.18) follows.

Example 7.40. Consider the function
foy=dTA(t)"d,

whered e R* and A(t) =37 A, withA,,..., A, being n X7 positive definite matrices.

i=1"

We will show that this function is convex over R” . Indeed, for any x € R”, the function

g(t) =

T T
2d"x—x"A(t)x, teR7T,,
o0 else

is convex over R™ since it is an affine function over its convex domain. The corresponding

max function is
max {Zde — xTA(t)x} =d7A(t)"'d

x€R”

forte R7”. and oc elsewhere. Therefore, the extended real-valued function

x [ dTA(ty"'d, teR”,
f (t)_{ 00 ele

is convex over R™, which is the same as saying that f is convex over R7” .

7.8 = Maxima of Convex Functions

In the next chapter we will learn that problems consisting of minimizing a convex func-
tion over a convex set are in some sense “easy,” but in this section we explore some impor-
tant properties of the much more difficult problem of maximizing a convex function over
a convex feasible set. First, we show that the maximum of a nonconstant convex function
defined on a convex set C cannot be attained at an interior point of the set C.

Theorem 7.41. Let f : C — R be a convex function which is not constant over the convex
set C. Then f does not attain a maximum at a point in int(C).

Proof. Assume in contradiction that x* € int(C) is a global maximizer of f over C. Since
the function is not constant, there exists y € C such that f(y) < f(x*). Since x* € int(C),
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there exists € > O such that z=x" + ¢(x" ~y) € C. Since x* = Hy + Eljz, it follows by
the convexity of f that

£ 1
f(x) < s_ﬁf(Y)+ e_-l-lf(z)’

and hence f(z) > e(f(x*)— f(y)) + f(x*) > f(x*), which is a contradiction to the opti-
mality of x*. O

When the underlying set is also compact, then the next result shows that there exists
at least one maximizer that is an extreme point of the set.

Theorem 7.42. Let f : C — R be a convex and continnous function over the convex and
compact set C CR”, Then there exists at least one maximizer of f over C that is an extreme
point of C.

Proof. Let x* be a maximizer of f over C (whose existence is guaranteed by the Weier-
strass theorem, Theorem 2.30). If x* is an extreme point of C, then the result is estab-
lished. Otherwise, if x* is not an extreme point, then by the Krein-Milman theorem
(Theorem 6.35), C = conv(ext(C)), which means that there exist x,,x,,...,x; € ext(C)
and A € A, such that

k
i=1

and A, >0forall i =1,2,...,k. Hence, by the convexity of f we have

k
FE<D AL(x),
i=1
or equivalently
k
Z'li(f(xi)_f(x,&))zo' (7.19)
i=1

Since X* is a maximizer of f over C, we have f(x,) < f(x*) forall i = 1,2,...,k. This
means that inequality (7.19) states that a sum of nonpositive numbers is nonnegative,
implying that each of the terms is zero, that 15, f(x;) = f(x*). Consequently, the extreme
points X, X,,...,X; are all maximizersof f over C. 0O

Example 7.43. Consider the problem
T
max{x Qx:[xl|.. < 1},
where Q > 0. Since the objective function is convex, and the feasible set is convex and
compact, it follows that there exists a maximizer at an extreme point of the feasible set.

The set of extreme points of the feasible set is {—1, 1}, and hence we conclude that there
exists a maximizer that satisfies that each of its components isequalto 1lor—1. H

Example 7.44 (computation of ||A]; ;). Let A€ R™**. Recall that (see Example 1.8)

”A"m = max{||Ax]|, : ||x]|, < 1}.



7.9. Convexity and inequalities 139

Since the optimization problem consists of maximizing a convex function (composition
of a norm function with a linear function) over a compact convex set, there exists 2 max-
imizer which is an extreme point of the /; ball. Note that there are exactly 2n extreme
points to the /; ball: e,,—e,,e,,—e,,...,e,,—e€,. In addition,

m
l|Ae;]l; = [IA(—e )l = Z 14, ;1
i=1
and thus
m
A = A = Z
1Al = max llAe;ll, a2 14 71

This is exactly the maximum absolute column sum norm introduced in Example 1.8. B

7.9 = Convexity and Inequalities

Convexity is a powerful tool for proving inequalities. For example, the arithmetic geo-
metric mean (AGM) inequality follows directly from the convexity of the scalar function
—In(x) over R_,.

Proposition 7.45 (AGM inequality). For any x,,x,,...,x, > O the following inequality

holds:
lixfz;"f_[xi. (7.20)
= i=1

More generally, for any A€ A, one has
n n 1
> Ak =] 7.21)
i= =1

Proof. Employing Jensen’s inequality on the convex function f(x) = —In(x), we have
that for any x,,x,,...,x, >0and A€ A,

f(zlixs)szﬂaf(x;),
i=1 i=1
and hence

—In (Zn: lixi) < —i A; In(x;)
i=1 =1
or
In (i A xi) > i A; In(x;).
i=l i=1

Taking the exponent of both sides we have

n
S ey 2 eZ AN,

i=1
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which is the same as the generalized AGM inequality (7.21). Plugging in A; = = for all
; yields the special case (7.20). We have proven the AGM inequalities only for the case
when x,, x,,...,x, are all positive. However, they are trivially satisfied if there exists an
for which x; = 0, and hence the inequalities are valid for any x,x,,...,x, 20. O

A direct result of the generalized AGM inequality is Young’s inequality.

Lemma 7.46 (Young's inequality). Foranys,t > Cand p,q > 1 satisfying -+ - =11t
holds that
114 t9
$t < m e (7.22)
? 4q

Proof. By the generalized AGM inequality we have for any x,y >0

i1 Xy
xryr < —4—,
I

Setting x = 57,y = t7 in the latter inequality, the result follows. 0

We can now prove several important inequalities. The first one is Holder’s inequality,
which is a generalization of the Cauchy-Schwarz inequalicy.

Lemma 7.47 (Holder’s inequality). For any x,y € R” and p,q > 1 satisfying —;— + % =1
it holds that
"y < Ixll, iyl -

Proof. First, if x = 0 or y =0, then the inequality is trivial. Suppose then that x # 0 and

y#0. Forany: € {1,2,...,n}, setting s = ﬁl;’% and: = ”l—:{i in (7.22) yields the inequality

|x;'J’;‘l < _1__ |x$-|P }_ |3;1¢
=i, liyll, — 2 Il g liyll?
? q

Summing the above inequality over ¢ = 1,2,...,7 we obtain

Z?=1|xiy;'| <12?=1 lxilp 12;;1 b":ﬁlqT _ 1 l
Ixlllvll, =2 lxlls g Al » 4
? q

Hence, by the triangle inequality we have

n
X7yl < D Iyl < lixll,livll,. ©
i=1

Of course, for p = g = 2 Holder’s inequality is just the Cauchy-Schwarz inequalicy.
Another inequality that can be deduced as a result of convexity is Minkowski’s inequality,
stating that the p-norm {for p > 1) satisfies the triangle inequality.

Lemma 7.48 (Minkowski’s inequality). Let p > 1. Then for any x,y € R” the inequality

|l +yil, < lixll, +Ilyll,
holds.
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Proof. For p = 1, the inequality follows by summing up the inequalities |x; + ¥;] <
|x;{ -+ |3;|. Suppose then that p > 1. We can assume that x # 0,y #0, andx +y ;é 0.
Otherwise, the inequality is trivial. The function ¢(t) = t? is convex over R__ since

¢"(t) = p(p — 1)t#72 > O for ¢t > 0. Therefore, by the definition of convexity we have
that for any A;, 4, > 0 with A, + A, =1 one has

(At + A,5)F < A7 + A,sP.

. . I, llyll, o ixl bl
Leti € {1,2....,n}. Plugging 4, = mrafor. &2 = R sy, = > and s = in the

above inequality yields

[1xll, Il Ivll, Iyl
= Il + iyl 1112 (Il +Iyll, lylls

EAR VAN

(Il +1iyll, )

Summing the above inequality over : = 1,2,..., 7, we obtain that

1 lIxIi, lixli
(x| + [y, )? < + L __ =1,
(1|, +IIY||P)”Z =i, +1yll, 1=l +Ivll,
and hence
D il +1y: 1 < (ill, +byll,)?-
i=1
Finally,

lIx+yll, = ﬂ;l% +ylP < dz_;(lx;lﬂyfl)” <|xll, +liyll,- O

Exercises

7.1. For each of the following sets determine whether they are convex or not (explain-
ing your choice).

O C ={xeR:|xP=1}.
(i) C={xeR" imax;_; ,% <1}.
(i) Cy= {xe R* :min;_;, ,x% < 1} .
iv) C,={xeR" [T x >1}.

7.2. Show that the set

M={xeR":x"Qx<(a’x)%,a’ x>0},

where Q is an # X 7 positive definite matrix and a € R” is a convex cone.
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7.3,

7.4.

7.5.

7.6.
7.7.

7.8,

7.9.

7.10.

7.11.

7.12.

7.13.
7.14.

Let £ :IR” — R be a convex as well as concave function. Show that f is an affine
function; that is, there exist a € R” and b € R such that f(x) = a’x + b for any
x €R”.

Let f : R” — R be a continuously differentiable convex function. Show that for
any ¢ > 0, the function

g.(x)=f(x)+¢lx|]
1$ coercive.

Let f : R — R. Prove that f is convex if and only if for any x € R” and d # 0,
the one-dimensional function g, 4(¢) = f(x+ td) is convex.

Prove Theorem 7.13.

Let C C R” be a convex set. Let f be a convex function over C, and let g be
a strictly convex function over C. Show that the sum function f + g is strictly
convex over C.

(i) Let f be a convex function defined on a convex set C. Suppose that f is not
strictly convex on C. Prove that there exist x,y € R*(x # y) such that f is
affine over the segment [x,y].

(i) Prove that the function f(x)=x* is strictly convex on R and that g(x) =x?
for p > 1is strictly convex over R, .

Show that the log-sum-exp function f(x) = In{(37_, e%) is not strictly convex
over R”.

Show that the following functions are convex over the specified domain C:
@) (21 %95 %3} = —/F % + 257 +2%F + 3x] — 2%, %, — 2x,%; over R? .
() f(x)=|x||* over R”,
i) f)=3" % In(x)— (32 %) In (7 x;) over R” .
(iv) f(x)= m over R”, where Q > 0 is an # X n# matrix.

V) F(xp%0,%5) = max{\/xl2 +x§ +20x§ — X%, —4%,%; + 1,(x12-{-34c,i;’+x1 +x,-+
2)?} over R?,

V) f(x), %) = (2x7 +3x) (3xF + 3x3).
Let A€ R™*% and let f: R* — R be defined by

f(x)=In (i eA*") ,
i=1

where A, is the ith row of A. Prove that f is convex over R”.
Prove that the following set is a convex subset of R**2;

X
C={|y|:lxlF<yz,xeR"y,z€R,
Z

. 2.
Show that the function f(x,, %,, x,) = —e™*t%=2%)" is not convex over R”.
1 %25 %3

M : — n n : n
Pr?ve t.hat the geometric mean function f(x) = {/]]’_, x; is concave over R? .
Is it strictly concave over R”, .2
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7.15.

7.16.

7.17.

7.18.

7.19.
7.20.

7.21.

7.22,

7.23,

7.24,

(1) Let f : R* — R be a convex function which is nondecreasing with respect
to each of its variables separately; that is, for any i € {1,2,...,7} and fixed
X1sXyseesXi 13 Xi 41500+ 5 X, the one-dimensional function

&)= fx1 %o X305 %1505 %)

is nondecreasing with respect to y. Let b, b,,...,h, : R? — R be convex
functions. Prove that the composite function

r(zl,zz,...,zp) :f(hl(zl,zz,...,zp),...,bn(zl,zz,...,zp))

1S CONVex.
(i) Prove that the function f(x,,x,) = In(e*+% + eV 5 +1) is convex over RZ.

Let f be a convex function over R” and let x,y € R” and o > 0. Define z =
x+ -:;(x—y). Prove that

f9) 2 f(®)+alf (x)—f(2)).

Let f be a convex function over a convex set C € R”. Let x,,%; € C and let
X, € [X,X;]. Prove that if x,,X,, %, are different from each other, then

f(x)—f(x,) > f(x)—f(3)
lIxs =%, llx—x| .

Let ¢ : R, , — Rbeaconvex function. Then the function f : RZ_ — R defined by

f(x,y)=y¢(§), x>0,

. 2
1s convex over R oy

Prove that the function f(x,y) =—xfy'"?(0 < p < 1) is convex over R? .

Let f : C — R be a function defined over the convex set C € R*. Prove that f is
quasi-convex if and only if

fAx+(1—A)y) <max{f(x),f(y)}, foranyx,yeC,A€[0,1].

Let f(x) = %’ where g is a convex function defined over a convex set C C R”

and h(x) = a’x+ b for some a € R” and b € R. Assume that A(x) > 0 for all
x € C. Show that f 1s quasi-convex over C.

Show an example of two quasi-convex functions whose sum is 7ot a quasi-convex
function.

Let f(x) =xT Ax+2bTx+ ¢, where A is an 7 X 7 symmetric matrix, b € R?, and
¢ €R. Show that f is guasi-convex if and only if A > 0.

A function f : C — R is called log-concave over the convex set C CR”* if f(x)>0
for any x € C and In(f') is a concave function over C.

- . — 1 n

(1) Show that the function f(x)= T is log-concave over R’} .

(i) Let f be a twice continuously differentiable function over R with f(x) >0
for all x € R, Show that £ is log-concave if and only if f*(x)f(x) < (f/(x))
forall x € R.



144 Chapter 7. Convex Functions

7.25. Prove that if f and g are convex, twice differentiable, nondecreasing, and posi-
tive on R, then the product f g is convex over R, Show by an example that the
positivity assumption is necessary to establish the convexity.

7.26. Let C be a convex subset of R*. A function f is called strongly convex over C
if there exists o > 0 such that the function f(x)— 3||x|I* is convex over C. The
parameter ¢ is called the strong convexity parameter. In the following questions C
is a given convex subset of R”.

(1) Prove that f is strongly convex over C with parameter ¢ if and only if
o
f(Ax+(1=y) S Af x)+ (1= Df (y)— 5/1(1— Allx—yli

for any x,y € C and A€[0,1].
(i) Prove that a strongly convex function over C is also strictly convex over C.

(111) Suppose that f is continuously differentiable over C. Prove that f is strongly
convex over C with parameter o if and only if

f5)2 @+ @ (y=2)+ Zlx—yIF

forany x,y€ C.

(iv) Suppose that f is continuously differentiable over C. Prove that f isstrongly
convex over C with parameter ¢ if and only if

(V/@=VI @) (x—y) 2 ollx—ylI]
forany x,ye C.

(v) Suppose that f is twice continuously differentiable over C. Show that f is
strongly convex over C with parameter ¢ if and only if V2f(x) > oI for any
xeC.

7.27. (i) Show that the function f(x) = 4/1+|[x]]? is strictly convex over R” but is

not strongly convex over R”.

(1) Show that the quadratic function f(x) = x"Ax+2b’x+¢ with A= AT €
R***,b € R”,c € R is strongly convex if and only if A > 0, and in that case
the strong convexity parameter is 24_; (A).

7.28. Let £ € C}'(R”) be a convex function. For a fixed x € R” define the function

&) =f»-Vi(xy.

(i) Prove that x is 2 minimizer of g, over R".

(i) Show that for any x,y € R”

1
&%) < gly)— illvgx(y)llz-

(iii) Show that for any x,y € R”

FO) < @)+ VSR (=3~ 5= IV~ VO,
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7.29.

7.30.

7.31.

7.32.

7.33.

7.34.

7.35.

7.36.

7.37.

7.38.

(iv) Prove that for any x,y € R”

(V) ~Vf () x—3) 2 ZIVf )~V for any x,y € B".

Let f : R” — RU {oo} be an extended real-valued function. Show that f is convex
if and only if epi(f) is convex.

Show that the support function of the set § = {x € R” : x” Qx < 1}, where Q > 0,

isog(y) =y Q7y.

Let S = {x € R* : a’x < b}, where 0 # a € R” and # € R. Find the support
function og.

Let p > 1. Show that the support function of § = {x € R : ||x|, < 1} is o5(y) =

|[y] |q, where ¢ is defined by the relation % + é —1.

Let fo,/s---5/f,, be convex functions over R* and consider the perturbation
function

F(b)zn‘;in{ﬁ)(x) f(x)< b,i=1,2,...,m}.

Assume that for any b € R” the minimization problem in the above definition of
F(b) has an optimal solution. Show that F is convex over R”,

Let C CR” be a convex set and let ¢,,...,¢,, be convex functions over C. Let U
be the following subset of R™:

U={yeR":¢,(x)<y1..., (%) <y, for some x C}.

Show that U is a convex set.

(1) Show that the extreme points of the unit simplex A, are the unit-vectors
€,€...,€,.

(iiy Find the optimal solution of the problem

max  57x2 +65x2 + 17x7 +96x,x, — 32x, X, + 8x,%; + 27x, — 84x, + 20x,
st X+ x+x;=1
Xy X9y X3 2 0.

Prove that for any x;,x,,...,x, € R, the following inequality holds:

?:l xf ?:1 xf
< .

n - n

Prove that for any x;,x,,...,x, € R, the following inequality holds:

n 2 n 3
=17 i=1""¢
} i3 - 1 "
i=1%i i=1%i

Let x,%),...,%, > O satisfy 337 | x; = 1. Prove that

i=1 ‘\flﬂxj_ n—l-
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7.39. Prove that for any a, &, ¢ > 0 the following inequality holds:

1 1 1
—— L 2 .
a+b4c ™ (a+b+b+c+c+a)

7.40. (i) Prove that the function f(x) = 1 -:e" is strictly convex over [0, 00).

(i) Prove that for any 4,,4,,...,4, > 1 the inequality
| n
>

; 1+ﬂ£ - 1'+‘ 1"fﬂ1a2‘ trdy,

holds.



Chapter 8
Convex Optimization

8.1 = Definition

A convex optimization problem (or just a convex problem) is a problem consisting of mini-
mizing a convex function over a closed and convex set. More explicitly, a convex problem
is of the form
min  f(x) 8.1)
st. x€C, )

where C is a closed and convex set and f is a convex function over C. Problem (8.1} isina
sense implicit, and we will often consider more explicit formulations of convex problems
such as convex optimization problems in functional form, which are convex problems of

the form
min f(x)
st g(x)<0, i=12,...,m, (8.2)
h}-(x)zo, 1=12,...,p,

where f,g,,...,8,, : R” = R are convex functions and b1,h2,...,bp : R” = R are affine
functions. Note that the above problem does fit into the general form (8.1) of convex
problems. Indeed, the objective function is convex and the feasible set is a convex set
since it can be written as

n p
Cz(ﬂLev(gi,O))m ﬂ{x:hj(x)=0} ,

i=1 j=1

which implies that C is a convex set as an intersection of level sets of convex sets, which
are necessarily convex sets, and hyperplanes, which are also convex sets. The set C 1s
closed as an intersection of hyperplanes and level sets of continuous functions. (Recall
that a convex function is continuous over the interior of its domain; see Theorem 7.36.)

The following result shows a very important property of convex problems: all local
minimum points are also global minimum points.

Theorem 8.1 (local=global in convex optimization). Let f : C — R be a convex func-

tion defined on the convex set C. Let xX* € C be a local minimum of f over C. Thenx* isa
global minimum of f over C.

147
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Proof. Since x* is 2 local minimum of f over C, it follows that there exists r > 0 such that
f(x) = f(x*) for any x € C satisfying x € B[x*,r]. Now let y € C satisfy y # x*. Our
objective isto show that f(y) > f(x*). Let A€ (0, 1] be such that x* + A(y—x*) € B[x*, r].
An example of such Ais A = o Since x* + Aly —x*) € B[x*, rINC, it follows that

f(x*) < f(x* + Ay —x*)), and hence by Jensen’s inequality

fE) S+ Ay—x) S A-Af )+ A1 (y).
Thus, Af(x*) < Af(y), and hence the desired inequality f(x*) < f(y) follows. O

A slight modification of the above result shows that any local minimum of a sericely
convex function over a convex set is a strict global minimum of the function over the set.

Theorem 8.2. Let f : C — R be a strictly convex function defined on the convex set C. Let
x* € C be a local minimum of f over C. Then x* is a strict global minimum of f over C.

The optimal set of the convex problem (8.1) is the set of all minimizers, that is,
argmin{f(x): x € C}. This definition of an optimal set is also valid for general problems.
An important property of convex problems is that their optimal sets are also convex.

Theorem 8.3 (convexity of the optimal set in convex optimization). Let f : C = R
be a convex function defined over the convex set C CR”. Then the set of optimal solutions of
the problem

min{f(x):x€ C}, (8.3)

which we denote by X*, is convex. If, in addition, f is strictly convex over C, then there exists
at most one optimal solution of the problem (8.3).

Proof. If X* =0, the result follows trivially. Suppose that X* # @ and denote the optimal
value by f*. Let x,y € X* and A € [0,1]. Then by Jensen’s inequality f{(Ax + (1 —
Ay) < Af*+ (1= A)f* = f*, and hence Ax + (1 — A)y is also optimal, i.e., belongs to
X*, establishing the convexity of X*. Suppose now that f is strictly convex and X* is
nonempty; to show that X* is a singleton, suppose in contradiction that there exist x,y €
X* such that x #y. Then 3x+ 3y € C, and by the strict convexity of £ we have

1 1 1 1 1 1
7(53+39) <30+ 3 =3 43 =1
which is a contradiction to the fact that f* is the optimal value. O

Convex optimization problems consist of minimizing convex functions over convex
sets, but we will also refer to problems consisting of maximizing concave functions over
convex sets as convex problems. (Indeed, they can be recast as minimization problems of
convex functions by multiplying the objective function by minus one.)

Example 8.4. The problem
min  —2x, + X,
st. x24x2<3

1s convex since the objective function is linear, and thus convex, and the single inequality
constraint corresponds to the convex function f(x;, x,) = x + x7 —3, which is a convex
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quadratic function. On the other hand, the problem

: 2
min  x$—x,
2,2
st.  x{+x;=3
is nonconvex. The objective funciion is convex, but the constraint is a nonlinear equality

constraint and therefore nonconvex. Note that the feasible set is the boundary of the ball
with center (0,0) and radius v3. B

8.2 s Examples
8.2.1 = Linear Programming

A linear programming (LP) problem is an optimization problem consisting of minimizing
a linear objective function subject to linear equalities and inequalities:

min c’x
(LP) st Ax<b,
Bx=g.

Here A e R™" b e R”,B € R?”,g e R?,c € R”. This is of course a convex optimiza-
tion problem since affine functions are convex. An interesting observation concerning LP
problems is based on the fact that linear functions are both convex and concave. Consider

the following LP problem:
T

max c¢'x
st. Ax=Db,
x>0,

In the literature the latter formulation is many times called the “standard formulation.”
The above problem is on one hand a convex optimization problem as a maximization
of a concave function over a convex set, but on the other hand, it is also a problem of
maximizing a convex function over a convex set. We can therefore deduce by Theorem
7.42 that if the feasible set is nonempty and compact, then there exists at least one opti-
mal solution which is an extreme point of the feasible set. By Theorem 6.34, this means
that there exists at least one optimal solution which is a basic feasible solution. A more
general result dropping the compactness assumption is called the “fundamental theorem
of linear programming,” and it states that if the problem has an optimal solution, then it
necessarily has an optimal basic feasible solution.

Although the class of LP problems seems to be quite restrictive due to the linearity of
all the involved functions, it encompasses a huge amount of applications and has a great
impact on many fields in applied mathematics. Following is an example of a scheduling
problem that can be recast as an LP problem.

Example 8.5. For a new position in a company, we need to schedule job interviews for
n candidates numbered 1,2,...,7 in this order (candidate ; is scheduled to be the ith
interview). Assume that the starting time of candidate ; must be in the interval [2;, 3,],
where a; < [3;. To assure that the problem is feasible we assume that o, < 3, for any
: =1,2,...,n—1. The objective is to formulate the problem of finding # starting times of
interviews so that the minimal starting time difference between consecutive interviews is
maximal.



150 Chapter 8. Convex Optimization

Let ¢; denote the starting time of interview . The objective function is the minimal
difference between consecutive starting times of interviews:

fO)=min{t,—t;,t5—15,...,8,—¢,_,},
and the corresponding optimization problem is

max [min{tz_tl, £3—t2,...,tn—fﬂ_l}]
s.t. C!;ﬂtsSﬁl, i=1,2,...,ﬂ.

Note that we did not incorporate the constraints that ¢; < ¢, for i = 1,2,...,n—1
since the condition &; < 3;., will guarantee in any case that these constraints will be
satisfied in an optimal solution. The problem is convex since it consists of maximizing
a concave function subject to affine (and hence convex) constraints. To show that the
objective function is indeed concave, note that by Theorem 7.25 the maximum of convex
functions is a convex function. The corresponding result for concave functions (that can
be obrained by simply looking at minus of the function) is that the minimum of concave
functions is a concave function. Therefore, since the objective function is a minimum of
linear (and hence concave) functions, it is a concave function. In order to formulate the
problem as an LP problem, we reformulate the problem as

maxe; S
s.t. min{ty—t,,t3—t5,...,t, —t, 1} =5, (8.4)
asst“Sﬁ‘, i:.‘l,z,.-.,n.

We now claim that problem (8.4) is equivalent to the corresponding problem with an
inequality constraint instead of an equality:

max,; s
s.t. min{t, — ¢, t;—ty,...0 8, —t, 1} 25, (8.5)
@, <t;<fB, i=12...n.

By “equivalent” we mean that any optimal solution of (8.5) satisfies the inequality con-
straint as an equality constraint. Indeed, suppose in contradiction that there exists an
optimal solution (t*,s*) of (8.5) that satisfies the inequality constraints strictly, meaning
that min{¢; ¢S, t5 —1;,...,¢7 —¢t*_ } > s*. Then we can easily check that the solution
(t*,5), where § = min{t; —t;, 7 —¢;,..., 5 —t*_ }isalso feasible for (8.5) and has a larger
objective function value, which is a contradiction to the optimality of (t*,s*). Finally, we
can rewrite the inequality min{t, — t,, 5 —t,,...,t, —t, _;} 2 sas ¢, —¢t; > s for any
i =1,2,...,m—1, and we can therefore recast the problem as the following LP problem:

max,; $
S.L. ta—t2s, 1=4L2,...,n—1,
a;St;Sﬁn i:l,Z,...,n. .

8.2.2 « Convex Quadratic Problems

Convex quadratic problems are problems consisting of minimizing a convex quadratic
function subject to affine constraints. A general form of problems of this class can be
written as

min xQx+2b7x

s.t. Ax<g,
where Q € R"*” is positive semidefinite, b € R”, A € R™*", and ¢ € R™. A well-known

example of a convex quadratic problem arises in the area of linear classification and is
described in detail next.
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Figure 8.1. Type A (asterisks) and type B (diamonds) points.

8.2.3 = Classification via Linear Separators

Suppose that we are given two types of points in R”: type A and type B. The type A
points are given by
X1>X25...5X,, ER"

and the type B points are given by
X415 Xm 420+ > Xmpp eR”.

For example, Figure 8.1 describes two sets of points in R?: the type A points are denoted
by asterisks and the type B points are denoted by diamonds. The objective is to find a
linear separator, which is a hyperplane of the form

H(w,B)={xeR" :w'x+ =0}
for which the type A and type B points are in its opposite sides:

wx+8<0, i=1,2....,m,
wrxi+ﬁ>0, i=m+1,m+2,...,m+p.

Our underlying assumption is that the two sets of points are linearly separable, meaning
that the latter set of inequalities has a solution. The problem is not well-defined in the
sense that there are many linear separators, and what we seek is in fact a separator that
is in a sense farthest as possible from all the points. At this juncture we need to define
the notion of the margin of the separator, which is the distance of the separator from
the closest point, as illustrated in Figure 8.2. The separation problem will thus consist of
finding the separator with the largest margin. To compute the margin, we need to have
a formula for the distance between a point and a hyperplane. The next lemma provides
such a formula, but its proof is postponed to Chapter 10 (see Lemma 10.12), where more
general results will be derived.

Lemma 8.6. Let H(a,b) = {x€R" :a"x = b}, where0#a€R” and b eR. Lety e R".
Then the distance between y and the set H is given by

la”y—b|

40 H@E) ==
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Figure 8.2. The optimal linear seperator and its margin.

We therefore conclude that the margin corresponding to a hyperplane H(w,—/3)
(w#£0)is
lw’x; + |
in ————.
i=12,.mtp  ||w]|

So far, the problem that we consider is therefore

" |wrxl-+é|
max {ﬂuns=1.2,...,m+p [Iwi| }

st. wWxi+b<0, i=12....m,
wix,+3>0, i=m+1,m+2,...,m+p.

This is a rather bad formulation of the problem since it is not convex and cannot be easily
handled. Our objective is to find a convex reformulation of the problem. For that, note
that the problem has a degree of freedom in the sense that if (w, 3) is an optimal solution,
then so is any nonzero multiplier of it, that is, (aw,af3) for @ # 0. We can therefore

decide that

. T
X; =1
izlgg}mlw i+Bl=1,

and the problem can then be rewritten as

1

St. mun_, . m+p|wai+16|=1’
wix,+5<0, i=12....m,
wix,+3>0, i=m+12,...,m+p.

The combination of the first equality and the other inequality constraints implies that a
valid reformulation is |

min 3|{wlf?

st min_;, .., w'x; + B =1,
w’x; $PB€~l, i=12,....m,
wix,+82>1, i=m+1,2,....m+p,
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where we also used the fact that maximizing l—l;lﬂ-l is the same as minimizing ||w|[? in the

sense that the optimal set stays the same. Finally, we remove the problematic “min” equal-
ity constraint and obtain the following convex quadratic reformulation of the problem:

min  3|[wlf®
st. wix,+B8<—1, i=12,...,m, (8.6)
wa,-+}321, i=m+1,m+2,....,m+p.

The removal of the “min” constraint is valid since any feasible solution of problem
(8.6) surely satisfies min;_;, ,.,[Ww'x; + B| > 1. If (w,) is in addition optimal,
then equality must be satisfied. Otherwise, if min;_;, .., Iw7x; + 3| > 1, then a
better solution (i.e., with lower objective function value) will be 1(w, ), where a =
Min;_12  mip W' X; + Bl

8.2.4 » Chebyshev Center of a Set of Points

Suppose that we are given m points a,,a,,...,a,, in R”. The objective is to find the center
of the minimum radius closed ball containing all the points. This ball is called the Cheby-
shev ball and the corresponding center is the Chebyshev center. In mathematical terms, the
problem can be written as (» denotes the radius and x is the center)

min,, 7

s.t. a,€Blxr], i=12...,m.
Of course, recalling that B[x,7] = {y : |ly —x|| < 7}, it follows that the problem can be
written as )

min,, 7

S.t. llx—a;||< 7, i=1,2,...,m. 15

This is obviously a convex optimization problem since it consists of minimizing a linear
(and hence convex) function subject to convex inequality constraints: the function ||x—
a;||— r is convex as a sum of a translation of the norm function and the linear function
—r. An illustration of the Chebyshev center and ball is given in Figure 8.3.

25
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-3-25-2-15-1-050 05 1 15 2

Figure 8.3. The Chebysheuv center (denoted by a diamond marker) of a set of 10 points (aster-
isks). The boundary of the Chebyshev ball is the dashed circle.
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8.2.5 = Portfolio Selection

Suppose that an investor wishes to construct a portfolio out of # given assets numbered
as1,2,...,n. Let Y;(j = 1,2,...,7) be the random variable representing the return from
asset ;. We assume that the expected returns are known,

pi=E(Y;), j=12,...,n,
and that the covariances of all the pairs of variables are also known,
0;; =COV(Y,Y;), i,7=12,....m.

There are 7 decision variables x;,%,,...,x,, where x; denotes the proportion of budget

invested in asset ;. The decision variables are constrained to be nonnegative and sum up
to 1: x€ A,,. The overall return is the random variable,

n
R=2 %Y,
j =1
whose expectation and variance are given by

E(R)= u"x, V(R)=x"Cx,

where u = (u;, ts»--.,,)7 and C is the covariance matrix whose elements are given by

C,;=o;;forall1 <i,; <n. ltisimportant to note that the covariance matrix is always

positive semidefinite. The variance of the portfolio, x7 Cx, is the risk of the suggested
portfolio x. There are several formulations of the portfolio optimization problem, which
are all referred to as the “Markowitz model” in honor of Harry Markowitz, who first
suggested this type of a model in 1952.

One formulation of the problem is to find a portfolio minimizing the risk under the
constraint that a minimal return level is guaranteed:

min x/Cx
st u'x>a,
elx=1,

x>0,

(8.8)

where e 1s the vector of all ones and « is the minimal return value. Another option is to
maximize the expected return subject to a bounded risk constraint:

max yTx
T
s.t x'Cx<p
=M 9
elx=1, 8.9
x>0,

where 3 is the upper bound on the risk. Finally, a third option is to write an objective
function which is a combination of the expected return and the risk:

min —u’x+y(x? Cx)
st elx=1, (8.10)
x>0,
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where y > 0 is a penalty parameter. Each of the three models (8.8), (8.9), and (8.10) de-
pends on a certain parameter (a, 3, or y) whose value dictates the tradeoff level between
profit and risk. Determining the value of each of these parameters is not necessarily an
easy task, and it also depends on the subjective preferences of the investors. The three
models are all convex optimization problems since x” Cx is a convex function (its associ-
ated matrix C is positive semidefinite). The model (8.10) is a convex quadratic problem.

8.2.6 = Convex QCQPs

A quadratically constrained quadratic problem, or QCQP for short, is a problem consist-
ing of minimizing a quadratic function subject to quadratic inequality and equalities:

min  x7 Agx+2bl x+¢,
(QCQP) st. x'A;x+2b/x+¢; <0, i=12,..,m,
xTA),-x+2b:.Tx+cj=0, j=m+1m+2,...,m4p.

Obviously, QCQPs are not necessarily convex problems, but when there are no equal-
ity constrainers (p = 0) and all the matrices are positive semidefinite, A, > 0 for i =
0,1,...,m, the problem is convex and is therefore called a convex QCQP.

8.2.7 = Hidden Convexity in Trust Region Subproblems

There are several situations in which a certain problem is not convex but nonetheless can
be recast as a convex optimization problem. This situation is sometimes called “hidden
convexity.” Perhaps the most famous nonconvex problem possessing such a hidden con-
vexity property is the trust vegion subproblem, consisting of minimizing a quadratic func-
tion {not necessarily convex) subject to an Euclidean norm constraint:

(TRS) min{x” Ax+2bTx +c:|jx||> < 1}.

Here b € R”,c € R, and A is an z# X # symmetric matrix which is not necessarily pos-
itive semidefinite. Since the objective function is {possibly) nonconvex, problem (TRS)
is (possibly) nonconvex. This is an important class of problems arising, for example, as
a subroutine in trust region methods, hence the name of this class of problems. We will
now show how to transform (TRS) into a convex optimization problem. First, by the
spectral decomposition theorem (Theorem 1.10), there exist an orthogonal matrix U and
a diagonal matrix D = diag(d,,d,,...,d,) such that A = UDUT, and hence (TRS) can be
rewritten as

min{x’ UDU x4+ 2b7 UU x+¢: |[U'x|* < 1}, (8.11)

where we used the fact that [[U7 x|| = ||x||. Making the linear change of variables y = U7 x,
it follows that (8.11) reduces to

min{y’ Dy +2b" Uy +c : ||yl < 1}.
Denoting f = U7b, we obtain the following formulation of the problem:

min }‘=1d,-yf +22?=1f;y£ +c

: (8.12)
S.t. Ty sl

The problem is still nonconvex since some of the d;s might be negative. At this point,
we will use the following result stating that the signs of the optimal decision variables are
actually known in advance.
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Lemma 8.7. Let y* be an optimal solution of (8.12). Then fy; <O foralli =1,2,...,n

Proof. We will denote the objective function of problem (8.12) by f(y) = 3" d;y?
237 fivi+c. Leti€({1,2,...,n}. Define the vector § to be

=\ G =i
Then obviously ¥ is also a feasible solution of (8.12), and since y* is an optimal solution
of (8.12), it follows that
S,

which is the same as
n n n n
DA 2D fyi+e <D dFV+2> fi+e.
i=1 i=1 i=1 i=1

Using the definition of ¥, the above inequality reduces after much cancelation of terms to

2fy; <2697
which implies the desired inequality ;37 <0. O

As a direct result of Lemma 8.7 we have that for any optimal solution y*, the equality
sgn(y;) = —sgn(f;) holds when f; # 0 and where the sgn function is defined to be

1, x>0,
sg(x) = —1, x<0.

When f, = 0, we have the property that both y* and § are optimal (see the proof of Lemma
8.7), and hence the sign of y* can be chosen arbitrarily. As a consequence, we can make
the change of variables y; = —sgn(f;) /Z;(z; = 0), and problem (8.12) becomes

min 37 d;z,—-237"  |filyzZ +c
s.t. r % <, 8.13)
Z(3Z35.+422, = 0.

Obviously this is a convex optimization problem since the constraints are linear and the
objective function is a sum of linear terms and positive multipliers of the convex functions
—VZi To conclude, we have shown that the nonconvex trust region subproblem (TRS)
is equivalent to the convex optimization problem (8.13).

8.3 » The Orthogonal Projection Operator

Given a nonempty closed convex set C, the orthogonal projection operator P : R* — C

is defined by
Po(x) = argmin{|ly —x|* :y € C}. (8.14)
The orthogonal projection operator with input x returns the vector in C thar is closest

to Xx. Note that the orthogonal projection operator is defined as a solution of a convex
optimization problem, specifically, 2 minimization of a convex quadratic function subject
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to a convex feasibility set. The first orthogonal projection theorem states that the orthog-
onal projection operator is in fact well-defined, meaning that the optimization problem
in (8.14) has a unique optimal solution.

Theorem 8.8 (first projection theorem). Let C be a nonempty closed convex set. Then
problem (8.14) has a unique optimal solution.

Proof. Since the objective function in (8.14) is a quadratic function with a positive definite
matrix, it follows by Lemma 2.42 that the objective function is coercive and hence, by
Theorem 2.32, that the problem has at least one optimal solution. In addition, since the
objective function is strictly convex (again, since the objective function is quadratic with
positive definite matrix), it follows by Theorem 8.3 that there exists only one optimal
solution. O

The distance function was already defined in Example 7.29 as
d(x,C) = min|lx—ylI

Evidently, the distance function can also be written in terms of the orthogonal projection
as follows:

d(x,C) = |lx—Pc(x)l.

Computing the orthogonal projection operator might be a difficult task, but there are
some examples of simple sets on which the orthogonal projection can be easily computed.

Example 8.9 (projection on the nonnegative orthant). Let C = R”. To compute the
orthogonal projection of x € R” onto R}, we need to solve the convex optimization
problem
min Z?=1(J’i —x;)
SE. Vs Ype-s¥, 2 0.
Since this problem is separable, meaning that the objective function is a sum of functions
of each of the variables, and the constraints are separable in the sense that each of the

variables has its own constraint, it follows that the 7th component of the optimal solution
y* of problem (8.15) is the optimal solution of the univariate problem

(8.15)

min{(y; —x;)? :y; >0},

which is given by y* =[x;], , where for a real number « € R, [2], is the nonnegative part

of a:
[a] _} a a2zl
+7 10 a<O.

We will extend the definition of the nonnegative part to vectors, and the nonnegative part
of a vector v € R” is defined by

vl = (vl [""n]+)T-

To summarize, the orthogonal projection operator onto R” is given by
PR: (X) — [X]+. .
Example 8.10 (projection on boxes). A box is a subset of R” of the form

B=[{, u]x[ly8,]%x--x[{,,n,]={x€R":{,<x;, <u},
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where £, <, forall i = 1,2,...,n. We will also allow some of the #;’s to be equal to 0o
and some of the £,’s to be equal to —oo; in these cases we will assume that oo or —oo are
not actually contained in the intervals. A similar separability argument as the one used
in the previous example, shows that the orthogonal projection is given by

y = Pg(x),
where
,, X;=H;,
;=% %, {;<x <u,
f,-, xI'Sfi,

foranyi=1,2,...,n. 1

Example 8.11 (projection onto balls). Let C = B[0,7] = {y :||ly|| £ r}. The optimiza-
tion problem associated with the computation of P-(x) is given by

myin{lly—Xllz Hiyll* < 7). (8.16)

If |[x}| < r, then obviously y = x is the optimal solution of (8.16) since it corresponds to
the optimal value 0. When |[x|| > r, then the optimal solution of (8.16) must belong to
the boundary of the ball since otherwise, by Theorem 2.6, it would be a stationary point
of the objective function, that is, 2(y —x) = 0, and hence y = x, which is impossible since
x ¢ C. We thus conclude that the problem in this case is equivalent to

r!flyilfl{lb’—xll2 [l = 7%},
which can be equivalently written as

min{—2x"y+r+[}x/f*: P = 72},

The optimal solution of the above problem is the same as the optimal solution of

min{—2x"y: |}y|f = 7).

By the Cauchy-Schwarz inequality, the objective function can be lower bounded by
~2x"y 2 —2]|x|||lyll = =27 }xll

and on the other hand, this lower bound isattainedaty = » > 2nd hence the orthogonal
projection is given by

_[x A<~
Pyior1= { it x> W

8.4« CVX

CVX is a MATLAB-based modeling system for convex optimization. It was created by
Michael Grant and Stephen Boyd [19]. This MATLAB package is in fact an interface
to other convex optimization solvers such as SeDuMi and SDPT3. We will explore here
some of the basic features of the software, but a more comprehensive and complete guide
can be found at the CVX website (CVXr . com). The basic structure of a CVX program is
as follows:
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cvX_begin

{variables declaration}

minimize{{objective function}) or maximize({objective function})
subject to

{constraints}

cvx_end

Variables Declaration
The variables are declared via the command variable or variables. Thus, for example,

variable x(4);
variable z;
variable Y{(2,3);

declares three variables:
e X, a column vector of length 4,
e z, ascalar,
e Y, 22 x3 matrix.
The same declaration can be written as

variables x{4) 2z Y(2,3);

Atoms

CVX accepts only convex functions as objective and constraint functions. There are sev-
eral basic convex functions, called “atoms,” which are embedded in CVX. Some of these
atoms are given in the following table.

tunction meaning artributes

' norm{x,p) Vi xlP(p=1) convex

square(x) x? convex

sum_square(x) - xf convex
square_pos(x) [x? convex, nondecreasing
sqrt(x) vx concave, nondecreasing
inv_pos(x) %(x > 0) convex, nonincreasing
max(x) max{x;,%;,...,%,} | convex, nondecreasing

2
quad_over_lin(,y) ”—’;”— (y>0) convex
quad_form(x,P) x'Px (P >0) convex

In addition, CVX is aware that the function x? for an even integer p is a convex func-
tion and that affine functions are both convex and concave.

Operations Preserving Convexity
Atoms can be incorporated by several operations which preserve convexity:
e addition,

e multiplication by a nonnegative scalar,
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e composition of a2 nondecreasing convex function with a convex function,

e composition of a convex function with an affine transformation.

CVX is also aware that minus a convex function is a concave function. The constraints
that CVX is willing to accept are inequalities of the forms

f (x)<=g(x)
g(x)>=f (x)

where f is convex and g is concave. Equality constraints must be affine, and the syntax
is (b and s are affine functions)

h{x}==s(x)

Note that the equality must be written in the format ==. Otherwise, it will be interpreted
as a substitution operation.

Example 8.12. Suppose that we wish to solve the least squares problem

min ||Ax—b|]%,

where
1 2 7
A={3 4}, b=18
5 6 9

We can find the solution of this least squares problem by the MATLAB commands

>> A=[1,2;3,4;5,6]1;b=(7;8;9];
>> X={(A"*A)\ (A’ *b)
o=

~-6.0000

6.5000

To solve this problem via CVX, we can use the function sum_square:
cvx_begin
variable x(2)

minimize (sum_square{A*x-b))
cvx_end

The obtained solution is as expected:

-6.0000
6.5000

We can also solve the problem by noting that

|Ax —bl|* = x” AT Ax—2b7 Ax +|[b|?
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and writing the following commands:

cvx_begin

variable x{2)

minimize {quad_£form{x, A’ *A)-2+b’ *A*x)
cvx_end

However, the following program is wrong and CVX will not accept it:

cvx_begin

variable x{(2)

minimize (norm(A*x-b) "2}
cvx_end

The reason is that the objective function is written as a composition of the square function
which is 7ot nondecreasing with the function norm (Ax-b). Of course, we know that
the image of || Ax — b|| consists only of nonnegative values and that the square function
is nondecreasing over that domain. However, CVX is not aware of that. If we insist on
making such a decomposition we can use the function square_pos - the scalar function
¢(x) = max{x,0}%, which is convex and nondecreasing, and write the legitimate CVX
program:

cvx_begin

variable x(2)

minimize (square_pos {norm(A*x-b)))
cvx_end

It is also worth mentioning that since the problem of minimizing the norm is equivalent
to the problem of minimizing the squared norm in the sense that both problems have the
same optimal solution, the following CVX program will also find the optimal solution,
but the optimal value will be the square root of the optimal value of the original problem:

cvX_begin

variable x(2)
minimize (norm{(A+x-b))
cvx_end

Example 8.13. Suppose that we wish to write a CVX code that solves the convex opti-

mization problem
min  4/x? +x2 + 1+ 2max{x,, x,,0}
xl
st. x| +]x|+ 2 <5

Lixt<i0 (8.17)
*
x, 2> 1
x; 2 0.
In order to write the above problem in CVX, it is important to understand the reason why

Vx+ xg + 1is convex since writing sqrt (x (1) ~2+x (2) *2+1) in CVX will result in
an error message. Since the expression 1s written as a composition of an increasing concave
function with a convex function, in general it does not result in a convex function. A valid

reason why /%2 + x2 + 1 is convex is that it can be rewritten as ||(x,, %;, 1)7 || That is, it
is a composition of the norm function with an affine transformation. Correspondingly,



the correct syntax in CVX will be norm( [x;11). Overall, a CVX program that solves
(8.17) 1s

cvx_begin

variable x(2)
minimize(norm({x;1])+2*max(max{x(1l),x(2)),0})
subject to

normix, l)+quad_over_lin{x{1l),x(2))<=5
inv_pos(x(2))+x(1)"4<=10

x{2)>=1

x{1l)>=0

cvx_end

|
Example 8.14. Suppose that we wish to find the Chebyshev center of the 5 points
(=1,3), (=3,10), (~1,0), (5,0), (—1,—5).

Recall that the problem of finding the Chebyshev center of a set of points a,, a,,...,a,, is

given by (see Section 8.2.4)

m

min,, 7

s.t. x—a,|l<r, i=12,...,m,

and thus the following code will solve the problem:

A=[-1,~-3,-1,5,~1;3,10,0,0,-5];
cvX_begin
variables x(2) r
minimize{(r)
subject to
for i=1:5
norm(x-A{:,i))<=r
end
cvx_end

This results in the optimal solution

7.5664

To plot the 5 points along with the Chebyshev circle and center we can write

plot (A(Ll, :},A(2,:},’*")}
hold on
plot{x(1}),x(2),d’")
£t=0:0.001:2+pi;
xx=x{1l)+r*cos(t);
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vy=x(2)+r*sin(t);
plot (xx,yy)

axis equal
axis([-11,7,-6,11])
hold off

The result can be seen in Figure 8.4. W

10}

o N A2 O @

. i

-0 -8 -6 -4 -2 0 2 4 6

Figure 8.4. The Chebyshev center (diamond marker) of 5 points (in asterisks).

Example 8.15 (robust regression). Suppose that we are given 21 points in R? generated
by the MATLAB commands

randn(’'seed’,314);
x=linspace(-5,5,20)’;
y=2*xX+1l+randn(20,1);
x=[x;5];

y=[y:-20];
plot (., ¥, ‘%)

hold on

The resulting plot can be seen in Figure 8.5. Note that the point (5,—20) is an outlier; it is
far away from all the other points and does not seem to fit into the almost-line structure
of the other points. The least squares line, also called the regression line, can be found by
the commands (see also Chapter 3)

A=[x,ones(21,1)];

b=y;

u=A\b;

alpha=u(l) ;beta=u(2);
plot([-6,6],alphax[-6,6]+beta) ;
hold off

resulting in the line plotted in Figure 8.6. As can be clearly seen in Figure 8.6, the least
squares line is very much affected by the single outlier point, which is a known drawback
of the least squares approach. Another option is to replace the /,-based objective function
||Ax —bl|3 with an /;-based objective function; that is, we can consider the optimization
problem

min||Ax—bl||,.
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-6 -4 - 0 2 4 6

Figure 8.5. 21 points in the plane. The point (5,—20) is an outlier.

15 L] L] L]

-15} .

-20 + : . : : . .
-6 -4 -2 0 2 4 6

Figure 8.6. 21 points in the plane along with their least squares (regression) line.

This approach has the advantage that it is less sensitive to outliers since outliers are not
as severely penalized as they are penalized in the least squares objective function. More
specifically, in the least squares objective function, the distances to the line are squared,
while in the /;-based function they are not. To find the line using CVX, we can run the
commands

plot(x,y,'*")

hold on

cvx_begin

variable u_11(2)

minimize (norm(Axu_11-b,1))
cvx_end

alpha_1l1=u_11(1);
beta_l1l=u_11(2);
plot([-6,6],alpha_1l1*[-6,6]+beta_11);
axis([-6,6,-21,15])

hold off

and the corresponding plot is given in Figure 8.7. Note that the resulting line is insensitive
to the outlier. This is why this line is also called the robust regression line. 1
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6 -4 -2 0 2 4 €
Figure 8.7. 21 points in the plane along with their robust regression line.

Example 8.16 (solution of a trust region subproblem). Consider the trust region sub-
problem (see Section 8.2.7)

min  x2 4 x7 +3x2 + 4%, x, + 6x, %, + 8%, %3 + %, + 2%, — X3
e
st Xy +x;+x3 <1,
which is the same as
min x’Ax+2b7x
st. |[x|P <1,

12 3 3
A=(2 1 4], b=]| 1
3 4 3 i

2
The problem is nonconvex since the matrix A is not positive definite:

where

>> A=[1,2,3:2,1,4:3,4,31;
>> b=[0:531:~0.51;

>> eig(A)
ans =
-2.1683
-0.8093
7.9777

It is therefore not possible to solve the problem directly using CVX. Instead, we will use
the technique described in Section 8.2.7 to convert the problem into a convex problem,
and then we will be able to solve the transformed problem via CVX. We begin by com-
puting the spectral decomposition of A,

[U,D]l=eig(A);

and then compute the vectors d and f in the convex reformulation of the problem:

f=U"’xb;
d=diag (D) ;
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We can now use CVX to solve the equivalent problem (8.13):

cvx_begin

variable z(3)
minimize(d’*z-2+abs(f) ’'+*sqrt{z}}
subject to

sum(z)<=1

z>=0

cvx_end

The optimal solution is then computed by y; = —sgn(f;),/z; and then x = Uy:
>> y=-sign(f).+rsqrt(z);

>» x=Uxy
o=
-0.2300
-0.7259
0.6482
|
Exercises
8.1, Consider the problem
min f(x)
Py st g(x)<0
xeX,

where f and g are convex functions over R” and X € R” is a convex set. Suppose

that x* is an optimal solution of (P) that satisfes g(x*) < 0. Show that x* is also an
optimal solution of the problem

min  f(x)

st. x€X.

8.2. Let C = B[x,, 7], where x; € R” and r > 0 are given. Find a formula for the
orthogonal projection operator P.

8.3. Let f be a strictly convex function over R™ and let g be a convex function over
R”. Define the function

h(x) = f(Ax)+ g(x),

where A € R™**, Assume that x* and y* are optimal solutions of the uncon-
strained problem of minimizing 4. Show that Ax* = Ay*.

8.4. For each of the following optimization problems (a) show that it is convex,

(b) write a CVX code that solves it, and (c) write down the optimal solution (by
running CVX).

@)
min xf +2x,x, +2x§ + x§ +3x, —4x,
7 3 {x;—x,+x,+1)
S.t. \/234:1 +x % +4x, +4+ _]_xfﬂi_ <6
xl,xz, x3 2 1-
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(i)
max X, + X, +x;+ x4
st (=%, +(x;+2x,) <5
Xy 4+ 2%, +3x; +4x, <6
X1y X, X3, X4 2 0.
(ii1)
min  5x7 +4x7 4+ 7x7 + 4%, %, + 2%, %3 + |, — x|
xz xz
st R4 (xd4xI+1) <10
xy > 10,

(iv)

min \/xf+x§+2x1+5+x12+2x1x2+x22+2x1+3x2
2 2 8

st - +(E+1) <100
X +x, >4
x, 2 1.

)

min |2, + 3%, + x3) + 22 +x + x4+ ‘/Zchl2 + 4x,x, + 7x% + 10x, + 6
L+1
s.t. % +2x12 + 5x§ + 10x§ +4x.x,+ 2%, %, +2%y%, L7
x, 20
xy = 1.

For this problem also show that the expression inside the square root isalways
nonnegative, i.e., 294:12 +4x,x, + 7x§ +10x, + 6 >0 forall x;, x,.

(vi)
2
: 1 2 2 24 qtxtl
min m +5x1 +4x2 -|-7Jl‘.'3 +-Jx2_+};c3_
st. max{x, +x,,x7} +(x] +4x,x, +5x2 + 1) <10
X1s X, %3 2 0.1,
(vi1)
min \/2fo+ 3xf +x2 +4x %y + 7+ (x2 + 22+ x2 1)
s.t. (—’:‘C%)— +x; <7
x4+ x7 +4x2 + 22, %, 4 2%, x5 + 2%, %3 < 10
X5 X9y X3 2 Q.
(vi)
I‘ xeZ 4
min ;%%ﬁ +/x2+1
2
s.t. x% + x5+ 2x2 + 2, x5 + 25 X3 + 2x,%;, < 100
X+ X4 x3 =2
xl + x2 2 1.
(x)

4 4
min ;& + 3+ 2%+ | + 5]+ %, + 5]+ [x; + 5
2 1
2

s.t. ((xf -+-x22 +xl4 1)2 + 1) +x7 4 x5 + x5 <200

max {x? +4x,x, + 9%}, %, %, } <40

X 21

x, 2 1.
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(x)
min (x4 %, +%;)° + x7 + x7 4+ 3x3 + 2x, %, + 2x,%; + 2%, x5
st.  (|x;—2x,|+ 1)+ xl; <10,
2x,+2x,+ %3, < 1,
05551

8.5. Suppose that we are given 40 points in the plane. Each of these points belongs to
one of two classes. Specifically, there are 19 points of class 1 and 21 points of class
2. The points are generated and plotted by the MATLAB commands

rand(’'seed’,314);

x=rand (40,1) ;

y=rand(40,1);

class=[2*x<y+0.5]+1;
Al=[x(find(class==1)),y(find(class==1))];
A2=[x(find(class==2)),y(find(class==2))];
plot(Al(:,1),A1(:,2),’*', 'MarkerSize’,6)
hold on

plot(A2(:,1),A2(:,2),'d’, 'MarkerSize',6)
hold off

The plot of the points is given in Figure 8.8. Note that the rows of A; € R""*?
are the 19 points of class 1 and the rows of A, € R?'*? are the 21 points of class 2.

Werite a CVX-based code for finding the maximum-margin line separating the two
classes of points.

1 T T L L T L

0.9}
0.8 s
0.7}
0.6}
0.5} .o -
0.4} . . .
03} . o 18 . 1
0.2} ’ :
0.1} g

0

0 01 02 03 04 05 06 07 08 09 1

Figure 8.8. 40 points of two classes: class 1 points are denoted by asterisks, and class 2 points
are denoted by diamonds.
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Optimization over a
Convex Set

9.1 » Stationarity

Throughout this chapter we will consider the constrained optimization problem (P)
given by

min  f(x)
®) st. XxeC,

where f is a continuously differentiable function and C is a closed and convex set. In
Chapter 2 we discussed the notion of stationary points of continuously differentiable func-
tions, which are points in which the gradient vanishes. It was shown that stationarity is a
necessary condition for a point to be an unconstrained local optimum point. The situa-
tion is more complicated when considering constrained problems of the form (P), where
instead of looking at stationary points of a function, we need to consider the notion of
stationary points of  problem.

Definition 9.1 (stationary points of constrained problems). Let f be a continnously
differentiable function over a closed convex set C. Then x* € C is called a stationary point
of P) if VF(x*)T(x—x*)>0foranyx€ C.

Stationarity actually means that there are no feasible descent directions of f at x*.
This suggests that stationarity is in fact a necessary condition for a local minimum of (P).

Theorem 9.2 (stationarity as a necessary optimality condition). Let f be a continuously
differentiable function over a closed convex set C, and let x* be a local minimum of (P). Then
X* is a stationary point of (P).

Proof. Let x* be a local minimum of (P), and assume in contradiction that x* is not a
stationary point of (P). Then there exists x € C such that V£ (x*)7(x—x*) < 0. There-
fore, f'(x*;d) < 0 where d = x — x*, and hence, by Lemma 4.2, it follows that there
exists ¢ € {0, 1) such that f(x* + td) < f(x*) for all £ € (0,¢). Since C is convex we have
that x* + td = (1 — £)x* + tx € C, leading to the conclusion that x* is not a local opti-
mum point of (P), in contradiction to the assumption that x* is a local minimum point

of P). O

169
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Example 9.3 (C =R"). If C = R”, then the stationary points of (P} are the points x*
satisfying
V) (x—x") >0 (9.1)

for all x € R”. Plugging x = x* — Vf(x*) into (9.1), we obtain that —||V f(x*)|]* > 0,
implying that
Vf(x*)=0.

Therefore, it follows that the notion of a stationary point of a function and a stationary
point of a minimization problem coincide when the problem is unconstrained. W

Example 9.4 (C =R?). Consider the optimization problem

Q) min  f(x)

Sot- xizo, i:].,z,...,ﬂ,

where f is a continuously differentiable function over R”,. A vector x* €R?, is a station-
ary point of (Q) if and only if

VI (x) (x—x")>0forall x>0,
which is the same as
Vi) x—Vf(x) x>0forall x>0, 9.2)
We will now use the following technical result:
a’x+ b >0forallx>0if and only ifa>0and b > 0.
Using this simple result, it follows that (9.2) holds if and only if
VF x*)>0and VA(x*) x* <0. (9.3)

Since Vf(x*) > 0 and x* > 0, we can conclude that (9.3) holds if and only if
J
Vf(x*)>0and x;‘-gf—(x*) =0, :1=12,...,n.
X

We can compactly write the above condition as follows:

g3y Bze

Example 9.5 (stationarity over the unit-sum set). Consider the optimization problem

®) min f (x)

st. e x—l

where f is a continuously differentiable function over R”. The feasible set

U={xeR":e"x=1}= {XER" Zx _1}
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is called the unit-sum set . A point x* € U is a stationary point of (R) if and only if
O V)T (x—x")>0 for all x satisfying e’ x = 1.
We will show that condition (I) is equivalent to the following simple and explicit conds-

tion: of af of
W F)= G0 == 5T (x)
x”
We begin by showing that (II) 1mphes (D). Indeed, assume that x* € U satisfies (I[). Then
for any x € U one has

Vi) (x—x") = _Z (x )x; ~x7)

G .
axl(x)(;x Z .):x(x)(1—1)=0,

and in particular V£ (x*)T (x —x*) > 0. We have thus shown that (I} is satisfied. To show
the reverse direction, take x* € U that satishes (I} and assume in contradiction that (II)
does not hold. This means that there exist two different indices i # j such that

f . 9f .
a—x(x)>x(x)-

i i

v, kel
xk = JC?‘ - 1, k — i,

Define the vector x€ U as

1

X +1, k=].
Then

V) (x~ X)‘-—f'(x Nx; =)+ af(x Yx; =—x)

_ 3f o ot
__3_( )+ 5 ()

Xj
<0,
which is a contradiction to the assumption that (I) is satished. We thus conclude that (I)

implies(I). W

Example 9.6 (stationarity over the unit-ball). Consider the optimization problem

min f(x)
® s W<,

where f is a continuously differetiable function over B[0,1]. A point x* € B[0,1]is a
stationary point of problem (§) if and only if

VF(x")T(x—x") > 0 for all x satisfying |jx]| < 1, (9.4)
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which is equivalent to
min{Vf(x*)Tx—Vf(x*)Tx": ||x|]| < 1} > 0.
We will now use the following fact:
[A] for any a € R” the optimal value of the problem min{a”x : ||x]| < 1} is —|Jal.

Indeed, if 2 = 0, then obviously the optimal value is 0 = —||a|j. If a # 0, then by the
Cauchy-Schwarz inequality we have for any x € B[0,1]

a’x > —|lal|-[}x]| = ~|lall

so that

minfa’ x: [jx|| < 1} > ~|la.
On the other hand, the lower bound —|Ja|| is attained at x = — iy 2nd hence fact [A] is
established.

Returing to the characterization of stationary points over the unit ball, by fact [A] it
follows that (9.4) is the same as

—V)x 2|V ©.5)
However, we have by the Cauchy-Schwarz inequality that the following inequality holds:

=V ) x S IV S IV,

and we conclude that x* is a stationry point of (§) if and only if

IV =~V (x) %" (9.6)

The above condition is a simple and explicit characterization of the stationarity prop-
erty. We can, however, find a more informative characterization of stationarity by the
following argument: Let x* be a point satisfying (9.6). We have two cases:

e If Vf(x*) =0, then (9.6) holds automatically.

o If Vf(x*) #0, then ||x*]| = 1 since otherwise, if ||x*|| < 1, we have by (once again!)
the Cauchy-Schwarz inequality that

=V ) x VAN I < VA,

which is a contradiction to (9.6). We therefore conclude that when Vf(x*) #£0, x*
is a stationary point if and only if ||x*|| =1 and

=V )& =IVFE-Ix°]). ©.7)

The latter equality is equivalent to saying that there exists A < Osuch that Vf(x*) =
Ax*. To show this, note that if there exists such a A, then indeed

—Vf(x) % == A | E |- Ikl = IO £ - 1)

so that (9.7) is satisfied. In the other direction, if (9.7) holds, then this means that
the Cauchy-Schwarz inequality is satisfied as an equality, and hence, by Lemma 1.5,
it follows that there exist A € R such that V f(x*) = Ax*. The parameter A must be
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nonpositive since otherwise the left-hand side of (9.7) would be negative, and the
right-hand side would be positive, contradicting the equality in (9.7).

In conclusion, x* is a stationary point of (8) if and only if either Vf(x*) =0 or ||x*]| =1
and there exists A< Osuchthat VF(x* )= Ax*. B

To summarize the four examples, we write explicitly each of the stationarity condi-
tions in the following table.

feasible set explicit stationarity condition
R Vix) =0
3f /o x =0, x>0
R Z’?,("){ >0, x*=0
(xeR":eTx=1) sL(x)== £ (x)
B[0,1] Vf(x)=0or|x[j=1and 3A<0: V/(x*) = Ax’

9.2 = Stationarity in Convex Problems

Stationarity is a necessary optimality condition for local optimality. However, when the
objective function is additionally assumed to be convex, stationarity is a necessary and
sufficient condition for optimality.

Theorem 9.7. Let f be a continuously differentiable convex function over a closed and
convex set C CR”, Then x* is a stationary point of

P) min f(x)

st. xe€C
if and only if x* is an optimal solution of (P).

Proof. If x* is an optimal solution of (P), then by Theorem 9.2, it follows that x* is a
stationary point of (P). To prove the sufficiency of the stationarity condition, assume
that x* is a stationary point of (P), and let x € C. Then

fOZ )+ V) (x—x) 2 f(x),

where the first inequality follows from the gradient inequality for convex functions (The-
orem 7.6) and the second inequality follows from the definition of a stationary point. We

have this shown that x* is the global minimum point of (P), and the reverse direction is
established. O

9.3 = The Orthogonal Projection Revisited

We can use the stationarity property in order to establish an important property of the
orthogonal projection operator. This characterization will be called the second projection
theorem. Geometrically it states that for a given closed and convex set C, x € R”, and
y € C, the angle between x — P-(x) and y — P-(x) is greater than or equal to 90 degrees.
This phenomenon is tllustrated in Figure 9.1.
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Figure 9.1. The orthogonal projection operator.

Theorem 9.8 (second projection theorem). Let C be a closed convex set and let x € R”.
Then z = P(x) if and only if

(x—2)T(y—z)<0foranyyeC. 9.8)
Proof. z = P(x) if and only if it is the optimal solution of the problem

min  g(y) = |ly—x||?
st. yeC.

Therefore, by Theorem 9.7 it follows that z = P(x) if and only if
Vg(z)T(y—z)>0forallye C,
which is the same as (9.8). O

Another important property of the orthogonal projection operator is given in the
following theorem, which also establishes the so-called nonexpansiveness property of P.

Theorem 9.9. Let C be a closed and convex set. Then
1. foranyv,w€R”"
(Pc(v)=Pc(w))" (v—w) 2 [IPc(v) — Pc(W)IF" ©9)
2. (nonexpansiveness) for any v,w € R”
|Pc(v)—Pc(w)|| < [lv—wl. (.10)
Proof. Recall that by Theorem 9.8 we have that for any x€ R” andye C
(x—Pc(x))" (y—Pc(x)) 0. (9.11)
Substituting x =v and y = P(w), we have

(v—Pc(v))" (Pc(w)—Pc(v)) <O. (9.12)
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Substituting x = w and y = P(v), we obtain
(w—Pc(W)) (Pc(v)— Pe(w) <O. (9.13)
Adding the two inequalities (9.12) and (9.13) yields
(Pc(W)—P(v)) (v~ W+ Pc(w)—Pc(v) 0,

and hence,
(Pe(v)—Pc(W)) (v—w) 2 ||Pc(v)— P (W),

showing the desired inequality (9.9).
To prove (9.10), note that if P(v) = P(w), the inequality is trivial. If Po(v) # P(w),
then by the Cauchy-Schwarz inequality we have

(Pc(v)=Pc(wW)T (v—w) < ||Pc(v)=Pc(W)||- {Iv—wi,
which combined with (9.9) yields the inequality
1Po(v)—=Pc(W)IF < 1Pc(v) = Pc(wil-v—wi.
Dividing by ||Po(v)— P(w)|| implies (9.10). DO

Coming back to stationarity, the next result describes an additional useful representa-
tion of stationarity in terms of the orthogonal projection operator.

Theorem 9.10. Let f be a continnonsly differentiable function defined on the closed and
convex set C, and let s > 0. Then X* is a stationary point of the problem

min f(x)
(P) st. xeC

if and only if
X' = Po(x*—sVf(x")). (9.14)

Proof. By the second projection theorem (Theorem 9.8), it follows that x* = Po(x* —
sV £(x")) if and only if

(x —sVf(x*)—x") (x—x") < Oforany x€ C.
However, the latter relation is equivalent to
Vix) (x—x")>0forany x€ C,

namely to stationarity. O

Note that condition (9.14) seems to depend on the parameter s, but by its equivalence
to stationarity, it is essentially independent of s.

9.4 = The Gradient Projection Method

The stationarity condition
X" =P-(x* —sVf{x")) 9.15)
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naturally motivates the following algorithm, called the gradient projection method, for solv-
ing problem (P). This algorithm can be seen as a fixed point method for solving the equa-
tion (9.15).

The Gradient Projection Method
Input: £ > 0 - tolerance parameter.

Initialization: Pick x, € C arbitrarily.

General step: For any k£ =0, 1,2,... execute the following steps:
(@) Pick a stepsize t; by a line search procedure.
(®) Set X,y = Pe(xg— VS (xp)):
(©) If||x; —x,4]| <€, then STOP, and x, , is the output.

Obviously, in the unconstrained case, that is, when C = R”, the gradient projection
method is just the gradient method studied in Chapter 4.
There are several strategies for choosing the stepsizes t,. We will consider two choices:

e constant stepsize t;, = ¢ for all .
e backtracking.

We will elaborate on the specific details of the backtracking procedure in what follows.

9.4.1 « Sufficient Decrease and the Gradient Mapping

To establish the convergence of the method, we will prove a sufficient decrease lemma for
CM! functions, similarly to the sufficient decrease lemma proved for the gradient method
(Lemma 4.23).

Lemma 9.11 (sufficient decrease lemma for constrained problems). Suppose that f €
C,"'(C), where C is a closed convex set. Then for any x € C and t € (0, 2) the following

inequality holds:

2
. (9.16)

F)—fPetx— £ 21 (1= 5 )| x— P (x— 19 )

Proof. For the sake of simplicity, we will make the notation x* = P-(x—tVf(x)). By
the descent lemma (Lemma 4.22) we have that

L
fOH) S F@)+(VF),x" —x)+ [lx—x"][% ©-17)
From the second projection theorem (Theorem 9.8) we have
(x—- :Vf(x)—x*’,x—x"') <0,

from which it follows that

(Vf(x), xt —x) < -% ||lx* -—1.:"2 ,
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which combined with (9.17) yields

£ < F )+ (5 +5 ) e =l
Hence, taking into account the definition of x*, the desired result follows. [

The result of Lemma 9.11 is a generalization of the sufficient decrease property derived
in the unconstrained setting in Lemma 4.23. In fact, when C = R” the obtained inequality
i1s exactly the same as the one obtained in Lemma 4.23.

It is convenient to define the gradient mapping as

Gy (x)=M [x——-PC (x— %wm)],

where M > 0. We assume that the identities of / and C are clear from the context. Note
that in the unconstrained case Gy (x) = Vf(x), so the gradient mapping is an extension
of the usual gradient operation. In addition, by Theorem 9.10, G,,(x) = 0 if and only if
x is a stationary point of (P). This means that we can look at ||G,(x)|| as an optimality
measure. The result of Lemma 9.11 essentially states that

L
F)=fPetx=197 () 2 £ (1= 3 IG oI an

This generalized sufficient decrease property allows us to prove similar results to those

B¢l ! property allo P : :
proven in the unconstrained case. Before proceeding to the convergence analysis, we will
prove an important monotonicity property of the norm of the gradient mapping G (x)
with respect to the parameter M.

Lemma 9.12, Let f be a continuously differentiable function defined on a closed and convex
set C. Suppose that L, > L,. Then

G, (N =G, (X 9.19)
and G G
Il fz(x)” < I 12(7‘)” 9.20)
1 2
foranyx e R”.

Proof. Recall that, by the second projection theorem, for any v € R” and w € C the
following inequality holds:

(V= Pe(v), Po(v)—w) 2 0.
Plugging v = x— LLIV f(x)and w = P-(x— lev f(x)) in the latter inequality it follows

that

<x— le £(x)— P, (x— Lilw(x)) Py (x— Lilw(x)) — P, (x—— ZEV f(x))) >0

1
or

<L1 G, (x)— —Vf(x) G,_ (X)——GL (x)> 0.
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Exchanging the roles of L, and L, yields the following inequality:

< GLZ(X)"" -—Vf(x), GL (X)——GL (X)> 20.

Multiplying the first inequality by L, and the second by L, and adding them we obtain

<G,—_l(x) GL,(K)’ GL,(")_ —-——GL (x)> >0,

which, after some expansion of terms, can be seen to be the same as

1 1 1 1
TG, + -6, (I < (L_, ¥ L—z) G,, (%) G, (%)

Using the Cauchy-Schwarz inequality we obtain that

1 1
TG0 + G, @I < (+ 7 e, NG, 621

Note that if G; (x) = 0, then by the latter inequality, it follows that G; (x) =0, implying
that in this case the inequalities (9.19) and (9.20) hold trivially. Assume then that G; (x) #

0, and define ¢ = 1O M hen by (9.21)

||G (="
' <1+ 1)t+1 <o
Since the roots of the quadratic function are t = i, L‘ , we obtain that
L
1 ﬂ t S e
L

showing that

L
G, (M < [1G, (B)| < _;“GLz(x)“- X

9.4.2 « Backtracking

Equipped with the definition of the gradient mapping, we are now able to define the back-
tracking stepsize selection strategy similarly to the definition of the backtracking proce-
dure for descent methods for unconstrained problems (see Chapter 4). The procedure
requires three parameters (s,a, ), where s > 0,2 € (0,1), B €(0,1). The choice of ¢, is
done as follows: First, t, is set to be equal to the initial guess s. Then while

&)= f(Pc(x— 6 V/ (%)) < atk”G&(xk)”z

we set £, := [St,. In other words, the stepsize is chosen as ¢, = s 3%, where i, is the
smallest nonnegative integer for which the condition

f )= f(Pc(x, — s B*V f (%)) = as B IIGS_;,I (xp)IP

is satisfied.
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Note that the backtracking procedure is finite for C'! functions. Indeed, if f €
C;"'(C), then plugging x = x; into (9.18) we obtain

fls—feetn—t9f e 21 (1-F ) |om

Hence, since the inequality ¢ < X! “)

t < 2(1 a)

is the same as 1 — & > o, we conclude that for any
the inequality

Fx) — f(Pe(x — tVF(x,) 2 at ||G5(x;e)||2

holds, implying that the backtracking procedure ends when ¢, is smaller or equal to Aza)

We can also compute a lower bound on ¢,: either ¢, is equal to s or the backtrack-
ing procedure is invoked, meaning that the stepsize % did not satisfy the backtracking

condition given by
S ()= f(P(3, = 5V f (%)) 2 a4||G . (xp)If.

In particular, by the above discussion we can conclude that % > &L_ﬁ, so that t, >

21— o : : :
(—L“)é. To summarize, in the backtracking procedure, the chosen stepsize ¢, satisfies

2(1—a)ﬂ}.

t, = min {s, i

(9.22)

9.4.3 » Convergence of the Gradient Projection Method

We will analyze the convergence of the gradient projection method in the case when
f € C}"(C). We begin with the following lemma showing the sufficient decrease of
consecutive function values of the sequence generated by the gradient projection method,

Lemma 9.13. Consider the problem

min  f(x)
(P) st. x€eC,

where C C R” is a closed and convex set and f € C}''(C). Let {X}}40 be the sequence
genemted by the gmdzent projection method for solvmg problem (P) with either a constant

stepsize ty, = { € (0, ) or with a stepsize chosen by the backtracking procedure with parameters
(s, @, B) satisfying s > 0,a € (0,1), B€(0,1). Then forany k 20

f(x)—f (i) 2 MIG(x)IF, (9.23)
where )
]t ( - %) constant stepsize,
7| amin {s, 3(1—_:)2 } backtracking
and

i=11 [t constant stepsize,
T /s backtracking.
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Proof. The result for the constant stepsize setting follows by plugging ¢ =t and x = x,
in (9.18). As for the backtracking procedure, by its definition we have

fx)—f(xp) > arkHGé(xk)llz-

The result now follows from the lower bound on #, given in (9.22) and the fact that ¢, <'s,
which implies by the monotonocity property of the gradient mapping (Lemma 9.12) that

Gy, (x| 2 [|Gyys(xp Il DO

We are now ready to prove the convergence of the norm of the gradient mapping to
zero.

Theorem 9.14 (convergence of the gradient projection method)., Consider the problem

(P) min  f(x)

st. x€C,

where C is a closed and convex set and f € C"(C) is bounded below. Let {x,},5q be the
sequence generated by the gradient projection method for solving problem (P) with either a
constant stepsize &, = t € (0, %) or a stepsize chosen by the backtracking procedure with pa-
rameters (s, a, 3) satisfying s > O,a, 3 €(0,1). Then we have the following:

(a) The sequence {f(x,)} is nonincreasing. In addition, f(xy,) < f(x,) unless x, is a
stationary point of (P).

(b) Gy(x,)— Qask — oo, whered is as defined in Lemma 9.13.

Proof. (a) By Lemma 9.13 we have that

F &) — f (Xeyr) = M||Gy(xp)IF. (9.24)

Since M > 0, it readily follows that f(x,) > f(x,,,) and equality holds if and only if
G,(x,) =0, which is the same as saying that x, is a stationary point of (P).

(b) Since the sequence {f(x;)};-o is nonincreasing and bounded below, it converges.
Thus, in particular f(x,)— f(x;,,) — 0 as & — 00, which combined with (9.24) implies
that ||G,(x,)|| #Oask — 0. D

We can also get an estimate for the rate of convergence of the gradient projection
method, but in the constrained case it will be in terms of the norm of the gradient mapping.

Theorem 9.15 (rate of convergence of gradient mapping norms in the gradient pro-
jection method). Under the setting of Theorem 9.14, let * be the limit of the convergent
sequence {f (X ) }p»o Then forany n=0,1,2,...

: fx)—f*
pmin [1Ga(x )l < ¢ Mn+1)

where )
y £ (1 - %) constant stepsize,
| amin {s, gj-lz—a)é } backtracking
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and )
d= 1/t  constant stepsize,
T\ 1/s  backtracking.

Proof. Sum the inequality (9.23) over £ =0,1,...,7 and obtain
n
F) = (%,41) =M D _HIG(x I
k=0

Since f(x,.,)= f", we can thus write
n
fx)—f* 2 M D IGx I
k=0
Finally, using the latter inequality along with the obvious fact that
c 2
D NG = (n+ 1), min IG(x)I,
k=0 = ,l,...,i‘!

it follows that
Fao)—f* 2 M(n+1)_min (G xo)lP

implying the desired result. O

9.4.4 « The Convex Case

When the objective function is assumed to be convex, the constrained problem (P) be-
comes convex, and stronger convergence results can be established. We will concentrate
on the constant stepsize setting and show that the sequence {x; },, converges to an op-
timal solution of (P). In addition, we will establish a rate of convergence result for the
sequence of function values {f(x;)};»o to the optimal value.

Theorem 9.16 (rate of convergence of the sequence of function values). Consider the

problem
) min f(x)

st. x€C,

where C is a closed and convex set and f € C*'(C) is convex over C. Let {X, )5, be the
sequence generated by the gradient projection method for solving problem (P) with a constant
stepsize ty =t € (0,1 ). Assume that the set of optimal solutions, denoted by X*, is nonempty,
and let * be the optimal value of (P). Then

@) foranyk >0and x* € X*
28(f Ry — F (X)) < |l = x| = Iy =[P, (0.25)

(b) foranyn>0:
*”2

Fx,)—f* < M—m- 9.26)

tn
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Proof. By the descent lemma we have

L
f(xk+1) < f(xk)+ (Vf(xk)sxk+1 —X; ) + E”Xk —Xk+1||2. (9.27)

Let x* be an optimal solution of (P). Then the gradient inequality implies that f(x,) <
F(x)+ (Vf(x,),x, —x*}, which combined with (9.27) yields

L
f i) SFE)H (V)X =Xy +( V(%) X — %4 )+ 1% —x, .l (9.28)
By the second projection theorem (Theorem 9.8) we have that

(% — V(%) —Xp 115 X" — %11} SO,

so that .
(Vf(xk)’xk+! ) < ;( xk+‘[sxk+l ""X*), (9.29)
Therefore, combining (9.28), (9.29) and using the inequality £ < 1 7> We obtan that

FXr) S FED)+ (V) X = X) +(V (%) Xpy — % ) + g“xk — Xy
= ) (VS0 501 =) 3 s =5l
<)+ %(xk X1 X —X )+ %ka — %l
S )+ =0 =X 51 =) 5l =P

1
=f(x")+ E(HX’“ ~ x| — % —x*1%),

establishing part (a).
To prove part (b), sum the inequalities (9.25) for £ =0,1,2,...,7—1 and obtain
- ”ﬂ—l -
lIx, =% = lxo = x| < 22 (A (") — f(xp41)) < 2En(f (x") — £ (%)),
k=0

where we used in the last inequality the monotonicity of the functions values of the gen-
erated sequence. Hence,

Fx)—f* < ||Xc:—7i"||2“||xn—7“‘”2 I1xq —x*|?
" = 2tn = 2tn

asrequired. O

Note that when the constant stepsize is chosen as ¢ = % the result (9.26) then reads as

Ll —x"|”
<—
foxn)=fr < =
The rate of convergence of O(1/n) obtained in Theorem 9.16 is called a sublinear rate
of convergence. We can also deduce the convergence of the sequence itself, and for thar,
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we note that by (9.25) the sequence satisfies a property called Fejér monotonicity, which
we state explicitly in the following lemma.

Lemma 9.17 (Fejér monotonicity of the sequence generated by the gradient projec-
tion method). Under the setting of Theorem 9.16 the sequence {X, } -, satisfies the following
inequality for any x* € X* and k > 0:

1%p41 — XN < I —x"|1-

Proof. The proof follows by (9.25) and the fact that f(x*) < f(x,,,). O

We are now ready to prove the convergence of the sequence {x,},., to an optimal
solution.

Theorem 9.18 (convergence of the sequence generated by the gradient projection
method). Under the setting of Theorem 9.16 the sequence {x;, ), generated by the gradient

rojection method with a constant stepsize t, = t € (0, 1] converges to an optimal solution.
/ k I €rge

Proof. The result follows from the Fejér monotonicity of the sequence. First of all, by part
(b) of Theorem 9.16 it follows that f(x,) — f*, where f* is the optimal value of problem
(P), and thus by the continuity of £, any limit point of the sequence {x; }. is an optimal
solution. In addition, by the Fejér monotonicity property, we have for any x* € X* that
%, — x*|] < |Ixo — x*||, implying that the sequence {xk }ezo is bounded, establishing the
fact that the sequence does have at least one limit point. To prove the convergence of
the entire sequence, let % be a limit point of the sequence {x};.,, meaning that there
exists a subsequence {x, };5 such that x, — %. Since % € X", it follows by the Fejér

monotonicity that for any £ >0
lIxe — Xl < 1%, — |-

Thus, {||x, — %|[}»0 is a nonincreasing sequence which is bounded below (by zero) and
hence convergent. Since ||ka —%|| = 0 as j — oo, it follows that the whole sequence

{l|x, — ||} ;o converges to zero, and consequently x, = X ask —oc. D

9.5 « Sparsity Constrained Problems

So far we considered problems in which the feasible set C is closed and convex. In this
section we will study a class of problems in which the constraint set is nonconvex. There-
fore, none of the results derived so far apply for this class of problems, and we will see that
beside several similarities between the convex and nonconvex cases, there are substantial
differences in the type of results that can be obtained.

9.5.1 = Definition and Notation

In this section we consider the problem of minimizing a continuously differentiable objec-
tive function subject to a sparsity constraint. More specifically, we consider the problem

) min  f(x)

s.t. xll, <5,
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where f : R” — R 15 bounded below and a continuously differentiable function whose
gradient is Lipschitz with constant L¢, s > 0 is an integer smaller than #, and ||x||, is the

so-called £, norm of x, which counts the number of nonzero components in x:

lIxllo = I{i : x; # O},

It is important to note that the /, norm is actually nor a norm. Indeed, it does not even
satisfy the homogeneity property since || Ax||, = ||%||, for A # 0. We do not assume that f
is a convex function. The constraint set is of course nonconvex and most of the analysis
of this chapter does not hold for problem (S). Nevertheless, this type of problem is im-
portant and has many applications in areas such as compressed sensing, and it 1s therefore
worthwhile to study it and understand how the “classical” results over convex sets can be
adjusted in order to be valid for problem (S). First of all, we begin with some notation.
For a given vector x € R”, the support set of x is defined by

L) = {i 12, #0),

and its complement by

We denote by C, the set of vectors x that are at most s-sparse, meaning that they have at
most s nonzero elements:

C ={x:lIxllo < s}-

In this notation problem (S) can be written as
min{f(x):x€ C,}.

For a vector x€R” and i € {1,2,...,n}, the ith largest absolute value component in x 1s
denoted by M;(x), so that in particular

My(3) 2 M) > - 2 M, (%).

Also, M,(x) = max;_, ,[x,|and M, (x)=min;_, .|x].

Our objective now is to study necessary optimality conditions for problem (S), which
are similar in nature to the stationarity property. As we will see, the nonconvexity of
the constraint (S) prohibits the usual stationarity conditions to hold, but we will see that
other optimality conditions can be constructed.

9.5.2 = L-Stationarity

We begin by extending the concept of stationarity to the case of problem (8). We will use
the characterization of stationarity in terms of the orthogonal projection. Recall that x*
is a stationary point of the problem of minimizing a continuously differentiable function
over a closed and convex set C if and only if

x* = Po(x* —sVf(x"})), (9.30)

where s is an arbitrary positive number. It is interesting to note (see Theorem 9.10)
that condition (9.30)—although expressed in terms of the parameter s——does not actu-
ally depend on s. Relation (9.30) is no longer a valid condition when C = C, since the
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orthogonal projection is not unique on nonconvex sets and is in fact a multivalued map-
ping, meaning that its values form a set given by

P (x) =argmin {|ly—x||:y € C,}.

The existence of vectors in P, (x) follows by the closedness of C, and the coercivity of the

function |y —x|| (with respect to y). To extend (9.30) to the sparsity constrained problem
(S), we introduce the notion of “L-stationarity.”

Definition 9.19. A wvector x* € C, is called an L-stationary point of (S) if it satisfies the
relation

1
[NC,] x"eP, (x*-— ZVf(x*)). (9.31)

As already mentioned, the orthogonal projection operator P () is not single-valued.
¥
In this case, the orthogonal projection P (x) comprises all vectors consisting of the s

components of x with the largest absolute values and with zeros elsewhere. In general,
there can be more than one choice to the s largest components in absolute value, and each
of these choices gives rise to another vector in the set P (x). For example

Pe,(2,1,1)7)={(2,1,0/7,(2,0, 1)T}.

Below we will show that under our assumption that f € C E}I(R”), L-stationarity is a

necessary condition for optimality whenever L > L.
Before proving this result, we describe a more explicit representation of [NC; ].

Lemma 9.20. For any L > 0, x* € C, satisfies [NC, ] if and only if

3f*

= x) { <LM(x) ifi el (x), 9.32)

if i € I(x*).

Proof. [NC;] = (9.32). Suppose that x* satisfies [NC,;]. Note that for any index j €
{1,2,...,n}, the jth component of any vector in P¢ (x*— 7 Vf(x*))is either zero or equal

to X} — ZSL(X ). Now, since x* € P (x* — V f(x*)), it follows thar if i € I,(x*), then
X! =X —-;—L(x ), so that 3-—-(x*) 0. If i € I(x*), then |x} —-gi(x )| € M (x*), which

combined with the fact that x} = 0 implies that |ng(x*)| < LM (x*), and consequently
(9.32) holds true. ‘

(9.32) = [NC, ]. Suppose that x* satisfies (9.32). If ||x*||, < s, then M (x*) =0, and
by (9.32) it follows that V f(x*) = 0; therefore, in this case, P (x*— 1V f (x )) = Pc (x°)
is the set {x*}. I ||x*||; = s, then M (x*) Z0 and |[[,(x*)| =s. By o. 32)

:Ixfls i € )(x%),
{ <M(x*), ie€l(x").

Therefore, the vector x* — :V£(x*) contains the s components of x* with the largest
absolute value and all other components are smaller or equal (in absolute value) to them,
and consequently [NC,; ] holds. 0O
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Evidently, the condition (9.32) depends on the constant L; the condition i1s more re-
strictive for smaller values of L. This shows that the state of affairs in the nonconvex case
is different. Before proceeding to show under which conditions is L-stationarity a neces-
sary optimality condition, we will prove the following technical and useful result. The
analysis depends heavily on the descent lemma (Lemma 4.22). We recall that the iemma
statesthat if f € C 2}'(11'&”) and L > L;, then

f(Y) S bL(Ys X),
where I
b 2 £+ (VF Ry =3+ 5 ey 039

Lemma 9.21. Suppose that f € C Ll}l(R”) and that L > L. Then foranyx € C, andy e R”
satisfying
1
yE P (x— ZV f (x)) , (9.34)

we have

L_Lf 2
f=f{y)z ——lx—vlf" (9.35)

Proof. Note that (9.34) can be written as

i 2
y €argmin,ec (1z— (x— ZV f (x)) . (9.36)
Since
L 2
b (z,x) = f(x)+{Vf(x),z—x) + 5"2"'"“
L Los ? ; Ll
=3 2= (x=zv/®)| +/0—gIvreo,
consta;trw.r.t. z
it follows that the minimization problem (9.36) is equivalent to
y € argmin, ¢ b (z,%).
This implies that
h(3%) < hy(x,%) = £(x). 937)

Now by the descent lemma we have
FO=F() 2 fx) b, (3%),
which combined with (9.37) and the identity

L—L;
2

bLf(st)z bL(XsY)_ ||X—Y||2

yields (9.35). O
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We are now ready to prove the necessity of the L-stationarity property under the
condition L> L.

Theorem 9.22 (L-stationarity as a necessary optimality condition). Suppose that f €
C E}I(R") and that L> Ly. Let x* be an optimal solution of (S). Then

(1) x* is an L-stationary point,

(i) the set P¢ (x*— %V f(x*)) is a singleton.?

Proof. We will prove both parts simultaneously. Suppose to the contrary that there exists
a vector

YyEP (x" — %Vf(x*)), (9.38)

which is different from x* (y # x*). Invoking Lemma 9.21 with x = x*, we have

* L_Lf B 2
Fo) = £ )2 =Ll P,

contradicting the optimality of x*. We conclude that x* is the only vector in the set
Pc(x*—7Vf(x*). O

To summarize, we have shown that under a Lipschitz condition on V£, L-stationarity
for any L > L/ is a necessary optimality condition.

9.5.3 = The Iterative Hard-Thresholding Method

One approach for solving problem (S) is to employ the following natural generalization
of the gradient projection algorithm. The method can be seen as a fixed point method
aimed at “enforcing” the L-stationary condition (9.31):

x**'e P (xk—%Vf(xk)), k=0,1,2,.... (9.39)

The method is known in the literature as the iterative bard-thresholding (IHT) method, and
we will adopt this terminology.

The IHT Method

Input: a constant L> L.

e Initialization: Choose x, € C,.

o General step : X+ € P, (x* — 1 Vf(x*)), k=0,1,2,....

It can be shown that the general step of the IHT method is equivalent to the relation
X+ € argmin, . by (x,x°), (9.40)

where b, (x,y) is defined by (9.33). (See also the proof of Lemma 9.21.)

I A set is called a singleton if it contains exactly one element.
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Several basic properties of the IHT method are summarized in the following lemma.

Lemma 9.23. Suppose that f € C E}I(R”) and that f is lower bounded. Let {x* Yeso be the
sequence generated by the IHT method with a constant stepsize 7, where L> L. Then

@ fOk)— flxk+) 2 L xk —xk |,
by {f (1!:"3)}k20 is a nonincreasing sequence,
© |t —x*+1]| -0,

(d) forevery b =0,1,2,..., if x* £ x**1, then f(x*+1) < f(xF).

Proof. Part (a) follows by substituting x = x*,y = x** into (9.35). Part (b) follows
immediately from part (a). To prove (c), note that since {f(x;)};>, is a nonincreasing
sequence, which is also lower bounded (by the fact that £ is bounded below), it follows
that it converges to some limit £ and hence f(x,) — f(x,,,) = { —¢ =0ask — .
Therefore, by part (a) and the fact that L > L, the limit ||x® — xk*1|| — 0 holds. Finally,
(d) is a direct consequence of {a). O

As already mentioned, the IHT algorithm can be viewed as a fixed point method for
solving the condition for L-stationarity. The following theorem states that all accumu-
lation points of the sequence generated by the IHT method with constant stepsize + are
indeed L-stationary points.

Theorem 9.24. Let {x*},., be the sequence generated by the IHT method with stepsize Is
where L > L. Then any accumulation point of {x* Y40 is an L-stationary point.

Proof. Suppose that x* is an accumulation point of the sequence. Then there exists a
subsequence {x*1} ., that converges to x*. By Lemma 9.23

L—L
Fet) = £ty 2 =L -, O:41)

Since {f(x*1)},50 and {f(x*+*1)}, ., as nonincreasing and lower bounded sequences,

both converge to the same limit, it follows that f(xt")— f(x%1) — 0 as # — oo, which
combined with (9.41) yields that

xf 5 x* as 7 — o0,

Recall that for all » >0
1
Xt e P (xkn e )>.

Let i € I,(x*). By the convergence of x*» and x*:*! to x*, it follows that there exists an N

such that .
xn,xt £0forall n >N,

1 ;]
and therefore, for n > N,

it ke ﬁ(xkn).
z H axi
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Taking 7 to co and using the continuity of f, we obtain that

—j—f(x)__

H

Now let ¢ € I,(x*). If there exist an infinite number of indices £, for which xf"“ #
0, then as in the previous case, we obtain that xf““ = xf" —~ %(ﬂn) for these indices,
implying (by taking the limit) that g—i:(x*) = 0. In particular, |g—£(x*)| < LM(x*). On
the other hand, if there exists an M > O such that forall n > M xf";' =0, then

k, 13f(xk)

x —_— e —

<M, ( " — %Vf(xkﬂ)) =M (x5*1).

Thus, taking 7 to infinity, while exploiting the continuity of the function M, we ob-
tain that
f

'g,;*(x*)

i

< LM (x*),

and hence, by Lemma 9.20, the desired result is established. O

Exercises

9.1. Let f be a continuously differentiable convex function over a closed and convex
set C CR". Show that x* € C is an optimal solution of the problem

P) min{f(x):x€ C}

if and only if
(VF(x),x* —x) <0forallxe C.

9.2. Consider the Huber function

H,(x)= B, i<
||x||— else,

where u > 0 is a given parameter. Show that H, € C e
M
9.3. Consider the minimization problem

min  2x2+3x7 4+ 4x7 + 2%, x, — 25, x; — 8x; —4x, —2%;
S X[, X5,% 20

Q

(i) Show that the vector (¥,0,%)7 is an optimal solution of (Q).

(i) Employ the gradient projection method via MATLAB with constant stepsize
7 (L being the Lipschitz constant of the gradlent of the objective function).
Show the function values of the first 100 iterations and the produced solution.
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94.

9.5.

9.6.

9.7.

Constder the minimization problem

@) min{f(x):a’x=1,x€R"},
where f is a continuously differentiable function over R” and a€R” . Show that
x* satisfying a7 x* = 1 is a stationary point of (P) if and only if

Fey ey e
a - a4 -

a

1 i

Constder the minimization problem

® min{f(x):x€A,},

where f is a continuously differentiable function over A,,. Provethatx* €A isa
stationary point of (P) if and only if there exists € R such that

a_f " T x; >0,
é’x,fx =M, x=0.

Let § C R” be a closed and convex set, and let f € C L“(S) be a convex function
over S. Assume that the optimal value of the problem

P min{f(x):x€ S},

dented by f* is finite. Prove that for any x € S the following inequality holds:

1
F®—f* 2 SIG I,

where G;(x) = L[x— Pg(x— 1 V£ (x))].
Let f be a strongly convex function over a closed convex set § C R” with strong
convexity parameter ¢, that is,

o
fMZfE+H{Vf(x)y—x)+ EIIK—YII2 forall x,y €.
Assume in addition that f € C E‘I(S ). Consider the problem

®) min  f(x)

st. xX€ES8,

where § is a closed and convex set. Let {x; },., be the sequence generated by the
gradient projection method for solving problem (P) with a constant stepsize z, =
7. Let x* be the optimal solution of (P), and let f* be the optimal value of of (P).
Prove that there exists a constant ¢ € (0,1) such that for any £ >0

[x41 =7l < el — x|}

Find an explicit expression for c.



Chapter 10

Optimality Conditions for
Linearly Constrained
Problems

In the previous chapter we discussed the notion of stationarity, which is a necessary opti-
mality condition for problems with differentiable objective functions and closed convex
feasible sets. One of the main drawbacks of this concept is that for most feasible sets, it
is rather difficult to validate whether this condition is satisfied or not, and it is even more
difficult to use it in order to actually solve the underlying optimization problem. Our
main objective in this chapter is to derive an equivalent optimality condition that is much
easier to handle. We will establish the so-called KKT conditions for the special case of
linearly constrained problems.

10.1 = Separation and Alternative Theorems

We begin with a very simple yet powerful result on convex sets, namely the separation
theorem between a point and a closed convex set. This result will be the basis for all the
optimality conditions that will be discussed later on. Given a set § C R, a hyperplane
H={xeR":aTx = b} (a € R"\{0},b € R) is said to strictly separate a point y ¢ S
from § if
aly> b
and
a’x<bforallxes.

An illustration of a separation between a point and a closed and convex set can be seen
in Figure 10.1. Our next result shows that a point can always be strictly separated from a
closed convex set, as long as it does not belong to it.

Theorem 10.1 (strict separation theorem). Let C CR” be a closed and convex set, and
lety & C. Then there exist p € R"\{0} and a € R such that

py>a

and
p’x<aforallxeC.

Proof. By the second projection theorem, the vector X = P(y) € C satisfies

(y—x) (x—%)<0forallxe C,

191
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{x:a x=b}

Figure 10.1. Strict separation of point from a closed and convex set.

which is the same as
(y—%)"x<(y—x)"xforallxeC.

Denote p=y—x # 0 (since y ¢ C) and @ = (y—x)”x. Then we have that p”x <  for all
x € C. On the other hand,
Py=—%y=(0-0"(—0+F—0) x=|ly—x| +a>aq,
and the result is established. 0O
As was already mentioned, the latter separation theorem is extremely important since
it is the basis for all optimality conditions. We begin by using it in order to prove an 4/-
ternative theorem, which is known in the literature as Farkas’ lemma. We refer to it as an

alternative theorem since it essentlally states that exactly one of two systems (“alterna-
tives”) is feasible.

Lemma 10.2 (Farkas’ lemma). Let ¢ € R” and A € R™*". Then exactly one of the
following systems has a solution:

I. Ax<0,cTx>0.
II. ATy=c,y>0.

Before proceeding to the proof of the lemma, let us begin with an illustration. For
that, consider the following example:

() =)

Statmg that system I is infeasible means that the system Ax < 0 implies the inequality
c’x < 0. Thus, the relevant question is whether the inequality —x, +9x, < 0 holds
whenever the two inequalities

x,+5x, <0,
—x;+2x, <0
are satisfied. The answer to this question is affirmative. Indeed, we can see the implication

by noting that adding twice the second inequality to the first inequality yields the desired
inequality —x, +9x, < 0. Thus, the argument for showing the implication is that the row
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vector ¢! can be written as a conic combination of the rows of A, or in other words, that

¢ is a conic combination of the columns of AT:

B+(3)-G)
¢ D0-6)

AT ¢

The interesting question is whether it is always correct that a system of linear inequali-
ties (“base system”) implies another linear inequality (“new inequality”) if and only if the
new inequality can be written as a conic combination of the inequalities in the base sys-
tem. The answer to this question, according to Farkas’ lemma, is yes! We will actually
prefer to state Farkas’ lemma in the spirit of this discussion. This can be done since an al-
ternative theorem stating that exactly one of two statements A and B is true is equivalent
to a result stating that B is equivalent to the denial of A.

Lemma 10.3 (Farkas’ lemma, second formulation). Let ¢ € R” and A € R™*", Then
the following two claims are equivalent:

A. The implication Ax< 0= cT'x <0 bolds true.

B. There exists y € R™ such that ATy =c.

Proof. Suppose that system B is feasible, meaning that there exists y € R7 such that

ATy = ¢. To see that the implication A holds, suppose that Ax < 0 for some x € R”,
Then multiplying this inequality from the left by y’ (a valid operation since y > 0) yields

yTAx <0.
Finally, using the fact that ¢7 = y” A, we obtain the desired inequality
Ix <0.

The reverse direction is much less obvious. Suppose that the implication A is satisfied, and
let us show that system B is feasible. Suppose in contradiction that system B is infeasible,
and consider the following closed and convex set:

S={xeR":x=ATy for some y€RT}

The closedness of the above set follows from Lemma 6.32. The infeasibility of B means
that c¢ S. By Theorem 10.1, it follows that there exists a vector p € R”\{0} and 2 € R
such that p’¢ > @ and

p/x<aforallxes. (10.1)

Since 0 € §, we can conclude that @ > 0, and hence also that p7 ¢ > 0. In addition, (10.1)
is equivalent to

p’ATy<aforally>0
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orto
(ApYy<aforally>0, (10.2)

which implies that Ap < 0. Indeed, if there was an index : € {1,2,...,m} such that
[Ap]; > O, then for y = Be;, we would have (Ap)”y = B[Ap);, which is an expression
that goes to 00 as B — oo. Taking a large enough 3 will contradict (10.2). We have
thus arrived at a contradiction to the assumption that the implication A holds (using the
vector p), and consequently B is satisfied. O

The next alternative theorem, called “Gordan’s theorem,” is heavily based on Farkas’
lemma.

Theorem 10.4 (Gordan’s alternative theorem). Let A € R™*". Then exactly one of the
following two systems has a solution:

A. Ax<0.
B. p#£0,ATp=0,p>0.
Proof. Suppose that system A has a solution. We will prove that system B is infeasible.

Assume in contradiction that B is feasible, meaning that there exists p # 0 satisfying
ATp=0,p > 0. Multiplying the equality A”p = 0 from the left by x7 yields

(Ax)"p=0,

which is impossible since Ax < 0 and 0 £ p > 0.

Now suppose that system A does not have a solution. Note that system A is equivalent
to (s is a scalar)

Ax+s5e<0,
s > 0.

The latter system can be rewritten as

A(") <0, o (") >0,
5 5

where A = (A e)andc=e,,,. The infeasibility of A is thus equivalent to the infeasi-
bility of the system

Aw<0, fw>0, weR"!,

By Farkas’ lemma, there exists z € Rf such that
AT
()=

ATz=0, elz=1.

that is, there exists z € ]Rf such that

Since ez = 1, it follows in particular that z # 0, and we have thus shown the existence
of 0 # z € R7 such that A7z = 0; that is, that system B is feasible. O
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10.2 » The KKT conditions

We will now show how Gordan’s alternative theorem can be used to establish a very
useful optimality criterion that is in fact a special case of the so-called Karush-Kuhn-
Tucker (abbreviated KX'T) conditions, which will be discussed later on in Chapter 11.

The new optimality condition follows from the stationarity condition already discussed
in Chaptrer 9.

Theorem 10.5 (KKT conditions for linearly constrained problems; necessary opti-
mality conditions). Consider the minimization problem

P) min f(x)

st. alx<b, i=12,...,m,

where f is continuously differentiable over R”, a,,a,,...,a,, € R*, b, b),..., b, € R, and
let x> be a local minimum point of (P). Then there exist A, 2,,...,A,, = O such that

Vf(x*)+i/lia,- =0 (10.3)
i=1

and
A@Tx —b)=0, i=12,..,m. (10.4)

Proof. Since x* is a local minimum point of (P), it follows by Theorem 9.2 that x* is a
stationary point, meaning that V £(x*)7 (x—x*) > 0 for every x € R” satisfying a?x < b
forany i =1,2,...,m. Let us denote the set of active constraints by

Ix)={:: a;frx* =b}.
Making the change of variables y = x — x*, we obtain that Vf(x*)Ty > O for any y € R"
satisfying a] (y +x*) < b; for any i = 1,2,...,m, that is, for any y € R” satisfying

aly <o, i €l(x"),
a:.ry <b—alx, i¢Ix")

We will show that in fact the second set of inequalities in the latter system can be re-
moved, that is, that the following implication is valid:

a;fry <Oforalli e I(x*) = VF(x")Ty>0.
Suppose then that y satisfies a] y < 0 for all i € I(x*). Since b, —al x* > Oforall i ¢ I(x*),
it follows that there exists a small enough @ > 0 for which* a! (ay) < b, — a7 x*. Thus,

since in addition a! (ay) < 0 for any i € I(x*) it follows by the stationarity condition that
V£ (x*)T (ay) > 0, and hence that Vf(x*)7y > 0. We have thus shown that

aly<OforallielI(x*)=> Vi)Y y>0.

Thus, by Farkas’ lemma it follows that there exist A; > 0,i € I(x*), such that

—VixY= D Aa;

iel(x)

*Indeed, if a?y < Oforall i ¢ I{(x*), then we can take a = 1. Ortherwise, denote J = {: ¢ I(x*): a;fry > 0}

. b,—arx"
and take @ = min;o; —=—.
i/ a:ry
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Defining A; = 0 for all z ¢ I(x*), we get that li(a?x" —b)=0foralli=1,2,...,m and
that

m
Vf(x*)+2113-a£ =0
i=1
asrequired. O

The KKT conditions are necessary optimality conditions, but when the objective
funetion is convex, they are both necessary and sufficient global optimality conditions.

Theorem 10,6 (KKT conditions for convex linearly constrained problems; necessary
and sufficient optimality conditions), Consider the minimization problem

?) min f(x)

S.t- a;-TXSbI, i=1,2,ooo,m’

where f is a convex continwously diffeventiable function over R*, a,,a,,...,a,, € R”,
biybys...nb,, € R, and let X* be a feasible solution of (P). Then x* is an optimal solution
of (P) if and only if there exist A}, A,, ..., A,, = 0 such that

VAx)+D  Aa; =0 (10.5)
i=1 :
and
Al x—b)=0, i=12,...,m. (10.6)

Proof. Tf x* is an optimal solution of (P), then by Theorem 10.5 there exist 4;, 4,,...,4,, 2
0 such that (10.5) and (10.6) are satisfied. To prove the sufficiency, suppose that x* is a
feasible solution of (P) satisfying (10.5) and (10.6). Let x be any feasible solution of (P).

Define the function

b= )+ D 4T x—b).

Then by (10.5) it follows that VA(x*) = 0, and since 4 is convex, it follows by Proposition
7.8 that x* is a minimizer of » over R”, which combined with (10.6) implies that

fx)=f (x*)+f&(a}’x"‘—b§)= h(xX") < h(x)=f (x)+fif(a3"x—bf) < f(x),
i=1 =1

where the last inequality follows from the fact that ;; > O and a’x— 54, < Ofori =
1,2,...,m. We have thus proven that x* is a global optimal solution of (P). 0O

The scalars 4,,..., A, that appear in the KKT conditions are also called Lagrange mul-
tipliers, and each of the multipliers is associated with a corresponding constraint: A, is the
multiplier associated with the ith constraint a7 x < b;. Note that the multipliers asso-
ciated with inequality constraints are nonnegative. The conditions (10.6) are known in
the literature as the complementary slackness conditions. We can also generalize Theorems
10.5 and 10.6 to the case where linear equality constraints are also present. The main dif-
ference is that the multipliers associated with equality constraints are not restricted to be
nonnegative. The proof of the variant that also incorporates equality constraints is based
on the simple observation that a linear equality constraint a”x = & can be written as two
inequality constraints, a’ x < b and —a’x < —b.
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Theorem 10.7 (KKT conditions for linearly constrained problems). Consider the min-
imization problem
min  f(x)

Q) st alx<b, i=12,..,m,
c’x=d;, j=12..,p,

where f is a continuously differentiable function over R, a,ay,...,a,,,¢1,¢5,...,¢, € R,
b.by,....b,,d,d,...,d, €R. Then we have the following:

(a) (necessity of the KKT conditions) If x* is a local minimum point of (Q), then there
exist Ay Agye. oy Ay 2 0and g, ..., 4, € R such that

m ?
VA +D Aa+ D e, =0 (10.7)
i=1 i=1
and
A@lx—b)=0, i=12,..,m. (10.8)

(b) (sufficiency in the convex case) If in addition f is convex over R” and x* is a feasible
solution of (Q) for which thereexist Ay, Ay, ..., A,, 2 0and uy, s, ..., 1, € Rsuch that
(10.7) and (10.8) are satisfied, then x* is an optimal solution of (Q).

Proof. (a). Consider the equivalent problem

min  f(x)
. st alx<b, i=1,2,...,m,
Q) c?'xsd),-, j=12,...,p,

T  —
—c; xg—d}-, ;j=12,...,p.

Then since x* is an optimal solution of (Q), it is also an optimal solution of (Q’), and
thus, by Theorem 10.5, it follows that there exist multipliers A, 45,...,4,, > 0 and
T TIN5 I T P s 4, = 0 such that

m ? P
Vf(x*)+ZAl-al- +Z‘u;’cj —Z/.zj‘cj =0 (10.9)
i=1 =1 j=1
and
Aalx—b)=0, i=12,..,m, (10.10)
uiclx—d)=0, j=12...p, (10.11)
g (=T x+d)=0, j=12,...,p. (10.12)

We thus obtain that (10.7) and (10.8) are satisfied with u; = uf — 7,7 = 1,2,..., p.

(b) To prove the second part, suppose that x* satisfies (10.7) and (10.8). Then it also
satisfies (10.9), (10.10), (10.11), and (10.12) with

4y =il =[p;]. =—min{u;,0},

which by Theorem 10.6 implies that x* is an optimal solution of (Q’) and thus also an
optimal solution of (Q). O
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We note that a feasible point x* is called 2 KKT point if there exist multipliers for
which (10.7) and (10.8) are satisfied.

A very popular representation of the KKT conditions is via the Lagrangian function,
which we will present in the general setting of general nonlinear programming problems:

min  f(x)
(NLP) s.t. gi(x) S 0: I = 1’23--‘ 1,
h}(X)=0, }' = 1,2,...,?.

Here f,8, 8- .+s8ms P1s P2y - .., b, are all continuously differentiable functions over R”.
The associated Lagrangian function takes the form

m P
Lx, A, p) = f(X)+ D A gi(x)+ D phi(x).
i=1 i=t

In the linearly constrained case of problem (Q), the condition (10.7) is the same as

m P
Vo L(x A )=V )+ 4 Ve (x)+ 3 u;Vhi(x)=0.
i=1

=t

Back to problem (Q), if in addition we define the matrices A and C and the vectors b
and d by

al 2 b, d,

T e b d
a={" |, c={ |, b=| 7| a=| ]|

)\ e\

then the constraints of problem (Q) can be written as
Ax <b, Cx=d.
The Lagrangian can be also written as
L(x, A u)= f(x)+ AT(Ax—b) + T (Cx—d),
and condition (10.7) takes the form
V. Lx,Au)=Vix)+ATA+CT u=0.
Example 10.8. Consider the problem

b2 2 02
min  3(x; + x5 +x;)
st X +x,+x;=3.

Since the problem is convex, the KKT conditions are necessary and sufficient. The La-
grangian of the problem is

1
L{xy, %, %3, ) = E(xf +x§ +x;,‘2)+)u(x1 + %y + %3 —3).
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The KKT conditions are (we also incorporate feasibility within the KKT system)

dL
P =x+u=0,
JL
5 =x+u=0,
JL
7 B THEY
X+ X+ X, =3,
By the first three equalities we obtain that x;, = x, = x; = —u. Substituting this in the
last equation yields u = —1, and we obtained that the unique solution of the KKT system
i$ x, = x, = x; = 1,4 = —1. Hence, the unique optimal solution of the problem is

(x, %5, %) =(1,1,1). W

Example 10.9. Consider the problem

min  x7 +2x7 +4xx;
Sttl xl + xz = 1’
X%, 2 0.

The problem is nonconvex, since the matrix associated with the quadratic objective func-
tion A = (} 3) is indefinite. However, the KKT conditions are still necessary optimality
conditions. The Lagrangian of the problem is

L(xy, %, ity Ayy A) = X2 42%3 +4x 0, + (%, +2,— V)= A x, — Apx,, A A, €R,,u€R.

The KKT conditions are

9—;1-:2x1+4x2+y—/11=0,

B—L——4x +4x,+u—A4,=0

7%, =ax; 1 TH—A=0,

Ayx, =0,

Ay, =0,

X +x, =1,

Xys %y 2 0,

Ay Ay 2 0.

We will split the analysis into 4 cases.

e A, = A,=0. In this case we obtain the three equations

2x;+4x,+u=0,
4x2+4x1+{J=0,
X +x =1,

whose solution is x, = 0,x, = 1, u = —4. We thus obtain that (x;,x,) = (0,1} s a
KKT point.
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e A,, A, > 0. In this case, by the complementary slackness conditions we obtain that
x, = x, = 0, which contradicts the constraint x, +x, = 1.

e A, > 0,4, = 0. In this case, by the complementary slackness conditions we have
x, = 0 and consequently x, = 1, which was already shown to be a KKT point.

e A, =0,4,>0. Here x, =0 and x, = 1. The first two equations in the KKT system
reduce to

2+ u=0,

The solution of this system is 4 = —2,4, = 2. We thus obtain that (1,0) is also a
KKT point.

To summarize, there are two KKT points: (0,1) and (1,0). Since the problem consists
of minimizing a continuous function over a compact set it follows by the Weierstrass
theorem (Theorem 2.30) that it has a global optimal solution. The KKT conditions are
necessary optimality conditions, and hence the optimal solution is either (0,1) or (1,0).
Since the respective objective function values are 2 and 1 respectively, it follows that (1,0)
is the global optimal solution of the problem. W

Example 10.10 (orthogonal projection onto an affine space). Let C be the affine space
C={xeR":Ax=b},

where A € R™*" and b € R™. We assume that the rows of A are linearly independent.
Given y € R, the optimization problem associated with the problem of finding P-(y) is

min |jx—y|[?
st. Ax=bh.

This is a convex optimization problem, so the KKT conditions are necessary and suffi-
cient. The Lagrangian function is

Lix, )= ix—yl’ + 247 (Ax—b) = |[x|* — 2y — AT HTx—2A"b +|lyl’, AeR”.
Therefore, the KKT conditions are

2x—2(y—ATA) =0,
Ax=b.

The first equation can be written as
x=y—AT A, (10.13)
Substituting this expression for x in the second equation yields the equation
A(y—AT A)=b,

which is the same as
AATl=Ay—b.
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Thus,
A=(AAT)(Ay—b),

whete here we used the fact that AAT is nonsingular since the rows of A are linearly
independent. Plugging the latter expression for 4 into (10.13), we obtain that

Pc(y)=y—AT(AAT)/(Ay—b).
Note that the projection onto an affine space is by itself an affine transformation. B

In the last example we multiplied the Lagrange multiplier in the Lagrangian function
by 2. This was done to simplify the computations, and it is always allowed to multiply
the Lagrange multipliers by a positive constant.

Example 10.11 (orthogonal projection onto hyperplanes). Consider the hyperplane
H={xeR":a’x=b}.

where 0 £ a € R” and b € R. Since a hyperplane is a spacial case of an affine space, we
can use the formula obtained in the last example in order to derive an explicit expression
for the projection onto H:

aly—b

lall*

Py(y)=y—a(a’a) (aTy—b)=y— a.

As a consequence of the latter example, we can write a result providing an explicit
expression for the distance between a point and a hyperplane. (The result was already
stated and not proved in Lemma 8.6.)

Lemma 10.12 (distance of a point from a hyperplane). Let H = {x e R* : a7x = b},
where 0 £ a€R" and b € R. Then

{a”y—b|

Proof.

a

Tv—b Ty—b
d(y,H)zuy—PH<y>||=”y—(y—“ y a)":'“ 7|

llall? llall
Example 10.13 (orthogonal projection onto half-spaces). Let

H ={xeR":a’x< b},
where 0 # a€R” and b € R. The corresponding optimization problem is

min, {jx—y|?
st.  alx<b.

The Lagrangian of the problem is
L ) =[lx—ylP +2XaTx—b), A0,
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and the KXT conditions are

2Ax—y)+24a=0,

Aa"x—b)=0,

alx< b,

A>0.
If A =0, then x =y and the KKT conditions are satisfied when a”y < b. That is, when
a’y < b, the optimal solution is x = y, which is not a surprise since for any closed and

convex set C, Po(y) =y whenever y € C. Now assume that A > 0; then by the comple-
mentary slackness condition we have that

a’x=5. (10.14)

Plugging the first equation x = y — Aa into (10.14), we obtain that
al(y—Aa)= b,

so that A = “—;ﬁ}k. The multiplier A is indeed positive when a”y > b. We have thus
obtained that when a”y > &, the optimal solution is

aly—b
a]f?

X=y—

a.

To summarize,
a’y<b,

Palpy=1{ 0 aryes
HY)= y—a—uﬁ—a, aly>b.

The latter expression can also be compactly written as

[a”y—b]
Py(y) =Y'——'Ta'”—2—ia-

An illustration of the orthogonal projection onto a hyperplane can be found in Figure
102. N

Example 10.14. Consider the optimization problem
min{x’ Qx+2c¢"x: Ax=b},

where Q € R"** is a positive definite matrix, c € R”,b € R”, and A is an m X 7 matrix
with linearly independent rows. The Lagrangian of the problem is

L(x, ) = x" Qx+2cTx+ 24T (Ax—b),
and the KXT conditions are

V,L(x, ) =2[Qx+c+AT 1] =0,
Ax=Db.
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= ~1.5 =1 -0.5 0 0.5 1

Figure 10.2. A vector y and its orthogonal projection onto a half-space.

The first equation implies that
x=—Q (c+AT2]). (10.15)
Plugging this expression of x into the feasibility constraint we obtain
—AQ (c+ATA)=b,

so that

A=—AQ AT (b+AQ ). (10.16)
The optimal solution of the problem is given by (10.15) with A asin (10.16). W

10.3 = Orthogonal Regression

An interesting application to the formula for the distance between a point and a hyper-
plane given in Lemma 10.12 is in the orthogonal regression problem, which we now recall.
Consider the points a,,...,a,, in R”. For a given 0 # x € R” and y € R, we define the
hyperplane

H,, = {aER" :xrazy}.

In the orthogonal regression problem we seek to find a nonzero vector x € R” and y € R
such that the sum of squared Euclidean distances between the points a,,...,a,, to H, , is
minimal; that is, the problem is given by

m
riliyn {Zd(a:-,Hx,y)zzo #xeR"y E]R} . (10.17)
3 i=1

An illustration of the solution to the orthogonal regression problem is given in Figure
10.3.

The optimal solution of the orthogonal regression problem is described in the next
result whose proof strongly relies on the formula of the distance between a point and a
hyperplane.
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3-

28} as,
26} as,
24t .
22+t *a,
2t 8z,
18
16
14 ¢ -
12+ kS ay
1 L i e —t 1 ' i i 1 ]
0 o1 02 03 04 05 06 07 08 09 1

Figure 10.3. A two-dimensional example: given 5 points a,,... a5 in the plane, the orthog-
onal regression problem seeks to find the line for which the sum of squared norms of the dashed lines is
minimal.

Proposition 10.15. Let a,,...,a,, € R” and let A be the matrix given by

1
T

A=|"
T
am

Then an optimal solution of problem (10.17) is given by x that is an eigenvector of the matrix
AT(1,,— Lee”)A associated with the minimum eigenvalue andy = - 3™ al x. Here e is
the m -length vector of ones. The optimal function value of problem (10.17) is A_. [AT(I,,—
Lee’)A].

Proof. By Lemma 10.12, the squared Euclidean distance between the point a; to H, ,, is
given by

(al x—y)?
2. V1 —
d(a,-,Hx,y) —"'—'i'l'xl'lz—, __1,...,m.
It follows that (10.17) is the same as
m_(al x—y)?
min ————:0#xeR",y€eR}. 10.18
{Z__} P 0P xR e

Fixing x and minimizing first with respect to y we obtain that the optimal y is given by
1 Z 1
7 § T
=— ) a:x=—¢ Ax.
4 m ; ! m
Using the latter expression for y we obtain that

3 (ax—y) =33 (a5 2eTax)

i=1 i=1 m

= i(a?x)z = % i(eTAx)(a?x) o %(CTAX)z

i=1

m 1 | 1
D (@ x)*— —(e" Ax)” = ||Ax|* — —(e” Ax)?
i=1 m m
1

=xTA7 (1, ——ee” ) Ax.
m
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Therefore, we arrive at the following reformulation of (10.17) as a problem consisting of
minimizing a Rayleigh quotient:

xTTAT(I_— LeeDA
min{ (A7, m )]x:x#O}.

JIxI1

Therefore, by Lemma 1.12 an optimal solution of the problem is an eigenvector of the
matrix A7 (I, —L ee”)A corresponding to the minimum eigenvalue; the optimal function
value is the minimum eigenvalue A, [A7(I,, — J-ee?)A]. D

Exercises

10.1. Show that the dual cone of
M={xeR":Ax>0} (AeR™")
18
M= {ATV:VERT}.
10.2. (nonhomogenous Farkas’ lemma) Let A € R™*”,c € R*,b € R”, and d € R.

Suppose that there exists y > 0 such that A7y = ¢. Prove that exactly one of the
following two systems is feasible:

A. Ax<b,c’x>d.
B. ATy=c,b’y<d,y>0.

10.3. Let A € R™*” and ¢ € R”. Show that exactly one of the following two systems is
feasible:

A. Ax>0,x>0,c/x>0.
B. ATy>c,y<0.
10.4. Prove Motzkin’s theorem of the alternative: the system

Ad < 0,
O B4 < 0

has a solution if and only if the system

ATu + BTy =0,

() u,y=>0, u#o

does not have a solution (here A€ R"** B e Rk xny,

10.5. Prove the following nonhomogenous version of Gordan’s alternative theorem:
Given A € R™*"_ exactly one of these two systems is feasible.

A. Az<b.
B. ATly=0,b"y <0,y >0,y £0.
10.6. Consider the maximization problem
max  x2+2x,x,+2x —3x, +x

st. X +x,=1
Xy, %y 2 0.



2086 Chapter 10. Optimality Conditions for Linearly Constrained Problems

(1) Is the problem convex?
(i) Find all the KKT potints of the problem.
(i) Find the optimal solution of the problem.
10.7. Consider the problem
min —_X 1 xz x3

st Xy +3x, 4+ 6xy < 48,
X1y X3y Xy 2 0.

(1) Write the KKT conditions for the problem.

(i) Find the optimal solution of the problem.

10.8. Consider the problem
min x4+ 2x} +x,
st. x;+x,<a,
where 4 € R is a parameter.

(1) Prove that for any 2 € R, the problem has a unique optimal solution (without
actually solving it).

(ii) Solve the problem (the solution will be in terms of the parameter a).

(i) Let f(a) be the optimal value of the problem with parameter 2. Write an
explicit expression for f and prove that it is a convex function.

10.9. Consider the problem
min  x2 4 x} 4+ x2 + %, x, + x,30, — 2, —4x, — b,
st. X +x,+x <1
(1) Is the problem convex?
(11} Find all the KKT points of the problem.

(i1} Find the optimal solution of the problem.

10.10. Consider the problem
min  x; + xg + J\::,‘2
st X +2x,4+3x, 24
x, < 1.
(i) Write down the KK'T conditions.

(11) Without solving the KKT system, prove that the problem has a unique opti-
mal solution and that this solution satisfies the KKT conditions.

(1)) Find the optimal solution of the problem using the KKT system.
10.11. Use the KKT conditions in order to solve the problem
min  xZ+ x?
st.  —2x;,—-x,+10<0
x, 2 0.



Chapter 11

The KKT Conditions

In this chapter we will further develop the KKT conditions discussed in Chapter 10, but
we will consider general constraints and not restrict ourselves to linear constraints. The
Karush-Kuhn-Tucker (KKT) conditions were originally named after Harold Kuhn and
Albert Tucker, who first published the conditions in 1951. Later on it was discovered that
William Karush developed the necessary conditions in his master’s thesis back in 1939,
and the conditions were thus named after the three researchers.

11.1 = Inequality Constrained Problems

We will begin our exploration into the KKT conditions by analyzing the inequality con-
strained problem

min  f(x)
® o0 g:(x)<0, i=12,...,m, (11.1)

where £, g,,..., g, are continuously differentiable functions over R*. Our first task is to
develop necessary optimality conditions. For that, we will define the concept of a feasible
descent direction.

Definition 11.1 (feasible descent directions). Consider the problem

min  A(x)
st. xe€C,

where b is continnously differentiable over the closed and convex set C CR”. Then a vector
d # 0 is called a feasible descent direction at x € C if Vh(x)Td < 0, and there exists ¢ >0
such that x+td € C forall t €[0,¢].

Obviously, a necessary local optimality condition of a point x is that it does not have
any feasible descent directions.

Lemma 11.2. Consider the problem

min  b(x)
G) st. xeC.

Ifx* is a local optimal solution of (G), then there are no feasible descent directions at x*.

207
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Proof. The proof is by contradiction. If there is a feasible descent direction, that is, a
vector d and ¢, > O such that x* + td € C for all t € [0,¢,] and Vf(x*)7d < 0, then by
the definition of the directional derivative (see also Lemma 4.2) there is an ¢, < ¢, such

that f(x*+td) < f(x*) for all t €[0,¢,], which is a contradiction to the local optimality
ofx*. O

We can now write a necessary condition for local optimality in the form of an infea-
sibility of a set of strict linear inequalities. Before doing that, we mention the following
terminology: Given a set of inequalities

g(x)<0, i—=1,2,...,m,

where g; : R” — R are functions, and a vector X € R”, the active constraints at X are the
constraints satisfied as equalities at X. The set of active constraints is denoted by

I(%)={i: g(X)=0}.
Lemma 11.3. Let x* be a local minimum of the problem

min f(x)

st.  g(x)<0, i=12,...,m,

where [, 8y5..., g, are continuously differentiable functions over R, Let I(x*) be the set of
active constraints at X*:

I(x)={i: g(x")=0}.
Then there does not exist a vector d € R” such that

Vf(x)'d <0,

Vg (x)Td<0, i € I{x*). 112
Proof. Suppose by contradiction that d satisfies the system of inequalities (11.2). Then
by Lemma 4.2, it follows that there exists £; > 0 such that f(x* + td) < f(x*) and
g (x* +td) < g;(x*)=0for any ¢t €(0,¢,) and i € I(x*). For any : ¢ I(x*) we have that
g;(x*) < 0, and hence, by the continuity of g for all , it follows that there exists ¢, > 0
such that g,(x* 4+ td) < Ofor any t € (0,¢,) and i ¢ I(x*). We can thus conclude that

f(x'+ed) < f(x),
g{x*+edy<0, i=12,...,m,

for all ¢ € (0, min{e,,e,}), which is a contradiction to the local optimalicy of x*. 0O

We have thus shown that a necessary optimality condition for local optimality is
the infeasibility of a certain system of strict inequalities. We can now invoke Gordan’s
theorem of the alternative (Theorem 10.4} in order to obtain the so-called Fritz-John
conditions.

Theorem 11.4 (Fritz-John conditions for inequality constrained problems). Let x* be
a local minimum of the problem

min  f(x)

st. g(x)<0, :=12,...,m,
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where [, gys..., &, are continuonsly differentiable functions over R". Then there exist mul-
tipliers Aoy Ays ... s Ay, 2 0, which are not all zeros, such that

AV (x") +iAngi(x*) =0, (11.3)

i=1

Alg‘(x*)zo, £=1,2,...,m.

Proof. By Lemma 11.3 it follows that the following system of inequalities does not have

a solution:
Viix*)'d<0,

O Gex)Td<0, iel(x), (11.4)

where I(x*) = {2 : g,(x*) =0} = {i,,23,..., 2, }. System (S) can be rewritten as
Ad <0,

where
V)"
Vg, (x)

Vg, (x")!
By Gordan’s theorem of the alternative (Theorem 10.4), system (S) is infeasible if and only
if there exists a vector 7 = (Ao, 4; 5.+, Ask)T # 0 such that
ATU = 0, 77 Z 0!

which 1s the same as

WVFx)+ D A Vg (x)=0,

iel(x")

X 20, iel(x).

Define A, =0 for any ; ¢ I(x*), and we obtain that

AVFx)+D A Vg(x) =0

=]
and that A, g;(x*) =0for any i € {1,2,...,m} as required. O

A major drawback of the Fritz-John conditions is in the fact that they allow A; to be
zero. The case Ay =0 is not particularly informative since condition (11.3) then becomes

i’livgi(X*) =0,

i=1

which means that the gradients of the active constraints {Vg;(x")};¢/(y are linearly de-
pendent. This condition has nothing to do with the objective function, implying that
there might be a lot of points satisfying the Fritz-John conditions which are not local
minimum points. If we add an assumption that the gradients of the active constraints are
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linearly independent at x*, then we can establish the KKT conditions, which are the same
as the Fritz-John conditions with 4, = 1.

Theorem 11.5 (KKT conditions for inequality constrained problems). Let x* be alocal
minimum of the problem

min  f(x)
st.  g(x)<0, 1=12,...,m,
where [, 81s...,8,, are continuously differentiable functions over R*, Let
Ix")={i: g(x")=0}
be the set of active constraints. Suppose that the gradients of the active constraints {V g, (X*)}; /e
are linearly independent. Then there exist multipliers A(, A,,..., A, = 0 such that

vf (x*)+i/1;‘7g,-(x*) =0, (11.5)
i=1

Ag(x)=0, i=12,...,m. (11.6)

Proof. By the Fritz-John conditions it follows that there exist A, 1,, .o.sA_ >0, not all
zeros, such that

LV ) +> 4 Vg (x) =0, 1.7)
i=1
g (x)=0, i=1,2,..,m. (11.8)
We have that jo £ 0 since otherwise, if io =0, by (11.7) and (11.8) it follows that

Z A Vg (x*) =0,

iel{x")
where not all the scalars j‘-,i € I(x*) are zeros, leading to a contradiction to the basic
assumption that {Vg,(x*)}; ¢y are linearly independent, and hence 4; > 0. Defining

A= -j.-:, the result directly follows from (11.7) and (11.8). 0O

The condition that the gradients of the active constraints are linearly independent
is one of many types of assumptions that are referred to in the literature as “constraint
qualifications.”

11.2 = Inequality and Equality Constrained Problems

By using the implicit function theory, it is possible to generalize the KKT conditions for
problems involving also equality constraints. We will state this generalization without 2
proof.

Theorem 11.6 (KKT conditions for inequality/equality constrained problems). Let
x* be a local minimum of the problem

min f(x)
st g(x)<0, i=1,2,...,m, (11.9)
h}(X)=0, ] = 1,2,...,P-
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where [, 8-, 8> P1s Py - -, b, are continuously differentiable functions over R". Suppose
that the gradients of the active constraints and the equality constraints

(Ve (x'):i € I(x)}U{Vh(x):f = 1,2,...,p)

are linearly independent (where as before I(x*) = {i : g,(x*) =0}). Then there exist multipli-
ers Ay Agees Ay 2 0and puy, iy, ..., u, €R such that

m P
VA + D AVe(x)+ D 4 Vhi(x*) =0,
i=1 j=1
Alg’(x*)zo, 521,2,-..,7”.

We will now add to our terminology two concepts: KKT points and regularity. The
first was already discussed in the previous chapter in the context of linearly constrained
problems and is now extended.

Definition 11.7 (KKT points). Consider the minimization problem (11.9), where
f1815 s 8ms P oys - b, are continuonsly differentiable functions over R". A feasible point
x* is called a KKT point if there exist A, Ay ..., A,, 2 0and y,, s, ..., 4, € R such that

m P
VAE)+D AV (x)+D 4 Vhi(x)=0,
i=1 j:l
/L-g;(x*)=0, i=1,2,...,m.

Definition 11.8 (regularity).  Consider the minimization problem (11.9), where
[ 8-> 8ms P15 Bys - s b, are continuonsly differentiable functions over R”. A feasible point
x" is called regular if the gradients of the active constraints among the inequality constraints
and of the equality constraints

{Vg(x): 1 € I(xX")}U{Vhi(x"):j =1,2,..., p}
are linearly independent.

In the terminology of the above definitions, Theorem 11.6 states that a necessary op-
timality condition for local optimality of a regular point is that it is a KKT point. The
additional requirement of regularity is not required in the linearly constrained case in
which no such assumption is needed; see Theorem 10.7.

Example 11.9. Consider the problem

min  x;+x,
S.1. x12 + xg =1.

Note that this is not a convex optimization problem due to the fact that the equality
constraint is nonlinear. In addition, since the problem consists of minimizing a contin-
uous function over a nonempty compact set, it follows that the minimizer exists (by the
Weierstrass theorem, Theorem 2.30).

Let us first address the issue of whether the KKT conditions are necessary for this prob-
lem. Since by Theorem 11.6 we know that the KKT conditions are necessary optimality
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conditions for regular points, we will find the irregular points of the problem. These are
exactly the points x* for which the set of gradients of active constraints, which is given

L

(=% =0
that is, at a nonfeasible point. The conclusion is that the problem does not have irregular

points, and hence the KKT conditions are necessary optimality conditions.
In order to write the KKT conditions, we will form the Lagrangian:

here by {2( 2 }}, is a dependent set of vectors; this can happen only when x

L(x;, x5, A) = x, +x, +A(xf‘ +x§— 1).

The XK'T conditions are
oL =142Ax, =0
Ix, F1=5
JL
-—=1 +2/1x2 =0,
x,
xf + xg =1.

By the first two conditions, A # 0, and hence x; = x, = —3;. Plugging this expression of
x,,%, into the last equation yields

so that A = :t:%. The problem thus has two KKT points: (-‘}—5, -‘}—5—) and (——‘}—5,——%).
Since an optimal sotution does exist, and the KKT conditions are necessary for this prob-
lem, it follows that at least one of these two points is optimal, and obviously the point
(—%,—%) which has the smaller objective value (—+/2) is the optimal solution. B

Example 11.10. Consider a problem which is equivalent to the one given in the previous
example:

min X, +x,

st.  (x2+xI—-1)=0.

Writing the KKT conditions yields

1+ 4Ax,(x? + 27 —1) =0,
14+ 4xy(xf + x5 —1) =0,
(Ji:l2 +x§ —1Y=0.
This system is of course infeasible since the combination of the first and third equations

gives the impossible equation 1 = 0. It is not a surprise that the KKT conditions are not

satisfied here, since all the feasible points are in fact irregular. Indeed, the gradient of the
xl(xf+x§—1)

e 4oy »» Which is the zeros vector for any feasible point. B
n* 2

. . 4
constraint 1s (,

Example 11.11. Consider the optimization problem
min  2x, + 3x, —x,
s.t. xf+x§'+x§ =1,
X+ 2x% +2x) =2.
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The problem does have an optimal solution since it consists of minimizing a continuous
function over a nonempty and compact set. The KKT system is

24 2(A+ u)x, =0,
3+2(A+2u)x, =0,
~14+2(A+2u)x, =0,
x12+x§+x§ =1,

xf + 2x§ +2x§ =2
Obviously, by the first three equations A4 u # 0, A+ 21 #0, and in addition

i 3 i
A+’ T T0w2my BT 204 2u)

Xy =

Denoting t; = 1+ b =73 A-}-Zp)’ we obtain that x, = —t,,x, = —3¢,, x; = ¢,. Substituting
these expressions into the constraints we obtain that

t2+4+10e2 =1,
2 2 _
t;+208 =2.
implying that £2 = 0, which is impossible. We obtain that there are no KKT points.

Thus, since as was already observed, an optima! solution does exist, it follows that it is an
irregular point. To find the irregular points, note that the gradients of the constraints are

given by
2%, 2x;
2x, |, 4x,
2x, 4x,

The two gradients are linearly dependent in the following two cases. (A) x; = 0. In this
case, the problem becomes

min 3x2 - x3

s.t. x% -+ xg =1,

whose optimal solution is (x,,x;) = (—%, ./+_o)’ and the obtained objective function

vatue is —y/10.

(B) x, = x; = 0. However, the constraints in this case reduce to xf =1, xl2 = 2, which
is impossible.
The conclusion is that the optimal solution of the problem is

3 1
(%15 %5 %3) = (0’__—‘/%’ ﬁ)

with optimal value —v/10.

11.3 = The Convex Case

The KKT conditions are necessary optimality condition under the regularity condition.
When the problem is convex, the KKT conditions are always sufficient and no further
conditions are required.
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Theorem 11.12 (sufficiency of the KKT conditions for convex optimization prob-
lems). Let x* be a feasible solution of

min f(x)
st g(x)<0, t1=12,....m, (11.10)
bf(x)=0, ;’:1,2,...,p,
where f, 8,5 ..., 8, are continuously differentiable convex functions over R” and by, by, ..., b,
are affine functions. Suppose that there exist multipliers A\, Ay..., A, 2 Oand ), uy, ..., u, €
R such that

m p
VAE)+ D AVe )+ D u;Vhi(x)=0,
j:l

izl

Ag(x)=0, i=12,...,m.
Then x* is an optimal solution of (11.10),

Proof. Let x be a feasible solution of (11.10). We will show that f(x) > f(x*). Note that
the function

m ?
s()) = f(®)+ DA gi(®)+ D phi(x)
i=1 j=1

is convex, and since Vs(x*) = Vf(x*)+3." A, Vg, (]i:*)+2f:'=1 #;Vh(x') =0, it follows
by Proposition 7.8 that x* is a minimizer of s(-) over R”, and in particular s(x*) < s(x).
We can thus conclude that

f(x) =f(x)+37, g+ Zf,:l pibi(x*) (4g(x)=0,h(x*)=0)
= s(x*)
< s(x)
=f(X)+ 27 A g0+ Z}; ;bi(x)
<fx) (4 20,8(x)<0,h,(x)=0),

showing that x* is the optimal solution of (11.10). O

In the convex case we can find a different condition than regularity that guarantees
the necessity of the KKT condition. This condition is called Slater’s condition. Slater’s
condition, like regularity, is a condition on the constraints of the problem. We will say
that Slatet’s condition is satisfied for a set of convex inequalities

g:(x)<0, 1=12,...,m,
where g,, 8,,...,8,, are given convex functions if there exists X € R” such that
gi(i)<0! i:I,Z,-”,m.

Note that Slater’s condition requires that there exists a point that strictly satisfies the
constraints, and does not require, like in the regularity condition, an a priori knowledge
on the point that is a candidate to be an optimal solution. This is the reason why checking
the validity of Slater’s condition is usually a much easier task than checking regularity.

Next, the necessity of the KKT conditions for problems with convex inequalities un-
der Slater’s condition is stated and proved.
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Theorem 11.13 (necessity of the KKT conditions under Slater’s condition). Let x* be
an optimal solution of the problem

min f(x)

st g(x)<0, i=12,...,m, (11.11)

where f,8,,..., 8, are continuwously differentiable functions over R*. Inaddition, g,, 85518,
are convex functions over R". Suppose that there exists X € R” such that

g(¥) <0, i=12,..,m.

Then there exist multipliers A, A, ..., A,, = 0 such that
VFE)+ DA Ve(x) =0, (11.12)
FE|

Ag(x)=0, i=12,...,m. (11.13)

Proof. As in the proof of the necessity of the KKT conditions (Theorem 11.5), since x* is
an optimal solution of (11.11), then the Fritz-John conditions are satished. That is, there

exist Ag, Ayse..y 4, = 0, which are not all zeros, such that

A VF(x) +Zi,.Vg,.(x*) =0,

Lg(x)=0, i=12,...,m. (11.14)

All that we need to show 1s that io > 0, and then the conditions (11.12) and (11.13) will
be satisfied with A, = -}:,i =1,2,...,m. To prove that io > 0, assume in contradiction

that it is zero; then
m
> A4 Vgi(x)=0. (11.15)
i=1
By the gradient inequality we have that forall i = 1,2,...,m
0> g(%) 2 g(x) + Vg, (x') (k—x").

Multiptying the ith inequality by :1,- and summing over ¢ = 1,2,...,m, we obtain
m o m T
0>> " A g(x")+ [Z 1;‘78;(7‘*)] (X—x"), (11.16)
i=1 i=1

where the inequality is strict since not all the l- are zero. Plugging the identities (11.14)
and (11.15) into (11.16), we obtain the impossible statement that 0 > 0, thus establishing
the result. O

Example 11,14, Consider the convex optimization problem

: 2
min xl -_ x2
s.t. X, = 0.
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The Lagrangian is
L(x), %, ) = x2 — x, + Ax,.

Since the problem is a linearly constrained convex problem, the KKT conditions are nec-
essary and sufficient (Theorem 10.7). The conditions are

2%, =0,
—~141=0,
x, =0,

and they are satisfied for (x,, x,) = (0,0), which is the optimal solution.
Now, consider a different reformulation of the problem:

2__

2

st. %<0

min  x;—x,

Slater’s condition is not satisfied since the constraint cannot be satisfied strictly, and there-
fore the KKT conditions are not guaranteed to hold at the optimal solution. The KKT
conditions in this case are

2x, =0,
szz =0,
x; <0,
A>0.

The above system is infeasible since x, = 0, and hence the equality —1 +2ix, = 0 is
impossible.

A slightly more refined analysis can show that in the presence of affine constraints,
one can prove the necessity of the KKT conditions under a generalized Slater’s condi-
tion which states that there exists a point that strictly satisfies all the nonlinear inequality
constraints as well as satisfies the affine equality and inequality constraints.

Definition 11.15 (generalized Slater’s condition). Consider the system
g, (x)<0, 1=1,2,...,m,
h](X)so, }._—:1,2,.”,?,
s(x)=0, k£=12,...,4,

where g;,1 = 1,2,...,m, are convex functions and bj,sk,j =12,...,p,k=1,2,...,g, are
affine functions. Then we say that the generalized Slater’s condition is satisfied if there

exists X € R”* for which
g(X) <0, i=1,2,...,m,
hi(®)<0, j=12,...,p,
Sk(i)::o’ k=1,2,u.,q.

The necessity of the KKT conditions under the generalized Slater’s condition is now
stated.
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Theorem 11.16 (necessity of the KKT conditions under the generalized Slater’s con-
dition), Let x* be an optimal solution of the problem

min f(x)

st.  g(x)<0, :=12,...,m,
hi(x)<0, j=12...,p,
s,(x)=0, k=12,...,q9,

where f,8y,..., 8, are continuously differentiable convex functions over R”, and b, s,,j =
1,2,.... P,k = 1,2,...,q, are affine. Suppose that there exists X € R” such that

g(x)<0, i=12,...,m,
h(X)<0, j=12,...,p,
sp(X)=0, k=1,2,...,q.

Then there exist multipliers Ay, Ay .., Ay, 0130 v 3Ny 20, 1y, iy iy € R such that

m ? q
V) +2_ AV (x) + D, V() + D i Va(x) =0,
i=1 j=1 k=i
A!g‘(x*)zo, £:1,2,..¢,m,
J)),—hj(x‘) =0, j=12,...,p.
Example 11.17. Consider the convex optimization problem
min  4x? +xf —x; —2x,
s.t. 2x1 + X s 1,

xfgl.

Slater’s condition is satisfied with (%,,%,) = (0,0} (2- 0+ 0 < 1,0°— 1 < 0), so the KKT
conditions are necessary and sufficient. The Lagrangian function is

L(xy, %, Ay, Ay) = 4 + 12 — 2, — 2% + A (2% + %, — 1) + Ay(x2 — 1),

and the KXT system is
JL
——=8x1—1-|—2/11+2/12x1 =0, (11'17)
dx,
oL
=2, —24 A, =0, (11.18)
Ix,

2x;+x, £ 1,
x2 <1,
A A, 2 0.
We will consider four cases.

Case I: If A, = 4, =0, then by the first two equations, x; = §,x, = 1, which is not a
feasible solution.
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Case II: If A, > 0, 4, > 0, then by the complementary slackness conditions

le +x2 —_— 1,

2 _
xl_l.

The two solutions of this system are (1,—1),(—1,3). Plugging the first solution into the
first equation of the KKT system (equation (11.17)) yields

7424 +24,=0,

which is impossible since 4;, 4, > 0. Plugging the second solution into the second equa-
tion of the KKT system (equation (11.18)) results in the equation

44+ A, =0,

which has no solution since 4, > 0.
Case IIL: If A, >0, A, =0, then by the complementary slackness conditions we have that

2x,+x, =1, (11.19)
which combined with (11.17) and (11.18) yields the set of equations (recalling that A, = 0)

2% +x,=1,

whose unique solution is (x,x,,4;) = (5, %,1), and we obtain that (x,x,,4;,4;) =
('1'16’ %, 1,0) satisfies the KKT system. Hence, (x,x,) = (%, £)is aKKT point, and since
the problem is convex, it is an optimal solution. In principle, we do not have to check the
fourth case since we already found an optimal solution, but it might be that there exist
additional optimal solutions, and if our objective is to find all the optimal solutions, then
all the cases should be covered.

Case IV: If A; = 0,4, > 0, then by the complementary slackness conditions we have
xZ = 1. By (11.18) we have that x, = 1. The two candidate solutions in this case are there-
fore (1,1) and (—1,1). The point (1, 1) does not satisfy the first constraint of the problem
and is therefore infeasible. Plugging (x,, x,) =(—1,1) and A, =0 into (11.17) yields

which is a contradiction to the positivity of 4,.
To conclude, the unique optimal solution of the problem is (x;,x,) = (%, %). 1

11.4 « Constrained Least Squares

Consider the problem
min ||Ax—b|]?

CLY ot Inf<a,

where A € R™*” is assumed to be of full column rank, b€ R™, and & > 0. We will refer
to this problem as a constrained least squares (CLS) problem. In Section 3.3 we considered
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the regularized least squares (RLS) problem which has the form® min{{]Ax—b||*+ u]{x|[*}.
The two problems are related in the sense that they both regularize the least squares
sotution by a quadratic regularization term. In the RLS problem, the regularization is
done by a penalty function, while in the CLS problem the regularization is performed by
INCorporating it as a constraint.

Problem (CLS) is a convex problem and satisfies Slater’s condition since % = 0 strictly
satisfies the constraint of the problem. To solve the problem, we begin by forming the
Lagrangian:

L(x,A) = ||Ax—b|* + A(j|x|?—a) (A=0).
The KKT conditions are

V,L= ZAT(AX —b)+24x =0,
Al —a) =0,

P < a,

A>0.

There are two options. In the first, A=0, and then by the first equation we have that
x=x;s=(ATA)'ATb.

This is a KKT point and hence the optimal solution if and only if x;  is feasible, that is,
if ||x; 5||* € a. This is not a surprising result since it is clear that when the unconstrained
minimizer (X; 5) satisfies the constraint, it is also the optimal solution of the constrained
problem.

On the other hand, if ||x;¢||* > @, then A > 0. By the complementary slackness
condition we have that ||x||° = @, and the first equation implies that

x=x, =(ATA+ A1)'A7D.

The multiplier A > 0 should be thus chosen to satisfy ||x,]|* = «; that is, A is the solu-
tion of

FO=|(ATA+ AN IATB)P —a =0. (11.20)

We have £(0) = |[(AT AY'ATb|*—a = ||x;s|P—a > 0, and it is not difficult to show that
f is a strictly decreasing function satistying f(A) — —a as A — oo. Thus, there exists a
unique A for which f(A) =0, and this A can be found for example by a simple bisection
procedure. To conclude, the optimal solution of the CLS problem is given by

X155 lIxy 5l < a,
(ATA+A)'ATD  ||xi gl > @,

where A is the unique root of f over [0,00). We will now construct a MATLAB func-
tion for solving the CLS problem. For that, we need to write a MATLAB function that
performs a bisection algorithm. The bisection method for finding the root of a scalar
equation f(x) =0 is described below.

3In Section 3.3 we actually considered a more general model in which the regularizer had the form u{|Dx]f%,
where D is a given matrix.
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Bisection
Input: ¢ - tolerance parameter. 2 < b - two numbers satisfying f(2)f(b) < 0.

Initialization: Take [y, =a,u,=b.
General step: For any k£ =0, 1,2,... execute the following steps:

(a) Take x, = -'fL'z"—I"-

®) I (L) f(x) > 0, define [,y = x4, 4, = #,. Otherwise, define [, =

bes gy = X

(© if wp,y—1,, <e,then STOP, and x; is the output.

A MATLAB function implementing the bisection method is given below.

function z=bisection(f, 1lb,ub, eps)

$INPUT

§================

RE s shviis § B Bt 3 a scalar function

RID . o s smasie st the initial lower bound

BUD . . vveies s soeaiens the initial upper bound

REPE & cowminis wammion = smiwin tolerance parameter

$OUTPUT

§================

B B oo pewan sevies ¥ e a root of the equation £ (x)=0

if (£(1b)*£f(ub)>0)
error(’'f(1lb)*xf(ub)>0")
end

iter=0;
while (ub-lb>eps)
z=(1lb+ub) /2;
iter=iter+1;
if (£(1b)*x£(z)>0)
lb=z;
else
ub=z;
end
fprintf (’iter_numer = %3d current_sol = %2.6f \n’,kiter,z);

end

Therefore, for example, if we wish to find the square root of 2 with an accuracy of
10~*, then we can solve the equation x* —2 =0 by the following MATLAB command:

>> bisection(@(x)x"*2-2,1,2,1le-4);
iter_numer = 1 current_sol = 1.500000

iter_numer = 2 current_sol = 1.250000
iter_numer = 3 current_sol = 1.375000
iter_numer = 4 current_sol = 1.437500
iter_numer = 5 current_sol = 1.406250
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iter_numer

iter_numer =
iter_numer =
iter_numer =
iter_numer =
iter_numer =
iter_numer =
iter_numer =
iter_numer =

current_sol

current_sol =
current_sol =
current_sol =

current_sol
current_sol

current_sol =
current_sol =

current_sol =

R e e

.421875
.414063
.417969
.416016
.415039
.414551
.414307
.414185
.41424¢6

As for the CLS problem, note that the scalar function f given in (11.20) satisfies
£(0) > 0. Therefore, all that is left is to find a point # > O satisfying f(#) < 0. For
that, we will start with guessing # = 1 and then make the update # « 2% unuil f(») <0.
The MATLAB function implementing these ideas is given below.

function x_cls=cls(A,b,alpha)
$INPUT

- an mxn matrix
-9 = an m-length vector
%alpha ............... positive scalar

F R ClS i an optimal solution of
% min{ | jA+x-b||:||x||~2<=alpha}
d=size(A);
n=d{2);
X_ls=aA\Db;
if (norm{x_1ls}"~2<=alpha)
X_cls=x_1ls;
elze
f=8 (lam} norm{(A’xA+lam+eye(n))\(A’'+b)) 2-alpha;
u=1;
while (£f(u)=0)}
u=2+u;
end
lam=bisection(f,0,u,le-7);
X_¢cls= (A’ +xA+lamreye(n) )\ (A’ +b);
end

For example, assume that we pick A and b as

A=(1,2;3,1;2,3];
b=[2;:;3:4];

The least squares solution and its squared norm can be easily found:

>> ¥X_1s=A\b
®x 1ls =

0.7600
0.7600
>> norm{x_1s) "2
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dans =

1.1552

If we use the c1s function with an @ which is greater than 1.1552, then we will obviously
get back the least squares solution:

> C1S (A;b:l»S)
ans =

0.7600
0.7600

On the other hand, taking an @ with a smaller value than 1.552, will result in a different
solution (the bisection output was suppressed):

>> cls{A,b,0.5)
ans =

0.5000
0.5000

To double check the result, we can run CVX,

cvX_begin

variable x_cvx(2)
minimize{norm{(A*x_cvx-b))
norm(x_cvx)<=sqgrt(0.5)
cvx_end

and get the same result:

>> X_CVX
X_CVX =

0.5000
0.5000

11.5 » Second Order Optimality Conditions
11.5.1 =« Necessary Conditions for Inequality Constrained Problems

We can also establish necessary second order optimality conditions in the general non-
convex case. We will begin by stating and proving the result for inequality constrained
problem.

Theorem 11.18 (second order necessary conditions for inequality constrained prob-

lems), Consider the problem

min f(x)
st. £(®)L0, i=1,2,...,m, (11.21)

where fo, f1s .- - [, are twice continnously differentiable over R". Let X* be a local minimum
of problem (11.21), and suppose that X* is regular, meaning that the set {V f(x*}};c1(x
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linearly independent, where
I ={ie{1,2,...,m}: fi(x*) =0).
Denote the Lagrangian by
Lot D)= o)+ 3 Af).
Then there exist A, Ay, ..., A, 2 O such that |
V,L(x',A) =0,
LAY =0, i=1,2,...,m,
and

y Vi Lx, Ay =y’ [szo(x"‘) + f AV, (x*)] y>0

i=1
for all y € A(x*), where
AN ={deR" :VLx) d=0,i e I(x")}.
Proof. Let d € D(x*), where
D(x)={deR": V£ (x")Td<0,i € I(x)U{0}}.
From this point until further notice we will assume that d is fixed. Let z € R”, and
i€{0,1,2,...,m}. Define
2
x(1)=x"+ed+ t—z—z
and the one-dimensional functions
& ()= fix(r)), i€l(x)u{o}.
Then
g/(t)=(d+12)  V£(x(1)),
g/ (t)=(d+t2) V£ (x(t))(d + t2) + 2T V£ (x(2)),
which in particular implies that
g(0)=Vf(x)'d,
g/(0)=d" V*f(x")d+ Vfi(x") z.

By the quadratic approximation theorem (Theorem 1.25) we have

2
g(t)=fi(x) + (V&) d)e +(d" V2 i(x')d+ V£(x')z) % +o(t?).  (11.22)
Therefore, for any ¢ € I(x*)U {0} there are two cases:

1. V£(x*)Td <0, and in this case £,(x(¢)) < f,(x*) for small enough ¢ > 0.

2. V£(x*)Td = 0. In this case, by (11.22), if V£(x)z 4+ d"V?£(x*)d < 0, then
Fi(x(1)) < f,(x*) for small enough ¢,
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As a conclusion, since x* is a local minimum of problem (11.21), the following system of
strict inequalities in z (recall that d is fixed) does not have a solution:

Vi) z+d"Vi(x)d <0, ieJ(x)U{o}, (11.23)
where
J)={i e I(x"): Vf(x') d=0}.

Indeed, if there was a solution to system (11.23), then for small enough ¢, the vector x(¢)
would be a feasible solution satisfying fo(x(¢)) < fo(x*), contradicting the local optimality
of x*. System (11.23) can be written as

Az <b,

where A is the matrix whose rows are V£;(x*)7, i € J(x*)U{0}, and b is the vector whose
rows are —d7 V2f,(x*)d, i € J(x*) U {0}. By the nonhomogenous Gordan’s theorem (see
Exercise 10.5), we have that there exists y such that ATy = 0,b”y < 0,y > 0,y # 0,
meaning that there exist 0 < y;,7 € J(x*)U {0}, not all zeros, such that

> yVfix)=0 (11.24)

ief(x")J{0}

and

D y(—dTVH(x)d) <0,
i](x* {0}

that is,
d'| > »Vix)|d>o.
i€/ (x"Ju{o}

By the regularity of x* and (11.24), we have that y, > 0, and hence by defining A, = ;—’O for
i €J(x*) and A; =0 for i € I(x*)\J(x*), we obtain that

Vix)+ D AVAE)=0, (11.25)
iel(x")
d7 [vz )+ D AV )‘}(x*)] d>0.
iel{x™)

Since {Vf;(x")};cs(x) are linearly independent, equation (11.25) implies that the multipli-

ers A;,¢ € I(x*), do not depend on the initial choice of d. Therefore, by defining A, =0
for any : ¢ I(x*), we obtain that

Vix )+ D AVfi(x")=0,

i=t

Af(x)=0, i=12,...,m,

d? [vz ﬁ,(x*)+i,l,-vzﬂ(x*)]dzo (11.26)

i=1
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for any d € D(x*). All that is left to prove is that (11.26) is satished for all d € A(x*).
Indeed, if d € A(x*), then either d or —d is in D(x*). Thus, c¢d € D(x*) for some ¢ €
{—1,1}, and as a result

(ed)T I:szo(x*) + i Al-sz,-(x*)] (cd)>0,

which 1s the same as

d’ [szo(x*)—i—il,-vzﬁ(x*)]d >0,

i=1

and the result is established. 0O
11.5.2 » Necessary Second Order Conditions for Equality and Inequality
Constrained Problems

When the problem involves both equality and inequality constraints, a similar result can
be proved, and it is stated without a proof below.

Theorem 11.19 (second order necessay conditions for equality and inequality con-
strained problems). Consider the problem

min f(x)
st.  g(x)L0, 1=12,...,m, (11.27)
h),-(x):O, J=12,...,p,

where f,8ys--«s s P15+ - -» b, are twice continuously differentiable over R”. Let x* be a local
minimum of problem (11.27), and suppose that X" is regular, meaning that {V g,(x*), Vb (x*),
i€ I(x*),j =1,2,..., p} ave linearly independent, where

Ix)y={ie{1,2,...,m}: f(x*)=0}.
Then there exist Ay, Ay, ..., A, 2 Qand py, py,..., 4, € R such that
Vf(f)*'i'lsv&' (X*)'i'ilﬂthf(X*) =0,
B " Ag(x)=0, i=1,2,...,m,
and

m Fd
d’ szo(x*)-I—Z/lfvzg,;(x*)-!-ijVzh}-(x*) d>0
j=1

i—=1

for all d € A(x*) where
A ={deR": Vg (x*) d=0,Vhi(x") d=0,i € I(x"),j =1,2,...,p}.
Example 11.20. Consider the problem

min (2%, — 1Y +x
st. h(x;,x)=—2x +x2=0.
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We first note that since the problem consists of minimizing a coercive objective function
over a closed set, it follows that an optimal solution does exist. In addition, there are no
irregular points to the problem since the gradient of the constraint function b is always
different from the zeros vector. Therefore, the optimal solution is one of the KKT points
of the problem. The Lagrangian of the problem is

L(xy, 3%y, ) = (22, = 1) 2, + (2%, +x3),
and the KKT system 1s

IL 2 —1)—2u=0
Ix, “ H=5

oL 2x,4+2 0
E— 4 X, =0,
31‘.‘2 2 KX,
~2x, + x§ =0.
By the second equation
21+ p)x, =0,

and hence there are two cases. In one case, x, = 0; then by the third equation, x; =0,
and by the first equation u = —2. The second case is when ¢ = —1, and then by the first
equation, 4(2x, — 1) = —2, that is, x, = §, and then x, =+ . We thus obtain tha there

are three KKT points: (x,,x,, u) = (0, 0,—-—2),(%, %,-——1),(%,——715,—1).

Note that
8 0
V;L(xl,xz,y)z(o 2(1_'_#)).

Note that for the points (x,,x,, u) = (%,%,—1),(%,—%,—1) the Hessian of the La-
grangian is positive semidefinite:

8§ 0
ViL(xl,xz,m:(o o)ao.

Therefore, these points satisfy the second order necessary conditions. On the other hand,
for the first point (0,0) where u = —2, the Hessian is given by

g8 ©
ViL(xt’ X2 P) = (0 _2) »
which is not a positive semidefinite matrix. To check the validity of the second order

conditions at (0,0), note that
-2
Vhix,,x ::( ),
( 1 2) zxz

and thus V5(0,0) = (72). We therefore need to check whether
d7V2L(x,, %y, 1)d > 0 for all d satisfying V4(0,0)7d = 0.

Since the condition VA(0,0)7d = 0 translates to d; = 0, we need to check whether

(52) ViL(xl, Xy, M) (O dz) >0



11.6. Optimality Conditions for the Trust Region Subproblem 227

. . - - . 2
for :myd2 However, the latter inequality is equivalent to saying that —247 > 0 for any d,,
which is of course not correct.
The conclusion is that (0,0) does not satisfy the second order necessary conditions
and hence cannot be an optimal solution. The optimal sotution must be either (3, %)

or (3 ,—%) (or both). Since the points have the same objective function value, it follows
that they are the optimal solutions of the problem. &

11.6 =« Optimality Conditions for the Trust Region Subproblem

In Section 8.2.7 we considered the trust region subproblem (TRS) in which one minimizes
an indefinite quadratic function subject to a norm constraint:

(TRS): min{f(x)=xTAx+2b"x+c:|jx|?<a},

where A= A7 eR"™* beR",ceR,and e € R ++- Note that here we consider a slight
extension of the model given in Section 8.2.7 since the norm constraint has a general up-
per bound and not 1, We have seen that the problem can be recast as a convex optimization
problem. In this section we will look at another aspect of the “easiness” of the problem:
the problem possesses necessary and sufficient optimality conditions. We will show that
these optimality conditions can be used to develop an algorithm for solving the problem.
We begin by stating the necessary and sufficient conditions.

Theorem 11.21 (necessary and sufficient conditions for problem (TRS)). A vector x*
is an optimal solution of problem (IRS) if and only if there exists A* > O such that

(A + A"I)x* ==b, (11.28)
x| < e, (11.29)

(I —a) =0, (11.30)
A+ AIx>0. (11.31)

Proof. Sufficiency: To prove the sufficiency, let us assume that x* satisfies (11.28)-(11.31)
for some A* 2> 0. Define the function

b(x)= f(x)+ A (Ix|P—a)=x"(A+ ADx+2b"x +c—al". (11.32)
Then by (11.31) b 1s a convex quadratic function. By (11.28) it follows that VA(x*) = 0,
which combined with the convexity of b implies that x* is an unconstrained minimizer

of » over R” (see Proposition 7.8). Let x be a feasible point, that is, ||x|]’ < a. Then

f(x) Ef(!ii)*l-fl*(llxﬂ2 —a)  (I20,|xF-a<0)

=h(x) by (1132)

> h(x*) (x* is a minimizer of b)
=f(x)+ A (x> —a)

=f(x") (by (11.30))

and we have established that x* is a global optimal solution of the problem.

Necessity: To prove the necessity, note that the second order necessary optimality
conditions are satisfied since all the feasible points of (TRS) are regular. Indeed, the reg-
ularity condition states that when the constraint is active, that is, when ||x*||2 = a, the
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gradient of the constraint is not the zeros vector, and indeed, since VA(x*) = 2x*, it is not
equal to the zeros vector (since ||x*|]* = ).

If ||x*|| < a, then the second order necessary optimality conditions (see Theorem
11.18) are exactly (11.28)-(11.31). If ||x*||* = a, then by the second order necessary opti-
mality conditions there exists A* > 0 such that

(A+ADx* =—b (11.33)
I < e (11.34)
A(|Ix’|F —a)=0, (11.35)
d’(A+A2'D)d>0 forall d satisfying d”x* =0. (11.36)

All that is left to show is that the inequality (11.36) is true for any d and not only for
those which are orthogonal to x*. Suppose on the contrary that there existsad such that

d"x* #0and d"(A+ A*I)d < 0. Consider the point x =x* + td, where t = ZW The

vector X is a feasible point since
1% = [lx" + ed)f? = ||x||* +2¢d7x + 22|
dTx* P (dTx* )
=l =4 )
lIdl| ldl|
=Kl <a.

In addition,

fEx)=%xTAx+2b"x+¢
= (x* + td)T A(x* + td)+ 2b7 (x* + td) +¢
=(x*)TAx* +2b7x* + c +:?d"Ad + 2:d" (Ax* +b)

fix7)
= f(x)+2d"(A+ A D)d+2edT (A + I Dx’ +b)— A'e [ ¢]|d]P +2d7x ]
=0 by?ll.ﬁ) ) =0byﬂdref. of ¢ ’
= f(x)+2d"(A+ A Dd

<f(x")
which is a contradiction to the optimality of x*. O

Theorem 11.21 can be used in order to construct an algorithm for solving the trust
region subproblem. We will make the following assumption, which is rather conventional
in the literarure:

—b ¢ Range(A— A_. (A)]). (11.37)

Under this condition there cannot be a vector x for which (A — A_; (A)l)x = —b.
This means that the multiplier A* from the optimality conditions must be different than

—A:.(A). The condition (11.37) is considered to be rather mild in the sense that the range
space of the matrix A—A_; (A)Iis of rank which is at most #—1. Therefore, at least when
A and b are generated from a continuous random distribution, the probability that —b
will 7ot be in this space 1s 1.
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We will consider two cases.
Case I: A > 0. Since in this case the problem is convex, x* 1s an optimal solution of (TRS)
if and only if there exists A* > 0 such that

A+ADx" =—b, I(K|F-a)=0, [K|f<a.

If I* =0, then Ax* = —b, and hence x* = —A~'b. This will be the optimal solution if
and only if [[A7Ib|? < a. If A* > 0, then ||x*||? = @, and thus the optimal solution is given
by x* =—(A + A*I)"'b, where A* is the unique root of the strictly decreasing function

fH=I(A+AD)"blf* —a

over (0,00). ,

Case II: A # 0 In this case, condition (11.31) combined with the nonnegativity of A*
is the same as A* > —A . (A)(> 0). Under Assumption (11.37), A* cannot be equal to
—Amin(A), and we can thus assume that A* > —A_, (A). In particular, A* > 0 and hence
we have ||x*||* = a as well as A+ A*I > 0. Therefore, (11.28) yields

x* =—(A+ A"1)7'b, (11.38)

so that ||x*||2 = |[(A + A*I)"'b|f2 = a. The optimal solution is therefore given by (11.38),
where A* is chosen as the unique root of the strictly decreasing function f(A) = |[(A +
AL !b|f? — @ over (—A,;,(A),00).

An implementation of the algorithm for solving the trust region subproblem in MAT-
LAB is given below by the function trs. The function uses the bisection method in order
to find A*. Note that the function uses the fact that f(A) = oo as A = —A_, (A)* by tak-
ing the initial lower bound as —A_; (A)+ ¢ for some smali & > 0.

min

function x_trs=trs{A,b,alpha)

$INPUT

%::::::::::::::::

- an nxXn matrix

- o J an n-length vector

$alpha ............... positive scalar

%OUTPUT

%::::::::::::::::

F X LS . e e an optimal sclution of

% min{x’*A+x+2b’*x: | |x|]|~2<=alpha}
n=lengthi(b);

f=@(lam} norm{ (A+lamreye(n))\b)"2-alpha;
[L,pl=chol{A, "lower’);
% the case when A is positive definite
if {(p==0)
x_naive=-L'\ (L\b);
if(norm(x_naive)“2<=alpha)
®x_trs=x_naive;
else
u=l;
while (£f(u)=>0)
u=2+u;
end
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lam=bisection{(f,0,u, le-7);
X_trs=-(A+lamreve(n) ) \b;
end
else
$when A is not positive definite
u=max(l, min{eig{A))+le-7);
while (f(u)>0)
u=2+«u;
end
lJam=bisection(f, ~-min({eig(A})+le-7,u,le-7);
*x_trgs=-(A+lamxeye{n) ) \b;
end

We can for example use the MATLAB function trs in order to solve Example 8.16.

>> A=[1,2,3;2,1,4:3,4,3];
>> b=[0.5;1;-0.51;

>» X_trs = trs(A,b,1)
X_trs =

-0.2300
-0.7259
0.6482

This is of course the same as the solution obtained in Example 8.16,

11.7 = Total Least Squares

Given an approximate linear system Ax & b (A € R™*", b € R™), the least squares prob-
lem discussed in Chapter 3 can be seen as the problem of finding the minimum norm
perturbation of the right-hand side of the linear system such that the resulting system is

consistent:
min,,, |lw[]?
s.t. Ax=b+w,
welR™,

This is a different presentation of the least squares problem from the one given in Chap-
ter 3, but it is totally equivalent since plugging the expression for w (w = Ax—Db) into
the objective function gives the well-known formulation of the problem as one consisting
of minimizing the function ||Ax — b|> over R”. The least squares problem essentially
assumes that the right-hand side is unknown and is subjected to noise and that the matrix
A is known and fixed. However, in many applications the matrix A is not exactly known
and is also subjected to noise. In these cases it is more logical to consider a different prob-
lem, which is called the total least squares problem, in which one seeks to find a minimal
norm perturbation to both the right-hand-side vector and the matrix so that the resulting
perturbed system is consistent:

ming . |[El} +|Iwli?
(TLS) s.t. (A+Ex=b+w,
EceR"*" weR™,

Note that we use here the Frobenius norm as a matrix norm. Problem (TLS) is not a
convex problem since the constraints are quadratic equality constraints. However, despite
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the nonconvexity of the problem we can use the KKT conditions in order to simplify it
considerably and eventually even solve it. The trick is to ix x and solve the problem with
respect to the variables E and w, giving rise to the problem

) Minee [EIE+IwF
X/ s (A+E3x=b+w.

Problem (P,) is a linearly constrained convex problem and hence the KKT conditions
are necessary and sufficient (Theorem 10.7). The Lagrangian of problem (P, ) is given by

L(E,w, )= |[E|2 +jw|/*+ 24" [(A + E)x—b—w].

By the KKT conditions, (E,w) is an optimal solution of (P,) if and only if there exists
A€ R™ such that

2E42ixT =0 (VgL =0), (11.39)
2w—24=0 (V,L=0), (11.40)
(A+Ex=b+w (feasibility). (11.41)

From (11.40) we have A = w. Substituting this in (11.39) we obtain
E=—wx'. (11.42)
Combining (11.42) with (11.41) we have (A —wx” )x = b +w, so that

Ax-b
Ix|F+1°

(11.43)

and consequently, by plugging the above into (11.42) we have

_ (Ax—b)T

. 11.44
I+ 1 149

Finally, by substituting (11.43) and (11.44) into the objective function of problem (P,) we
obtain that the value of problem (P, ) is equal to ”ﬁ—;ﬁ'{_‘:—lllz. Consequently, the TLS problem
reduces to

. |lAx—blf*

in —————.
xR fx]f+ 1

We have thus proven the following result.

(TLS)

Theorem 11.22. x is an optimal solution of (TLS') if and only if (x,E,w) is an optimal
solution of (TLS) where E = ——‘f“(mifﬁf andw= m—:l'

The new formulation (TLS') is much simpler than the original one. However, the
objective function is still nonconvex, and the question that still remains is whether we
can efficiently find an optimal solution of this simplified formulation. Using the special
structure of the problem, we will show that the problem can actually be solved efficiently
by using a homogenization argument. Indeed, problem (TLS') is equivalent to

. [ llAx—eb|l?
min ——————— it = 13,
x€R” reik ||x|| +t
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which is the same as (denoting y = (¥))

T
.}y By
f*= min {———-———:y =1}, (11.45)
yeret | [yl

where

B ATA —ATp
“\-bTA [P )

Now, let us remove the constraint from problem (11.45) and consider the following
problem:
y'B

. . y
g* = min { Ly #0 } (11.46)

yere s {_ Iyl
This is a problem consisting of minimizing the so-called Rayleigh quotient (see Section
1.4) associated with the matrix B, and hence an optimal solution is the vector correspond-
ing to the minimum eigenvalue of B; see Lemma 1.12. Of course, the obtained solution

is not guaranteed to satisfy the constraint y, | = 1, but under a rather mild condition,
the optimal solution of problem (11.45) can be extracted.

Lemma 11.23. Let y* be an optimal solution of (11.46) and assume that y! | # 0. Then
Lv* is an optimal solution of (11.45).

rx+1

Proof. Note that since (11.46) is formed from (11.45) by replacing the constraint y, ,, =1
with y # 0, we have

f* 2 g*.

However, § is a feasible point of problem (11.45) (,,,, = 1), and we have

T
7By Gy )BY (yyBy
[ T R

*

Therefore, § attains the lower bound g* on the optimal value of problem (11.45), and con-
sequently, it is an optimal solution of (11.45) and the optimal values of the two problems
(11.45) and (11.46) are consequently the same. D

All that is left is to find a computable condition under which y? | # 0. The follow-
ing theorem presents such a condition and summarizes the solution method of the TLS

problem.

Theorem 11.24. Assume that the following condition holds:

Arin(B) < Anin(ATA), (11.47)
where

B ATA —A7b

“\=bTA |bl? S

Then the optimal solution of problem (TLS') is giver by ;l—lv, wherey = (5, ) is an eigen-
vector corresponding to the minimum eigenvalue of B.
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Proof. By Lemma 11.23 all that we need to prove is that under condition (11.47), an op-
timal solution y* of (11.46) must satisfy y* # 0. Assume on the contrary that y;  =0.
Then
. (y* )TBy* vIATAv
Amin(B) =f = Tz 2 2 ’lmin(ATA)’
[yl Il

which is a contradiction to (11.47). O

Exercises

11.1, Consider the optimization problem

min  x; —4x, + X3
Py st xy+2x+2x; =2,
xl+xl4xl<1
(i) Given a KKT point of problem (P}, must it be an optimal solution?
(i) Find the optimal solution of the problem using the KKT conditions.
11.2. Consider the optimization problem

P) min{a’x:x" Qx+2b7x+¢ <0},

where Q € R"*” is positive definite, a(£0),be R”, and c € R,
(i) For which values of Q,b, ¢ is the problem feasible?
(ii) For which values of Q,b,c are the KKT conditions necessary?
(i) For which values of Q,b, ¢ are the KKT conditions sufficient?

(tv) Under the condition of part (i), find the optimal solution of (P} using the
KKT conditions.

11.3. Consider the optimization problem

: O Y
min - x; 2.7c2 Xy

24,2
st x{+x;+x, <0
(1) Isthe problem convex?

(ii) Prove that there exists an optimal solution to the problem.

(iii) Findallthe KKT points. For each of the points, determine whether it satisfies
the second order necessary conditions.

{iv) Find the optimal solution of the problem.
11.4. Consider the optimization problem

. 222
min X7 —x; —x;

4 4 4
st X +x2 +x3 <1

(i) Isthe problem convex?
(it} Find all the KKT points of the problem.
(ii) Find the optimal solution of the problem.
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11.5. Consider the optimization problem
min  —2x?42xZ +4x,
st.  xX+4+xl—-4<0,
xf+x§—-4x1 +3<0.
(i) Prove that there exists an optimal solution to the problem.
(i) Find all the KKT points.
(iii) Find the optimal solution of the problem.
11.6. Use the KKT conditions in order to find an optimal solution of the each of the

following problems:
() |
min 3xf + xg
S.t. xl"“x2+83_<.03
x5 2 0.
(i)
min 3x? +x2
s.t. 3xf + xg +x +2x2,4+01<0,
%, +10>0.
(111)
min 2x, +x,
st 4x}+x2—2<0,
4x+x,+3 <0.
(iv)
min  x2 +x;
st. X +x) <1
(v) .
min x‘; — xg
s.t. xlz + x% S 1)
2x,+1<0.

11.7. Let 4 > 0. Find all the optimal solutions of
max{x, x,x, 1a’x’ + x> +xZ < 1},
11.8. (i) Find a formula for the orthogonal projection of a vector y € R? onto the set
C={xeR’:x}+2x+3x2 < 1},

The formula should depend on a single parameter that is a root of a strictly
decreasing one-dimensional function.

(1) Write a MATLAB function whose input is a three-dimensional vector and its
output is the orthogonal projection of the input onto C.

11.9. Consider the optimization problem
min 2x,x,+ %xg
®) st 2xx%4 3% <0,
2x,%y + 3x7 <0,
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(i) Show that the optimal solution of problem (P} is x* = (0,0,0).

(ii) Show that x* does not satisfy the second order necessary optimality condi-
tions.

11.10. Consider the convex optimization problem

®) min  fy(x)

st.  f,(x)<0, i=12,...,m,

where f; is a continuously differentiable convex functionand £, £,,..., f,, are con-
tinuously differentiable strictly convex functions. Let x* be a feasible solution
of (P). Suppose that the following condition is satisfied: there exist y; > 0,7 €
{0} UI(x*), which are not all zeros such that

WX+ D %Vfix)=0.
iel(x)
Prove that x* is an optimal solution of (P).
11.11. Consider the optimization problem

min ¢’x

st. fi{x)£0, i=12,...,m,

where ¢ # 0 and £, /5,...,f,, are continuous over R”. Prove that if x* is a local
minimum of the problem, then J(x*) # §.

11.12. Consider the QCQP problem

min  x7 Agx+2b7x
st.  XTAx+2bI x4+ <0, i=12,...,m,

(QCQP)

where Ay, Aq,..., A, € R"* are symmetric matrices, by, b,,...,b, € R”, and
Cp3Cse-0s €y € R. Suppose that x* satisfies the following condition: there exist
Ais Ags -5 Ay, 2 0 such that

(Aﬁi,l,.A,.)x* +(bo+i/1ib,-) =0,

i=1 i=1
AlETAE)+2bx +¢]=0, i=12,...,m,
(x*)TA,-(x*)+2brx*+c,- <0, i=12,...,m,

A0+il,-A,- > 0.

i=1

Prove that x* is an optimal solution of (QCQP).
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Duality

12.1 « Motivation and Definition

The dual problem, which we will formally define later on, can be motivated as a way to
find bounds on a given optimization problem. We will begin with an example.

Example 12.1. Consider the problem

min x4 x7 +2x,
s.t. x1 + xz = 0.

®)

Problem (P) is of course not a difficult problem, and it can be solved by reducing it into a
one-dimensional problem by eliminating x, via the relation x, = —x,, thus transforming
the objective function to 2x{ +2x,. The (unconstrained) minimizer of the latter function

is x, =—3, and the optimal solution is thus (—3, 1) with a corresponding optimal value
of f M —% .

The theoretical exercise that we wish to make is to find lower bounds on the value of
the problem by solving unconstrained problems. For example, the unconstrained prob-

lem derived by eliminating the single constraint is
(Py) min xf + xg + 2x,.

The optimal value of (P,) is 2 lower bound on the value of the optimal value of (P). We
can write this fact by the following notation:

val(P,) < val(P).

The optimal solution of the convex problem (P,) is attained at the stationary point x; =
—1,x, = 0 with a corresponding optimal value of —1 (which is indeed a lower bound
on f*).

In order to find other lower bounds, we use the following trick. Take a real number
u and consider the following problem, which is equivalent to problem (P):

min xf + xz2 + 2%, + u(x; +x;)

st.  x +x,=0. (12.1)

Now we can eliminate the equality constraint and obtain the unconstrained problem

(P,) min xf +x§ +2x; + u(x, + x,).

237
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We have that forall u € R
valP,) < val(P).

The optimal solution of (P ) is attained at the stationary point (x;, x,) = (—1—§,—5%),
and the corresponding optimal value, which we denote by g(u), is

_ _ H\2 [ 2 “ _ ¥
q(,u):.val(PF)_( 1—5) +(—2) +2(—1——2—)+y(—1-—p)_ > - u—1.
For example, q(0) = —1 is the lower bound obtained by (P,). What interests us the

most is the best (i.e., largest), lower bound obtained by this technique. The best lower
bound is the solution of the problem

©O) max{g(y): p€R}.

This problem will be called the dual problem, and by its construction, its optimal value
is a lower bound on the optimal value of the original problem (P), which we will call the
primal problem:

val(D) < val(P).

In this case the optimal solution of the dual problem is attained at u = —1, and the corre-
sponding optimal value of the dual problem is —3, which is exactly f*, meaning that the
best lower bound obtained by the this technique is actually equal to the optimal value f*.

Later on, we will refer to this property as “strong duality” and discuss the conditions
under which it holds. H

12.1.1 = Definition of the Dual Problem

Consider the general model

fr=min f(x)
st.  g(x)<0, i=12,...,m,
h),-(x)::O, j=12,...,p,

xeX,

(12.2)

where f,g,»,hf(i =1,2,...,m,j = 1,2,...,p) are functions defined on the set X C R".
Problem (12.2) will be referred to as the primal problem. At this point, we do not assume

anything on the functions (they are not even assumed to be continuous). The Lagrangian
of the problem is

m 4
Lix, A @)= f(x)+ D A g(x)+ D u;h(x) (x€X,A€RT, u€R?),
i=1 =1

where A, 4,, 4,, are nonnegative Lagrange multipliers associated with the inequality con-
straints, and uy, 4y,..., 4, are the Lagrange multipliers associated with the equality con-
straints. The dual objective function q : R x R? — RU {—o0} is defined to be

4k )= minL(x, 4, ) (123)

Note that we use the “min” notation even though the minimum is not necessarily attained.
In addition, the optimal value of the minimization problem in (12.3) is not always finite;
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there are values of (4, u) for which g(4, ) = —o0. It is therefore natural to define the
domain of the dua! objective function as

dpm(q) ={(4 ¢) €RY x R? : g(4, ) > —o0}.

The dual problem is given by

*

q'= max g(4p)
st. (A p)€dom(q). (124)

We begin by showing that the dual problem is always convex; it consists of maximizing a
concave function over a convex feasible set.

Theorem 12.2 (convexity of the dual problem). Consider problem (12.2) with f, g;, b;
(i=12,...,m,J =1,2,..., p) being finite-valued functions defined on the set X CR", and
let q be the function defined in (12.3). Then

(a) dom(q) is a convex set,
(b) q is a concave function over dom(q).

Proof. (a) To establish the convexity of dom(g), take (4,, ¢£,), (A t,) €dom(g) and x €
[0,1]. Then by the definition of dom(g) we have that

mei?L(x’Al’#1)>"‘°°’ (12.5)
mét('l L(x, A,, p,) > —00. (12.6)

Therefore, since the Lagrangian L(x, A, u) is affine with respect to A, i, we obtain that
g(ad +(1—a) Ay ap +(1—a)p,) = TE?L(& ad +(1—a)Ay apy +{(1—a)u,)

= min[aL(x, Ay, )+ (1= @)L(%, Ay, )]
> amin L(x, Ay, ) + (1~ 2)min L(x, Ay, 1)
= G'Q(Apfdﬁ) +(1 - “)Q('lzs !‘52)

> —00.

Hence, a(A,, #;)+ (1 — a)(A,, 4,) € dom(g), and the convexity of dom(q) is established.

(b) As noted in the proof of part (a), L(x, A, &) is an affine function with respect to
(A, ). In particular, it is a concave function with respect to (4, z2). Hence, since g(4, u) is
the minimum of concave functions, it must be concave. This follows immediately from
the fact that the maximum of convex functions is a convex function (Theorem 7.38). O

Note that —g is in fact an extended real-valued convex function over R7 x R” as de-
fined in Section 7.7, and the effective domain of ¢ is exactly the domain defined in this
section. The first important result is closely connected to the motivation of the construc-
tion of the dual problem: the optimal dual value is a lower bound on the optimal primal
value. This result is called the weak duality theorem, and unsurprisingly, its proof is rather
simple.
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Theorem 12.3 (weak duality theorem). Consider the primal problem (12.2) and its dual
problem (12.4). Then

<f
where q*, [ * are the optimal dual and primal values respectively.

Proof. Let us denote the feasible set of the primal problem by
S={xeX:g(x)< O,h}-(x) =0,:=12,...,m,j =1,2,...,p}.

Then for any (4, u) € R? x R? we have

a(d ) = min L(x, 4, 1)
< 1;1{2;11.(3{, A, 1)

m ?
=min | f(0+ 2 Agi(x)+ 2 p;h;(x)

j=1

< minf{x
< mipf (%)

where the last inequality follows from the fact that A; > 0 and for any x € §, g,(x) <
O,bj(x) =0(i=12,...,m,) =1,2,...,p). We thus obtain that

q(4, p) < min f (x)

for any (4, u) € R x R?. By taking the maximum over (4, u) € R7 x R?, the resulr
follows. O '

The weak duality theorem states that the dual optimal value is a lower bound on the
primal optimal value. Example 12.1 illustrated that the lower bound can be tight. How-
ever, the lower bound does not have to be tight, and the next example shows that it can
be totally uninformative.

Example 12.4. Consider the problem

min xlz — 3x§

st. X =x.

It is not difficult to solve the problem. Substituting x; = xJ into the objective function, we
obtain that the problem is equivalent to the unconstrained one-dimensional minimization
problem

min x® — 3x2.
Py 2
2

An optimal solution exists since the objective function is coercive. The stationary points
of the latter problem are the solutions to

5
6x, —6x, =0,

that is,
6x,(x; —1)=0.
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Hence, the stationary points are x, = 0,%1, and thence the only candidates for the opti-
mal solutions are (0,0},(1,1),(—1,—1). Comparing the corresponding objective function
values, it follows that the optimal solutions of the problem are (1,1),(—1,~1) with an
optimal value of f* =—2.

Let us construct the dual problem. The Lagrangian function is

L{x, %) ) = J\tl2 — 3x§ + pulx; — xg) = xf + ux, -—-3?622 — yxg.
Obviously, for any u € R
min L(x,,x,, u) = —o0,
XX

1972

and hence the dual optimal value is ¢* = —oo, which is an extremely poor lower bound
on the primal optimal value f*=—-2. W

12.2 » Strong Duality in the Convex Case

In the convex case we can prove under rather mild conditions that strong duality holds;
that 1s, the primal and dual optimal values coincide. Similarly to the derivation of the
KKT conditions, we will rely on separation theorems in order to establish the result.
The strict separation theorem (Theorem 10.1) from Section 10.1 states that a point can
be strictly separated from any closed and convex set. We will require a variation of this
result stating that a point can be separated from any convex set, not necessarily closed.
Note that the separation is not strict, and in fact it also includes the case in which the
point is on the boundary of the convex set and the theorem is hence called the supporting

byperplane theorem.

Theorem 12.5 (supporting hyperplane theorem). Let C S R” be a convex set and let
y ¢ C. Then there exists 0 # p € R” such that

p’x<pTyforanyxeC.

Proof. Since y ¢ int(C), it follows that y ¢ int(cl(C)). (Recall that by Lemma 6.30
int(C) = int(cl(C)).) Therefore, there exists a sequence {y,}z», satisfying y, ¢ cl(C)
such that y, — y. Since cl(C) is convex by Theorem 6.27 and closed by its definition,
it follows by the strict separation theorem (Theorem 10.1) that there exists 0 # p, € R”
such that

Pi X <Py Vi
for all x € cl(C). Dividing the latter inequality by [|p.|| # 0, we obtain

T

ﬁ(x—-yk) < O for any x € cl(C). (12.7)
Pe

Since the sequence { ﬁﬂ }e>1 isbounded, it follows that there exists a subsequence { ﬁm Yeer
such that WE:H —pask 7, 0o for some p € R”. Obviously, ||p|| = 1 and hence in particu-
lar p # 0. Taking the limit as & Looin inequality (12.7), we obtain that

p’ (x—y) <0forany x€ cl(C),

which readily implies the result since CCci(C). D
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We can now deduce a separation theorem between two disjoint convex sets.

Theorem 12.6 (separation of two convex sets). Let C;,C, C R” be two nonempty
conwvex sets such that C, N C, = 0. Then there exists 0 £ p € R” for which

p x<p’yforamyxeC,ye€C,.

Proof. The set C,—C, is a convex set (by part (a) of Theorem 6.8), and since C,NC, =,
it follows that 0 ¢ C, — C,. By the supporting hyperplane theorem (Theorem 12.5), it
follows that there exists 0 # p € R” such that

p/(x~y)<pT0=0foranyxe C,,ye G,

which is the same as the desired result. 0O

We will now derive a result which is a nonlinear version of Farkas lemma. The main
difference is that a Slater-type condition must be assumed. Later on, this lemma will be
the key in proving the strong duality result,

Theorem 12.7 (nonlinear Farkas lemma). Let X C R” be a convex set and let
[ 81585+ 5 &y b convex functions over X. Assume that there exists X € X such that

g(®) <0, g(&)<0,...,g,.(%) <0.
Let ¢ € R. Then the following two claims are equivalent.
@) The following implication bolds:

xeX, g(x)<0, i=12,....m=>f(x)=c.

(b) There exist A, Ayy...,A,, =0 such that
f;g)l('l {f(x)+§ A8 (X)} 2c. (12.8)

Proof. The implication (b) = (a) is rather straightforward. Indeed, suppose that there exist
A Agseers A,y 2= 0 such that (12.8) holds, and let x € X satisfy g;(x) < 0,i = 1,2,...,m.
Then by (12.8) we have that

f(x)+ZA£Si(X) 2,

and hence, since g;(x) < 0,4, >0,

f®Zec—D> Agx)>c
=1
To prove that (a) = (b), let us assume that the implication (a) holds. Consider the follow-

ing two sets:

S={u=(ugt;5...,8,,): IXEX s.t. f(X)< 185, 8,(x)< 31,1 =1,2,...,m},
T ={{shgyth15- .38y s 8y < C, % 0,2, £ 0,..., 4, <O}
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Note that §,7 are nonempty and convex and in addition, by the validity of implication
(@, SNT = 0. Therefore, by Theorem 12.6 (separation of two convex sets), it follows
that there exists a vector a=(45,4,,...,4,,) ;é 0, such that

Za} "; > Z (12.9)

First note that a > 0. This is due to the fact that if there was a negative component, say
a; < 0, then by taking #; to be a negative number tending to —oo while fixing all the other
components as zeros, we obtain that the right-hand-side maximum in (12.9) is co, which
is impossible. Since a > 0, it follows that the right-hand side is ayc, and we thus obtain

(“m“i: ,#m)ES “0“1’ 9“m}€

;2 dgC. 12.10
mmm s 2 Z a;u; > anc ( )

Now we will show that 4, > 0. Suppose in contradiction that 4, = 0. Then

min Za #; > 0.

(uo,x,,...,am)eS

However, since we can take »; = g;(%),7 = 1,2,...,m, we can deduce that
m
A
D _48(%) 20,
j=1

which is impossible since g;(%) < 0 for all /, and there exists at least one nonzero compo-
nent in {a,,4,,...,4,,). Since 4, > 0, we can divide (12.10) by 4, to obtain

il
min {u0+2é}u}-} > ¢, (12.11)

(249181 30ees oy JES =1

“ 4
where ;= ;;—. Define

e d

S={u=(sg 01y #5,,): IXEX st. F(X)= 1, g(x) =5, =1,2,...,m}.
Then obviously $ € §. Therefore,

m n
min )es{uo+z.€ijuj}$ min .{“0'1‘25,;“;}
j=1

(Y. O = =
=min {f(x) +224, g;(x)},
¥ j=1
which combined with (12.11) yields the desired result

mip {f(x)+Za”jgj(x)} >c. O
j=1

We are now able to show a strong duality result in the convex case under a Slater-type
condition.
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Theorem 12.8 (strong duality of convex problems with inequality constraints). Con-
sider the optimization problem

f" = min f(X)
st.  g(x)L0, :=12,...,m, (12.12)
xeX,

where X is a convexsetand f,g,,i =1,2,...,m, are convex functions over X. Suppose that
there exists X € X for which g;(X) < 0,1 = 1,2,...,m. Suppose that problem (12.12) has a
finite optimal value. Then the optimal value of the dual problem

q" = max{g(A): A€ dom{g)}, (12.13)

where
q(/l) = ?EE‘LL(X, /1),

is attained, and the optimal values of the primal and dual problems are the same:
fr=q

Proof. Since f* > —oo is the optimal value of (12.12), it follows that the following impli-
cation holds:

xeX, g(x<0, i=1L2..,m=f(x)>f",

and hence by the nonlinear Farkas’ lemma (Theorem 12.7) we have that there exist
Aps Agse-es Ay = 0 such that

‘Y(:U = TE*}} {f(x) +Z ijgj(x)} 2f%
=1
which combined with the weak duality theorem (Theorem 12.3) yields

g =qH=f>q"

Hence f*=g*and Adisan optimal solution of the dual problem. [

Example 12.9. Consider the problem

[ ¥]

min = Xx; —X,
S.t. x%ﬁO.

The problem is convex but does not satisfy Slater’s condition. The optimal solution is
obviously x; = x, = 0 and hence f* =0. The Lagrangian is

L(xy,xp Y= 2t —x, + Ax (A20),
and the dual objective function is

. , A=0,
q(l)=1;11,gzll-(x1,xz,z1)={ 2 hse

4 3
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1
max{—4—1:1>0}.

The dual optimal value is 4* = 0, so we do have the equality f* = ¢*. However, the
strong duality theorem (Theorem 12.8) states that there exists an optimal solution to the
dual problem, and this is obviously not the case in this example. The reason why this
property does not hold is that in this example Slater’s condition is not satisfied—there
does not exist %, for which x7 <0. @

The dual problem is therefore

Example 12,10, ([9]) Consider the convex optimization problem

min e %
5.t \/x2+x2—x <Q
whkiae 1 2 1_ [

Note that the feasible set 1s in fact
F={(x;,x,): x, 2 0,x, =0}.

The constraint is always satisfied as an equality constraint, and thus Slater’s condition is
not satisfied. Since x, is necessarily 0, it follows that the optimal value is f* = 1. The
Lagrangian of the problem is

L{x y %y, A) = €72 + /1(1/xf + xg —x,) (A20).
The dual objective function is

4R =minL(x;,x;, ).

We will show that this minimum is 0, no matter what the value of A is. First of all,
L(x,,x,, A) 2> 0 for all x,,x, and hence g(A) > 0. On the other hand, for any £ > 0, if we

take x, = —lIne,x; =

X
2=, we have

2 2
(x5—¢ x5—e
fo+x§——x1=\ — a2
4¢ 2e
2, .22 2.2
(x;+¢€°) X —¢
4¢2 2
2,2 L,2_ .2
__x2+e _xz £

2¢ 2e

=EO

Therefore,

L(xy, %, Y= e 24+ A4/ 2+ 22 —x)) = e+ Ae = (1 + A)e.

Consequently, g(A) = 0 for all A > 0. The dual problem is therefore the following “trivial”
problem:
max{0: A> 0},
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whose optimal value is obviously g* = 0. We thus obtained that there exists a duality gap
f*—q" =1, which is a result of the fact that Slater’s condition is not satisfied. H

We can also derive the complementary slackness conditions under the sole assumption
that g* = f* (without any convexity assumptions).

Theorem 12.11 (complementary slackness conditions), Consider problem (12.12) and
assume that f* = q*, where q* is the optimal value of the dual problem given by (12.13). If
X*, A" are optimal solutions of the primal and dual problems respectively, then

x* € argminl(x, "),
Ag(x)=0,i=12,..,m.

Proof. We have
4" = q(A)=minL(x, A) S L&', ) = f(x)+ D K g(x) < f(x) = £,
i=1

where the last inequality follows from the fact that Af > 0, g;(x*) < 0. Therefore, since
q* = f*, it follows that all the inequalities in the above chain of inequalities and equali-
ties are satisfied as equalities, meaning that x* € argmin , L(x,A") and that

" At g(x*) = 0, which by the fact that A > 0, g;(x*) < 0, implies that A} g,(x") =0

i

foralli=1,2,...m. 0O

Finer analysts can show, for example, the following strong duality theorem that deals
with linear equality and inequality constraints as well as nonlinear constraints.

Theorem 12.12. Consider the optimization problem

fr=min f(x)
st.  g(x)<0, :1=12,...,m,
hi(x}<0, j=12,...,p, (12.14)
5(x)=0, k=1,2,...,q,
xeX,

where X isaconvexsetand f,g;,1 =1,2,...,m, are convex functions over X. The functions
Pissps] =1,2,...,p,k =1,2,...,q, are affine functions. Suppose that there exists X € int(X )
for which g,(X) < 0, = 1,2,...,m,hj(i) <0,j =1,2,...,p,5(%) =0,k = 1,2,...,9.
Then if problem (12.14) has a finite optimal value, then the optimal value of the dual problem

q" = max{g(4,7, 4): (A7, u) € dom(q)},
where g : RT x RY X R? — RU {—o0} is given by

m P q
(A, )= minL(x, A7, ) = min | f)+ D A g,(0)+ 20 hi ()4 s (%)
i=1 =1 k=1
is attained, and the optimal of the primal and dual problems are the same:

fr=q"
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Example 12.13. In this example we will demonstrate the fact that there is no “one” dual
problem for a given primal problem, and in many cases there are several ways to construct
the dual, which result in different dual problems and dual optimal values. Consider the
simple two-dimensional problem

min x? + xg
st. X +x21,
xi,xz Z 0»

It is not difficult to verify (for example, by finding all the KKT points) that the optimal

solution of the problem is (x;,x,) = (3,3) and the optimal primal value is thus f* =

3P+ a(E 3 = £. We will consider two possible options for constructing a dual problem.
e the

Hwet underlying set as
X ={(%},%) : %, %, 2> 0},
then the primal problem can be written as

min xf -I-x;‘
st. x+x,2>1,
(x,x,)E€X.

Since the objective function is convex over X, it follows that this problem is in fact a
convex optimization problem. Therefore, since Slater’s condition is satisfied here (e.g.,
{x5%,) = (1,1) € X satisfy x, + x, > 1), we conclude from Theorem 12.8 that strong
duality will hold. The dual problem in this case is constructed by associating a single
dual variable A to the linear inequality constraint x; + x, > 1. A second option for writ-
ing a dual problem is to take the underlying set X as the entire two-dimensional space
and associate Lagrange multipliers with each of the three linear constraints. In this case,
the assumptions of the strong duality theorem do not hold since x} + xJ is not a convex
function over R?. The Lagrangian is therefore (A, n,,7, €R,)

L{xy, %5, A mp) = xf + x§ — Alxy + 3 = D=0y —1pxp
Since the minimization of a cubic function over the real line is always —oo, it follows that
grll’ix?L(xprs Anpng) = n}iﬂ[xf ~(A+ ’?1)x1] + n});n[x; —(A+ ’?2)"2] +4
=—00—00+ A = —c0.

Hence, ¢* = —oo and the duality gap is infinite. The conclusion is that the way the dual
problem is constructed is extremely important and may result in very different duality

gaps.

12.3 = Examples
12.3.1 = Linear Programming

Consider the linear programming problem

min ¢’x

st. Ax<b,
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where c € R”,A € R™”, and b € R™. We will assume that the problem is feasible, and
under this condition, Slater’s condition given in Theorem 12,12 is satished so that strong
duality holds. The Lagrangian is (A > 0)

L(x,A)=c"x+ AT (Ax—b)=(c+ AT )Tx—b7 A,
and the dual objective function is given by

—b7A, c+ATA=0,

—00 else.

2(d) = minL(x, A)=12£Q(C+ATA)Tx—bTA={

Therefore, the dual problem is

max —b’ A
st. ATd=—c,
A>0.

As already mentioned, Slater’s condition is satished if the primal problem is feasible and
under the assumption that the optimal value is finite, strong duality holds.

12.3.2 = Strictly Convex Quadratic Programming

Consider the following general strictly convex quadratic programming problem

min x"Qx+2f"x

st. Ax<b (12.15)

where Q € R™*" is positive definite, f € R*, A € R”*”, and b € R™. The Lagrangian of
the problem is

(A€RT) L(x,)=x"Qx+2f"x+22" (Ax—b) =x" Qx+ AT A+f)Tx~2b7 A

To find the dual objective function we need to minimize the Lagrangian with respect to
x. The minimizer of the Lagrangian is attained at the stationary point of the Lagrangian
which 1s the solution to

vV, L(x*, A)=2Qx* + 2(ATA+f) =0,
and hence
x=—Q7!(f+A7 . (12.16)

Substituting this value back into the Lagrangian we obtain that

q(A) = L(x", 2)
=(f+ATATQIQQ I+ AT )20+ AT AT Q1 (f+AT))—2b7 2
=—(f+ATHTQ Y +ATH—2b71
=—ATAQ AT A—2ATQ AT A—{TQ ' f—2bT A
=—ATAQ AT A—2(AQf+ b)Y A—fTQ'f.

The dual problem is
max{g(A): A > 0}.
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This problem is also a convex quadratic problem. However, its advantage over the primal
problem (12.15) is that its feasible set is “simpler.” In fact, we can develop a method for
solving problem (12.15) which is based on an orthogonal projection method applied to
the dual problem. As an illustration, we develop a method for computing the orthogonal
projection onto a polytope defined by a set of inequalities.

Example 12.14. Given a polytope
S={xeR":Ax<b},

where A € R™** b € R™, we wish to compute the orthogonal projection of a given
point y. Asopposed to affine spaces, on which the orthogonal projection can be computed
by a simple formula like the one derived in Example 10.10 of Section 10.2, there is no
simple expression for the orthogonal projection onto polytopes, but using duality we
will show that a method finding the projection can be derived. For a given y € R”, the
problem of computing P¢(y) can be written as

min ||x—y|l’
st. Ax<b.

This problem fits into the general mode! (12.15) with Q =1 and f = —y. Therefore, the
dual problem is {omitting constants)

max —ATAATA—2(—Ay+b)TA
st. A>0.

We assume that § is nonempty, and under this assumption, by Theorem 12.12, strong
duality holds. We can solve the dual problem by the orthogonal projection method (pre-
sented in Section 9.4). If we use a constant stepsize, then it can be chosen as %, where L is
the Lipschitz constant of the gradient of the objective function given by L =24, (AAT).
The general step of the method would then be

2
Ak+1 = [Ak + "‘L"(-'AATIIk +Ay-—b):| .
+

If the method stops at iteration N, then by (12.16) the primal optimal solution (up to a
tolerance) is

x'=y—AT .
A MATLAB function implemeting this dual-based method is described below.
function x=proj_polytopel(y.A,b,N)
$ INPUT
§-c====co========
B Y e et e, n-length vector
S - mxn matrix
E Db e m-length vector
2 . number of iterations
$QUTPUT
%::::::::::::::::
T X=P_S8{y}, where S = {x: Ax<=b)
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d=size{A);
m=a(l):

n=d(2);
lam=zeros{m, 1) ;

L=2+max{eig(A*A’)};

g=Axy-b;

for k=1:N
lam=lam+2/L* (~A* (A’ xlam) +g) ;
lam=max{lam, 0) ;

end

X=y-A‘xlam;

Consider for example the set
S={(x;s%) : %, +x, < 1,x, 2 0,x, > 0}.

This is the triangle in the plane with vertices (0,0),(0,1),(1,0). Suppose that we wish
to find the orthogonal projection of (2,—1) onto S. Then taking 100 iterations of the
dual-based method gives the solution, which is the vertex (1,0):

»>» A=[1,1;-1,0;0,-1];

>> b=[1;0:;0];

>> y=[2;-1];

>> xX=proj_polytope(y,A,b,100)
x =

1.0000
-0.0000

An interesting property of the method can be seen when applying only a few iterations.
For example, after 5 iterations the estimated primal solution is

>> X=proj_polytope(y,A,b,5)}
X o=

1.5926
-0.3663

This is of course not a feasible solution of the primal problem. In fact, all the iterates
are nonfeasible, as illustrated in Figure 12.1, but they converge to the optimal solution,
which is of course feasible. This was a demonstration of the fact that dual-based methods
generate nonfeasible points with respect to the primal problem.

12.3.3 = Dual of Convex Quadratic Probiems

Now we will consider problem (12.15) when Q is positive semidefinite rather than posi-
tive definite. In this case, since Q is not necessarily invertible, the latter construction of
the dual problem is not possible. To write a dual, we will use the fact that since Q = 0, it
follows that there exists a matrix D € R*** such that Q = DT D. Therefore, the problem
can be recast as

min x'DTDx+2fTx

s.t. Ax<b.
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—Qi5 0 0 5 1 1 1.5 2
Figure 12.1. First 30 iterations of the dual-based method (denoted by asterisks) for finding the
orthogonal projection.

We can now rewrite the problem by using an additional variables vector z as

min,, ||z]?+2fx
s.t. Ax<b,
z=Dx.

The Lagrangian of the new reformulation is
(AERT,u€R”) L(x,2,A,pu)= \|z|* + 2f7 x + 22T (Ax—b) + 2u” (z—Dx)
=||z|P+2u"z+2(f+ ATA—D7 u)"x—2b7 A.

The Lagrangian is separable with respect to x and z, and we can thus perform the mini-
mizations with respect to x and z separately:

T DT,y —
min(f+ATl——DTp)Tx={ 0, {+A"A-D'p=0,
x —oo else,
min|fz|f’ + 24"z =—||ul.
Hence,

‘I('LP)ZminL(x,z,A,p)={ —||ulF—2bT2, f+ATA-D7u=0,
X,z

—00 else.
The dual problem is thus
max ||l —2b7 A
st. f+ATA-DTu=0,
AER?, ueR".
12.3.4 = Convex QCQPs

Consider the QCQP problem

min  x7 Agx+2b7 x+ ¢,
st. xTA;x+2b/x+¢; <0, i=1,2,...,m,
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where A; > 0 is an # X » matrix, b, € R”,¢; € R,i = 0,1,...,m. We will consider two
Cases.

Case I: When A, > 0, then the dual can be constructed as follows. The Lagrangian is

(A€RT) L(x,)=x"Agx+2blx+c+ > A(x"Ax+2b]x+¢)

i=1
i m T m
=x' (A0+Z)13Af)x+2(b0 +Z;(,-b,-) x+c0+Z/l£-c;-.
i=1 i=1 i=1

The minimizer of the Lagrangian with respect to x is attained at the point in which its

gradient is zero:
2(1’\0 +ZA,.A£)5':= —2 (bo—i-z,l,-b,.).
i=1 i=1

7

Thus,
m -1 m
i=1 i=1

Plugging this expression back into the Lagrangian, we obtain the following expression for
the dual objective function:

g(N) = minL(x, ) = L(%,A)

m m T m
=%7 (A0+ZAiAj>i+2(bo+Zl,-b£) X+co+ > A,
i=1

i=1 i=1

m T m —1 m m
:—(b0+22ibi) (A0+ZA£A,.) (bo+ZAibi)+co+ZAici.
i=1 i=1 i=1 i=1
The dual problem is thus

max ‘“(bO'*‘Z?m'Isbf)T(AO“‘Z?’:: ’la‘As‘)_l (bo+ 27, Ab )+ 6+ 27 Ac;
s.t. /1‘20, 521,2,...,7?1.

Case II: When A, is not positive definite but still positive semidefinite, the above dual
is not well-defined since the matrix Ay+ 37 A;A,; is not necessarily invertible. However,
we can construct a different dual by decomposing the positive semidefinite matrices A, as
A; = D7D, (D; € R"™") and writing the equivalent formulation

min x’ DI Dyx+2bTx+¢,
st.  x'DIDx+2bTx+¢; <0, i=12,...,m,

Now, we can add additional variables z; € R*(i =0,1,2,...,m) that will be defined to be
z; = D, x, giving rise to the formulation

min ||z}* +2bTx+¢,
st |lz|P+2b/x+¢; <0, i=12...,m,
ZS=DIX, i:O,l,...,m.
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The Lagrangian is (AERT,pi eR”,:=0,1,...,m)

L(X, 2y o032y Ay thos ooy fhy,)
=|zol[*+2b] x + ¢, +Z,l‘;(|[z,-||2 +2biTx+c,-)+ZZ‘uiT(zi —D;x)

i=1 i=0

m m m T
=zl + 244 7, +Z(’1s‘l|z£”2 +2I-‘;-fzf) +2<b0+ZAéb£ “‘ZD?M-) X
i=0

=1 i=l1

n
+¢, +Zc,— A;.
i=1
Note that for any A€ R, u € R” we have

—-W—jl—lz, A>0
g(/l,p)zmzinl”z“z+2yrz= 0, A=0,u=0,
—00, A:O,,u;éo.

Since the Lagrangian is separable with respect to z; and x, we can perform the minimiza-
tion with respect to each of the variable vectors,

min [|[2ol1* + 2443 7 | = £(1, 1) =~ sl
min[ Az, +26] 2 | = g(4, ),

: m m T 0, by+3" Ab, =" DIy =0,
m;n(b0+2£“1/1;b ;‘:OD;TF';‘) Xz{ oo elcse, 2 i=0 i M

and deduce that

G oo f) =MD LK, 2051205 s s 3 )
{ gL+ 37 g A p)+e+ 30 A ifby+37 Ab, -3 DIy, =0,

—o0 else.

The dual problem is therefore

max  g(L, ;o) + 27 g(A, u) + 6o+ 200,
S.t. 0+Zfll A;b ;—QDTIU': =0,
AER_TSFOS"')Mm ER”’

12.3.5 = Nonconvex QCQPs
Consider now the QCQP problem

min  x7Agx+2bIx -+
s.t. xTA£x+2b?x+ci$0, i =1,2,...,m,

where A, = AT R*" bh. € R%,¢; € R,i =0,1,...,m. We do not assume that A, are
positive semldeﬁmte, and hence the problem is in general nonconvex, and the techmques
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used in the convex case are not applicable. We begin by forming the Lagrangian (A€ R7’):

L(x, ) =x"Agx+2b]x+ ¢+ A, (x" A;x+2bT x +¢;)

i=1
m m T m
=XT<A0+ZA5A,-)X+2(b0+ZAEb£) X+CO+ZA£C£'
i=1 i=1 i=1
The main idea is to use the following presentation of the dual objective function:

g(A) = min L(x, A= max{t : L(x, A)>t for any x e R"}. (12.17)

The above equation essentially states that the minimal value of L(x, &) over x € R” is
in fact the largest lower bound on the function. We will now use Theorem 2.43 on the
characterization of the nonnegativity of quadratic functions and deduce that the claim

L(x,A) >t forallxeR”
is equivalent to
Ag+2L AA; b+ A, -0
(bo+ T AT o+ A —t) T
which combined with (12.17) yields that a dual problem is
max, t

(bo+22"=1/1;bg)7 Co+ 2, Aic; —t
A =20, i=12,...,m,

s.t. (12.18)

The above problem is convex as a dual problem, but since the primal problem is noncon-
vex, strong duality is of course not guaranteed. We also note that the form of the dual
problem (12.18) is different from all the dual problems derived so far in the sense that
not all the constraints are presented as inequality or equality constraints but instead are
of the form By + 37 A;B; > 0, where B; are given matrices. This type of a constraint
is called a linear matrix inequality (abbreviated LMI) . Optimization problems consist-
ing of minimization or maximization of a linear function subject to linear inequalities/
equalities and LMIs are called semidefinite programming (SDP) problems, and they are
part of a larger class of problems called conic problems; see also Section 12.3.9.

12.3.6 = Orthogonal Projection onto the Unit-Simplex

Given a vector y € R”*, we would like to compute the orthogonal projection of the vector
y onto A, . The corresponding optimization problem is

min  |[x—y|]’
s.t. eTx=1,
x> 0.

We will associate a Lagrange multiplier A € R to the linear equality constraint e”x = 1
and obtain the Lagrangian function

L(x, ) = |[x—y|]* + 2A(e"x— 1) = [|x|’ — 2(y — de) " x +lyl* — 24
= Z(xf —Xy;— ).)x}- )+ Iyl —2A.
=1
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The arising problem is therefore saparable with respect to the variables x; and hence the
optimal x; is the solution to the one-dimensional problem

n:g&[xf =2y, — A)x;].

The optimal solution to the above problem is given by

— A, > A
=l 370 42 -

and the optimal value is —[y; — A2 . The dual problem is therefore

n
max {g(l) =—> [y;— A -24+ Ilyllz}-
ek =
By the basic proprties of dual problems, the dual objective function is concave. In order

to actually solve the dual problem, we note that

Alim g(A)= Alim g(A)=—o0.

Therefore, since —g is a coercive and differentiable function, it follows that there exists
an optimal solution to the dual problem attained at a point A in which

g’()‘) =0,
meaning that

Z[J’j —Al, =1
=1

. J— , . , : . .
The function h(1) = 2 [»; — Al — 1 is a nonincreasing function over R and is in fact
strictly decreasing over (—oo, max; y; . In addition, by denoting y,., = max;_,, % sVmin
=Mming.,, .Y, We have

h (ymax) =-1,
2 n
b(ymin" —) =Zy; _"nyrnin+2_1 >0’
n) 4o
and we can therefore invoke a bisection procedure to find the unique root A of the function

b over the interval [y,;, — 2,¥,.,,] and then define P, (y)=[y— Ae],. The MATLAB
implementation follows.

function xp=proj_unit_simplex{y]
% INPUT
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f=@ (lam}sum{max(y-lam,0))-1;
n=length(y);

lb=min{y)-2/n;

ub=max(y) ;
lam=bisection(f, 1b,ub, le-10);
Xp=max{y-lam, 0} ;

As a sanity check, let us compute the orthogonal projection of the vector (—1,1,0.3)7
onto 4,

>> xp=proj_unit_simplex{[-1;1;0.3])
xp =
0
0.8500
0.1500

and compare it with the result of CVX,

cvx_begin

variable x{(3)
minimize(norm(x-[-1;1;0.31))
sum({x)==

x>=0

ovx_end

which unsurprisingly is the same:

>> X

X =
0.0000
0.8500
0.1500

12.3.7 = Dual of the Chebyshev Center Problem

Recall that in the Chebyshev center problem (see also Section 8.2.4) we are given a set of
points a;,a,,...,a,, € R”, and we seek to find a point x € R”, which is the center of the
minimum radius ball containing the points

min, , 7
s.t. Ix—af|<r, i=12,...,m.

Findinga dual problem to this formulation is not an easy task, but we can actually consider
a different equivalent formulation to which a dual can be constructed in an easier way. The
problem can be recast as

min, .y
s.t. Ix—a; <y, i=12,...,m.

where y denotes the squared radius. The problems are equivalent since minimization of
the radius is equivalent to minimization of the squared radius. The Lagrangian is (A € R”’)

L(xy, A=y +Z).;-(||x——a,-|]2—-—}f)
i=1

=Y (1 _f: '15) +i'1i||x_af|]2-
=1 i=1
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The minimization of the above expression must be —co unless 3.7, A; = 1, and in this

case we have
n
1 1— A |=0.
m,}ﬂ?( 2. )

i=i

We are therefore left with the task of finding the optimal value of
S 2
min3 A lx—a

when A€ A . Since the objective function of the above minimization can be written as

m i T m
th-llx—a,-llz=||x||2—2(ZA;-a,-) x+ 2 Allall, (12.19)
i=1

=1 i=1

it follows that the minimum is attained at the point in which the gradient vanishes, mean-
ing at

X =" Aa =Al (12.20)
i=1

where A is the # X m matrix whose columns are the vectors a,a,,...,a,,. Substituting
this expression back into (12.19), we have that the dual objective function is

AN = A —2AAN AR+ D" Al =—IAHE + 3 Aol

The dual problem is therefore

max —||AAP+37, Alla;|f
st.  A€A,.

We can actually write a MATLAB function that solves this problem. For that, we will use
the gradient projection method with a constant stepsize §, where L =24 (ATA) s the
Lipschitz constant of the gradient of the objective function. At each iteration we will also
use the MATLAB function proj_unit_simplex to find the orthogonal projection
onto the unit-simplex. Note that the derived method is also a dual-based method and that
it incorporates another dual-based method for computing the projection.

function [xp,ri=chebyshev_center (A}
% INPUT

T XD .. the Chebyshev center of the points
Fr ... radius of the Chebyshev circle

d=size(d):
m=d(2);

Q=A’=A;
L=2+max(eig(Q)};
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b=sum(A.~2)';

$initialization with the uniform wvector

lam=1/m*ones(m, 1) ;

old_lam=zerosim,1l);

while (norm{lam-old_lam)>le-5)
old_lam=lam;
lam=proj_unit_simplex{lam+1l/Lx (-2xQxlam+b));

end

Xp=A+lam;

r=0;

for i=l:m
r=max{r,norm(xp-Af(:,i)));

end

Example 12.15. Returning to Example 8.14, suppose that we wish to find the Chebyshev
center of the 5 points

(=1,3), (=3,10), (=1,0), (5,0), (—1,—5).

For that, we can invoke the MATLAB function chebyshev_center that was just de-
scribed:

A=[-1:—31_1:51-1;3:10:0¢0:-5];
[xp, r]=chebyshev_center (A) ;

The Chebyshev center and radius are

>> Xp

Xp =
-2.0000
2.5000

>> r

r =
7.5664

These are the exact same results obtained by CVX in Example 8.14. B8

12.3.8 = Minimization of Sum of Norms

Constder the problem

n
inS JlAx+b, ||, 12.21
%}*I},Z:,:“ ;x+by| (12.21)

where A, € Rk xn b, R* ;i =1,2,...,m. At afirst glance, it seems that it is not possible
to find a dual of an unconstrained problem. However, we can use a technique of variable
decoupling to reformulate the problem as a problem with affine constraints. Specifically,
problem (12.21) is the same as

minx,y, 221 ”Y:“
s.t. y£=A;x+b£, i=1,2,.--,m.
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Associating a Lagrange multiplier vector A; € R* with the ith set of constraints y, =
A;x +b;, we obtain the following Lagrangian:

”

L(x, A Ay, 4,) =Z||Yi|| +Z";T(Ys —A;x—b;)
=1

i=1

m m T m
=Z[uy,-||+,13y,.]_(zAgu,.) x—S b7,

By the separability of the Lagrangian with respect to X,¥,,¥2s .-+, ¥,,» it follows that the
dual objective function is given by

qG Ay h) =3 min [[ly;“+,17yl:l+mm[ (X7 ATA) x]_zbu
i=1 }:€ i=1
Obviously,
. m YRy 0, :’f_ ATA =0,

xeR" [_( A 4) X] "{ —oo else. (12.22)

In addition, we have for any a € R¥

0, lhli=t,

12.23
;1;11'1”)’”"‘3 y= { —o0, |lal|> 1. ( )

To prove this result, note that when ||a]| < 1, we have by the Cauchy-Schwarz inequality
that for any y € R*

a’y 2 —lall- llyll = Iyl

and hence ||y]] + a”y > 0 for any y € R¥, and in addition ||0|| +a7 0 = 0, implyin ng that
min gt [yl +2"y = 0. 1f [|a]| > 1, then taking y, = —aa we obtain that |y |{ +a”y, =
€R/ ? a a a

allalj(1—|}a]]) = —o0 as @ — oo, establishing the result (12.23). We thus conclude that
foranyi=1,2,...,m

: 0, Al <1,
min [”Yﬁ”‘i"‘?}'i]:{ A

y.€R —oo else,

which combined with (12.22) implies that the the dual objective function is

n Th,, All<1,i=12,...,m
Q()‘l’AZ’“"’lm)= 1=1"1 :?;IA;TA“ :0,
—00 else.
The dual problem is therefore
max —Y.7 blA
s.t. ” ATA =0,

<1, i=1,2,...,m
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12.3.9 = Conic Duality

A conic optimization problem is a convex optimization problem of the form

min a’x
Cy st Ax=b,
xekK,

where K C R” is a closed and convex cone and a € R”,A e R™*”,b € R”. Our aim is to
find an expression for the dual problem. For that, let us associate a Lagrange multipliers
vector y € R” with the equality constraints Ax = b, leading to the Lagrangian

Lix,y)=a"x—y  (Ax—b)=(a—ATy)"x+b7y.

To construct the dual problem, we need to minimize the Lagrangian over x € K:
o — W - (o AT\
q(y)=minL(x,y)=b"y+min(a—ATy) x.
We will now use the following easily verifiable fact: for any d € R” one has

mind’x =

xeK

0, de K*,
, déK*

where K* is the dual cone defined in Exercise 6.11 as
K*={zeR":2"x>0forany x € K).

The latter fact is almost a tautology. If d € K*, then by the definition of the dual cone,
d7x > 0 for any x € K and also d70 = 0 (recall that 0 € K since K is a closed cone),
and hence min,_x d”x = 0. On the other hand, if d ¢ K*, then it means that there exists
X, € K such that d7x; < 0. Therefore, taking any a > 0 we have that ax, € K, and we
obtain that d7(ax,) = a(d”x,) = —o0 as @ tends to 0o, and hence min__, d’x = —o0.
To conclude, the dual objective function is

_ [ by, a—ATyeKk,
q(Y)_{—oo, a—-ATy¢K.

The dual problem is thus

max b'y
OO st. a—ATyek.

We can now invoke the strong duality theorem for convex problems (Theorem 12.12) and
state one of the versions of the so-called conic duality theorem.

Theorem 12.16 (conic duality theorem). Consider the primal and dual problems (C) and
(OC). Suppose that thare exists x € int(K) such that Ax =b and that problem (C) is bounded
below. Then the dual problem (DC) has an optimal solution, and we have

val(CY=val(DC).
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12.3.10 = Denoising
Suppose that we are given a signal contaminated with noise. In mathematical terms the
model is
y=x+w,
where x € R” is the noise-free signal, w € R” is the unknown noise vector, and y € R” is

the observed and known vector. An example of “clean” and “noisy” signals can be found
in Figure 12.2

1.5 . T

0O 01 02 03 04 05 06 07 08 09 1

| #ﬂ* !M“:. J Mﬁ mhﬂm —
Aﬁ W%. ﬁ# 5  _
of ft J %*

a\\ ,f"
-0.5} '; It
-1t | "MW'M

-1.5

0O 01 02 03 04 05 06 07 08 09 1

Figure 12.2. True signal (top image) and noisy signal (bottom image).

The plots were created by the MATLAB commands

randn('seed’,314);
t=linspace(0,1,1000) ’;
n=length(t) ;
x=sin(10*t) ;

figure(1l)

plot (t,x)
axis([0,1,-1.5,1.5]);
y=x+0.l*randn(size(t));
figure(2)

plot(t,y)
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The objective is to reconstruct the true signal from the observed vector y. A common
approach for denoising is to use some prior information on the true image. A natural
information is the smoothness of the signal. This information can be incorporated by
adding a quadratic penalty function that measures in some sense the smoothness of the
signal. For example, a standard approach is to solve the optimization problem

n—1
min |jx—yl[* + )-Z(x;‘ —x;41)%

i=1

where A > 0 is some predetermined regularization parameter. The problem can also be
wriiten as

min|[x—y[* + Al|Lx|?, (12.24)
where
1 -1t 0 0 0 0\
0 1 -1 0 O 0
0 0 1 -1 O 0
L=10 o 0

\o 0 0 0 0 t —1
Problem (12.24) is a regularized least squares problem (see Section 3.3), and its optimal
solution can be derived by writing the stationarity condition

2x—y)+2 L Lx=0.

Thus,
x=(I+AL"L)'y. (12.25)

The solution of the problem in the case of A =1 can thus be obtained by the MATLAB
commands

L=sparse{n-1,n);
for i=l:n-1
L{i,i)=1;
L{i,i+1)=-1;
end

lambda=100;

xde= (speye (n) +lambda*L’'*L) \y;
figure(3)

plot(t,xde) ;

resulting in the relatively good reconstruction given in Figure 12.3. The quadratic regu-
larization method does not work so well for all types of signals. Suppose, for example,
that we are given a noisy step signal generated by the MATLAB commands

randn{’'seed’,314);
x=zeros(1000,1);
x(1:250)=1;
x{251:500)=3;
x(501:750)=0;
x{751:1000)=2;
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figure(1l)

plot (1:1000,x,’.")
axis([0,1000,-1,41);
y=x+0.05*randn(size(x));
figure(2)
plot(1:1000,v;*:*)

The “true” and “noisy” step signals are given in Figure 12.4.

1.5 T T T T T T T T

P 1 .5 L 1 A s AL L 1 i L
0O 01 02 03 04 05 06 07 08 09 1

Figure 12.3. Denoising of the sine signal via quadratic regularization.
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Figure 12.4. True signal (top image) and noisy signal (bottom image).
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Unfortunately, the quadratic regularization approach does not yield good results, no
matter what the value of the chosen regularization parameter A is. Indeed, the regular-
ized least squares solution (12.25) is not a good reconstruction since it is unable to deal
correctly with the three breakpoints. The reason is that the jumps contribute large values
to the penalty function ||Lx||? since their values are squared. Therefore, in a sense the regu-
larized least squares solution tries to “smooth” the jumps, resulting in the reconstructions
in Figure 12.5.

4 : 4
3 oo 3 3t gllampiarorn
1 ettt 1 ] e
0 i - 0 S
__1 i " i A —
0 200 400 600 800 1000 0 200 400 600 800 1000
4 4
3t — 3t ———
21 : : e 2] ’ =
; T il L
-1 . . . =9 M . i i
0 200 400 600 800 1000 0 200 400 600 800 1000

Figure 12.5. Quadratic regularization with A = 0.1 (top left), A = 1 (top right), A = 10
(bottom left), A= 100 (bottom right).

Another approach for denoising that is able to overcome this disadvantage is to solve
the following problem in which the regularization term is in the /; norm:

min ||x—y]||* + A||Lx]|,. (12.26)

We would like now to construct a dual to problem (12.26). For that, note that the problem
is equivalent to the optimization problem

min,, |[x—yl*+ Azl
St z=Lx.

The Lagrangian of the problem is

L(x,2, ) = |lx—yIP* + Alfzll, + s (Lx—2)
=x—yl? + L7 @) x+ Azl — " 2.
The Lagrangian is separable with respect to x and z and thus we can perform the mini-
mization separately. The minimum of ||x — y|[* + (L7 )7 x over x is attained when the

gradient vanishes,
2Azx—y)+ LT;.L =0,

and hence x = y— 1L u. Substituting this value back to the x-part of the Lagrangian, we
obtain

A 1
min|[x—y|[* + (L7 @) x =2 p"LLT u+ pLy.



12.3. Examples 265

In addition,

—oo0  else.

min).||z||1—pTz={ 0’ ”H'”oos/ls
KA
To conclude, the dual objective function is given by

— 'Ll g+ p'Ly, |jull, < 4,
—00 else.

(1) =minLix,2, 1) = {
Therefore, the dual problem is

max —% pTLLT u+ u’Ly

st [l < A (1227)

Since the feasible set of the dual problem is a box, we can employ the gradient projection
method in order to solve it. For that, we need to know an upper bound on the Lipschitz
constant of its gradient. To find such an upper bound, note that

n—1 n—1 n—1
umuz=z:<xg~xf+1>2sz(zxs+zxf+l)s4uxn2.
i=1

i=1 i=1
Therefore (see also part (i) of Exercise 1.13)
A LL) = A (L'L) < 4.

Hence, since the Lipschitz constant of the gradient of the objective function of (12.27) is
3 Amas(LLT), it follows that an upper bound on the Lipschitz constant is 2. The conse-
quence is that we can employ the gradient projection method on problem (12.27) with
constant stepsize 3, and the convergence is guaranteed by Theorems 9.16 and 9.18. Ex-
plicitly, the method will read as

1 1
Her1 = Pc (F‘k = ZLLT.“&- + 'Z‘LY) ’

where
C={zeR":-1<z<Ai=12...,n—1}.

If the result of the gradient projection method is u*, the primal optimal solution (up to
some tolerance) will be x* = y—3LT u*. Followingisa short MATLAB code that employs
1000 iterations of the gradient projection method:

lambda=1;

mu=zeros(n-1,1};

for 1=1:1000
mu=mu-0.25*L+x (L’ *»mu)}+0.5* (Lxy);
mu=lambda*mu./max{abs (mu}, lambda} ;
xde=y-0.5+L" »mu;
end

figure(5)

plot(t,xde, .’}

axis([0,1,-1,4])

and the result is given in Figure 12.6. This result is much better than any of the quadratic
regularization reconstructions, and it captures the breakpoints very well.
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Figure 12.6. Result of denoising via an |, norm regularization.

12.3.11 = Dual of the Linear Separation Problem

In Section 8.2.3 we considered the problem of finding a maximal margin hyperplane
that separates two sets of points. We will assume that the given classified points are
X1, Xy5.-+,X,, € R”. For each i, we are given a scalar y; which is equal to 1 if x; is in
class A or —1 if it is in class B. The linear separation problem is given by

min  3||wl|]?

st.  y(wix;+B)>1, i=12,...,m. (12.28)

The disadvantage of the formulation (12.28) is that it is only relevant when the two classes
of points are linearly separable. However, in many practical situations the two classes are
not linearly separable, and in this case we need to find a formulation in which violation
of the constraints is allowed and at the same time a penalty term is added to the objective
function that is equal to the sum of the violations of the constraints. The new formulation

is as follows: _
min |w|?+C 3, &
st.  y(wix,+8)>1-¢&, i=12,...,m,
&0, f=120,m

where C > 0 is a given parameter. We will rewrite the problem in a slightly different

form:
min [l +C(eT€)
st. Y(Xw+ Be)>e—&,
& >0,

where Y = diag(y,,%,,.--,7,,) and X is the m X » matrix whose rows are x-{,x;, i ,xi.
We begin by constructing the Lagrangian ( € R”?)

L(w,3,&,a)= %Hw”2+C(eré’)—cz;r [YXw+ BYe—e+¢]

- ;||w||2 —w/[X"Ya]—B(aTYe)+ &7 (Ce—a)+a’e.
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The Lagrangian is separable with respect to w,3 and & and therefore
1
g(a)= [min 5 |Iw|? — wT[XTYa:]] + I:mgn(—-ﬁ(czTYe))] + g}in ET(Ce—a)| +a'e.
w >0

Since
1 1
min :2-]|w“2 —w! [X"Ya]= —EaTYXXTYa,
w

iy ={ O %=

else,
- rT _ 10 a < Ce,
m;z;é' (Ce—a)= { -0 else,

it follows that the dual objective function is given by

a’e—1a’YXX'Ya, a’Ye=0,0<a<Ce,
—0G else.

g(a)= {

The dual problem is therefore

max ale— %aTYXXTYa
st. alYe=0,
0<a<Ce.

We can also write the dual problem in the following way:

m 1 " m T
max 307 @;—3207, Zj:l @;@;y;y,(X; X;)
s.t. iy, =0,
0<e,;<C, :=12,...,m.

12.3.12 = A Geometric Programming Example

A geometric programming problem is an optimization problem of the form

min  f(x)

st. g(x)<0, 1=12,...,m,
b}(x):"‘o’ f =1,2:"'sp3
XER++.

where £, 8,8, -1 8, are posynomials and by, by,..., b, are monomials . In the context
of geometric programming, a monomial is a function ¢ : R — R of the form ¢(x) =

x . f N
cIli_,x;’, where ¢ > 0 and a,,2,,...,a, € R. A posynomial is a sum of monomials.

Geometric programming problems are not convex, but they can be easily transformed
into convex optimization problems. In addition, their dual can be explicitly derived by an
elegant argument. Instead of showing the derivations in the most general setting, we will
illustrate them using a simple example. Consider the geometric programming problem
min }_1-‘1:_‘3— + 8t
st 24+ 11, <4,
tiy byt >0l
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We will make the transformation ¢; = e*, which transforms the problem into

] —X—Xy—X; xXy+x,
min, .. € +e

S.t. eln2+xl+x3 _l_eJc1-+-x2 < 4,

The transformed problem is convex, and we have thus shown how to transform the non-
convex geometric programming problem into a convex problem. To find a dual of this
problem, we will consider the following equivalent problem:

min &% +e¥2
s.t. endel<4,
=% —X— Xy,

e (12.29)
¥y =%, +x%;+1n2,
Y4 =%+ %p.

We will now construct the Lagrangian. The first constraint will be associated with the
nonnegative multiplier w, and with the four linear constraints, we associate the Lagrange
mulcipliers #,, #,, u5, n,:
Liy,x,w,u) =" + e+ w(e” + e’ —4)—u (y, +x, + %, + x3)
— 1y — %y —%3) — 3 (y3 —~ Xy~ X3 —In2) — u,(y, — x, — x))
=[e" —uyy ]+ [ —nyy,]

tHwe? —uyy [+ [we™ —uyy,]

— Xy (g — sty — #4) — Xy (0 — 8y — ) — X3y — 3 — ;)

+(In2)u, —4w.

We will use the following simple and technical lemma. Note that we use the convention
that 0ln0=0.

Lemma 12,17, Let A> Ouanda € R. Then
a—aln(“}), A>0, a>0,

' 0 A=a=0

y_ - ’ '
ryrgﬂg[ﬂe ay]= —o0, A>0, a<0O,
-0, /1:09 a>0'

If A>0and a >0, then the optimal y is y = In(%).

Proof. If A= 0, then obviously, the minimum is 0 if and only if 2 = 0, and otherwise it is
—oc. If >0, then

a
1 Yy o 1 Vo
min [ e ay]——ilj}leﬁ)[e ,13’]’

and the optimal solutions of both minimization problems are the same. If 2 < O, then the
minimum is —oo since taking y — —oo we obtain that the objective function goes to —oo.
If 2 = 0 the (unattained) minimal value is 0. If 2 > 0, then the optimal solution is attained
at the stationary point which is the solution to ¥ = §, thatis, at y = In g"]) Substituting
this expression back to the objective function we obtain that the optimal value is

A[2-2n(2)] 2amatn(2). 0
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Based on Lemma 12.17 and the relations

- _ 0, ul—u3—u4=0,
l‘f}cfn[ xy(#y — 3 — )] = { —oo  else,

. - 0, “1_-“2_“4:0’
n}cin[ x,( 7, # “4)] - { —oo  else,

) _ O, ul-—-uz—u3=0,
n}:in[ xg(zﬁ %y “3)] - { —00 else,

we obtain that the dual problem is given by

max  uy—uylnug+uy—uylnuy +uy—usn (2)+ u,— n, In(2) + (In 2)u; — 4w
st. #y—uy—u, =0,

#y—u,—uy =0,

#y—#y—2; =0,

Wiy Uyt gy w 2 0.

To make the problem well-defined and in order to be consistent with Lemma 12.17, the
function —# In (;:‘;) has the value 0 when # = w = 0 and the value —0o when # > 0, = 0.
It is interesting to note that we can actually solve the dual problem. Indeed, noting

that the expression in the objective function that depends on w is

(#; + 1) Inw — 4w,

we deduce that at an optimal solution w = “3%_ The constraints of the dual problem
imply that #, = #, = #, and that #, = 2x,. Therefore, denoting the joint value of ,, #,, #,
by a(Z 0), we conclude that #, = 20 and w = £. Plugging this into the dual, we obtain
that the dual problem is reduced to the one-dimensional problem

max {3(1—In2)a —3aln(a): o > 0}.

The optimal solution of this problem is attained at the point at which the derivative van-
ishes,
3(1—In2)—3—=3Ina =0,

that ts, at @ = %, and hence

1 1
=1, n2=u3=u4:5, w:z.
We can also find the optimal solution of the primal problem. For that, we will first com-
pute the optimal y,,7,, 3, 74:
y1=Inu,=0, y,=lnu,=—In2, 3= ln(ﬁ) =In2, y,= ln(i*—) =In2.
w w

Hence, by the constraints of (12.29) we have

x1+x2+x3:0,
x;+x;, =0,

x;+x, =In2,
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whose solution is x, = In2,x, = 0,%; = —In2. Therefore, the optimal solution of the
primal problem is

yy=e'=2 t=e=1, r3:e"3=5.

Exercises

12.1. Find a dual problem to the convex problem

min  x7 +0.5x%3 4+ x,x, — 2x, — 3x,
st. x+x,<L

Find the optimal solutions of both the dual and primal problems.
12.2. Write a dual problem to the problem

min %, —4x, +x}
st. X +x,+x3<2
x; 20
xy 2 Q.

Solve the dual problem.
12.3. Consider the problem

min  x2 +2x2 4+ 2%, + %, —x,— X3
st. X +x+x<1
X, <1,
(1) Is the problem convex?
(i) Find an optimal solution of the problem.
(i) Find a dual problem and solve it.
12.4. Consider the primal optimization problem

: 4 2
min  x] —2x; — %,

24 2
st. x{+x,+x,<0.

() Is the problem convex?
(i) Does there exist an optimal solution to the problem?
(iil) Write a dual problem. Solve it.

(iv) Is the optimal value of the dual problem equal to the optimal value of the
primal problem? Find the optimal solution of the primal problem.

12.5. Consider the problem
min 3x24xx,+ 2x22

S.t. 3xf + XX, + 23‘:22 +x—x, 21
X, 2 2x,.

(1) Is the problem convex?
(i) Find a dual problem. Is the dual problem convex?
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12.6.

12.7.

12.8.

12.9.

12.10.

12.11.

Find a dual to the convex optimization problem

min .7 (x Inx; —x;)
st. Ax<b,
x>0,

where A € R™** b R™.
Find a dual problem to the following convex minimization problem:

min 3.7 (a;x7 +2b;x; + e%%)

n —
s.t. i X = 1,

wherea,a € R} ,beR".

Consider the convex optimization problem

. n _x_f
min Ele X; In :
st. Ax>b,

n —

x>0,
where ¢ > 0, A € R™*# b & R™. Find a dual problem.
Consider the following problem (also called second order cone programming):

min g’ x
s.t. ||A,-x+b,;||$c§"x+d,-, 1=1,2,...,k,

where g€ R", A, ¢ R"*" b. € R™,¢c; € R",d; € R, = 1,2,...,k. Find a dual
problem.
Consider the primal optimization problem

[y
. 7 4
min Z;:‘.] x}-

st. a'x<b,
x>0,

wherea€R?_ ,c€R? ,b€R,,.
(1) Find a dual problem with a single dual decision variable.
(ii) Solve the dual and primal problems.

Consider the following optimization problem in the variables @ € R and q € R*:

min a
® st. Aq=oaf
gl <e,

where A € R™*" f € R",¢ € R,,. Assume in addition that the rows of A are
linearly independent.

(i) Explain why strong duality holds for problem (P).

(i) Find a dual problem to problem (P). (Do not assign a Lagrange multiplier to
the quadratic constraint.)
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12.12.

12.13.

12.14.

12.15.

12.16.

(1) Solve the dual problem obtained in part (i1} and find the optimal solution of

problem (P).

Lat a€ R" . and consider the problem

min 7 —log(x; +4;)
st. >0 %=1
x> 0.

Find a dual problem with one dual decision variable. Is strong duality satisfied?
Let a,,3,,3; €R”, and consider the Fermat—Weber problem

min {|[x —a, ||+ |lx—a,|| +||x—a,]l} .
Find a dual problem.
Find a dual problem to the following primal one:

min 3.0 . X; ln(i‘—) +||x|[? +2a7x

=1

st. x'Ax+2bTx+¢<0,

where a € Ri A€ R”,A > 0,b € R*,c € R. Under what condition is strong

duality guaranteed to hold? Find a condition that is written explicitly in terms of
the data.

Lat a,,a,,...,a,, € R” and b,,5,,...,b,, € R and consider the the problem of
finding the so-called analytic center of the polytope S = {x e R* :a/x < 4,1 =
1,2,...,m} given by

(A) min {-—iln(bi —a;frx) 1XE S} .
i=1

Find a dual problem to (A).
Let f :R” — R be defined as (k is a positive integer smaller than )

k
f®)=2 x5
i=1

where x;; is the ith largest values in the vector x. We have seen in Example 7.27
that f is convex.

(1) Show that for any x € R”, we have that f(x) is the optimal value of the prob-

lem
max X'y
P st Ty=k
0<y<e

(i) For any @ € R show that f(x) < @ if and only if there exist A€ R” and # €R
such that
ku+el A<a,ue+A>x

(i) Let Q € R™*” be a positive definite matrix. Find a dual to the problem

min x7Qx
st.  f(x)<a.
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12.17. Consider the inequality constrained problem

ff= min f(x)
st.  g(x)<0, i=12,...,m,

where f,g,,2,...,8, are convex functions over R”. Suppose that there exists
x € R” such that

g, (x)<0, i=12,...,m,

and that the problem is bounded below, i.e., f* > —oo. Consider also the dual
problem given by

max{q(4): A€ dom(q)},

where g(4) = min, L(x, 4),dom(g) = {4 € R} : min L(x, A) > —c0}. Let A" be an
optimal solution of the dual problem. Prove that

mm;—l 2. m( g:(%)

12.18. Consider the optimization problem (with the convention that 01n0 = 0)

min  x, +2%,43x;,+4%,+ 3" x;lnx
s.t. 24_1 x, =1
Xy X9, X35 X4 2 0.
(1) Show that the problem cannot have more than one optimal solution.
(i) Find a dual problem in one dual decision variable.
(iti) Solve the dual problem.
(iv) Find the optimal solution of the primal problem.

12.19. Find a dual problem for the optimization problem

min x1+2x§+x32+\/4x12+x1x3+x§+2
st.  x+x24+4x]<5
X+ x4+ x5 < 15.

12.20. Consider the problem

min xz-—x +x +\/x +x

s.t. x1+x +x +x;, <4

(i) Find a dual problem problem.

(1) Is the dual problem convex?
12.21. Consider the optimization problem
min  —6x; +2x, +4x}
st 2% +2x,+x;, <0

~2x, +4x, + x_f =
x; 20

®)
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(i) Isthe problem convex?

(ii) Find a dual problem for (P). Do not assign a Lagrange multiplier to the con-
straint x, > 0,

(iif) Find the optimal solution of the dual problem.
12.22. Let 2 € R, and define the set

n
T, = {XER” :Zx}- =1,0<x; Sa}.
j=1

(i) For which values of & is the set T, nonempty?

(i) Find a dual problem with one dual decision variable to the problem of finding
the orthogonal projection of a given vector y € R” onto T,,.

(i) Write a MATLAB function for computing the orthogonal projection onto
the set T, based on the dual problem found in part (i1). The call to the func-
tion will be in the form

function xp=proj_bound(y,alpha)

where y is the point which should be projected onto T, and Xp is the resulting
projection. The function should check whether the set T, is nonempty.

(iv) Write a function for finding the orthogonal projection onto T, which is based
on CVX. The function call will be in the form

function xp=proj_bound_cvx(y,alpha)
(v) Compute the orthogonal projection of the vector (0.5,0.7,0.1,0.3,0.1)7 onto
T, ; using the MATLAB functions constructed in parts (iii) and (iv).
(vi) Compare the CPU times of the two functions on a problem with 10000 vari-
ables using the following commands:

rand{’'seed’,b314);

x=rand (10000, 1) ;
tic,y=proj_bound{x,0.01);toc
tic,y=proj_bound_cvx(x,0.01);toc

12.23. Consider the following optimization problem:

P) min{b(x)E|}x—dl|2+\/x12+x§+\/x22+x§+ x§+xf+\/x§+x§:xER5},

where d =(1,2,3,2,1)7

(a) Find an explicit dual problem of (P) with a “simple” constraint set (meaning
a set on which it is easy to compute the orthogonal projection operator).

(b) Run 10 iterations of the gradient projection method on the derived dual prob-
lem. Use a constant stepsize 1, where L is the corresponding Lipschitz con-
stant. You need to show at each iteration both the dual objective function
value as well as the objective function of the primal problem (use the rela-
tions between the optimal primal and dual solutions to derive at each itera-
tion a primal solution). Finally, write explicitly the optimal solution of the
problem.



Bibliographic Notes

Chapter 1 For a comprehensive treatment of multidimensional calculus and linear alge-
bra, the reader can refer to [24, 29, 33, 34, 35] and also Appendix A of [9].

Chapter 2 The topic of optimality conditions in Sections 2.1-2.3 is classical and can also
be found in many other books such as [1, 30]. The principal minors criterion is also
known as “Sylvester’s criterion,” and its proof can be found for example in [24].
Chapter 3 A comprehensive study of least squares methods and generalizations can be
found in [11]. The discussion on circle fitting follows [4]). An excellent guide for
MATLAB is the book [20].

Chapter 4 The gradient method is discussed in many books; see, for example, [9, 27, 31].
More background and convergence results on the Gauss-Newton method can be found in
the book [28]. The original paper of Weiszfeld appeared in [39]. The analysis in Section
4.6 follows [6].

Chapter 5 More details and further extensions of Newton’s method can be found, for
example, in [9, 15, 17, 27, 28]. The hybrid Newton’s method can be found in [38]. An
excellent reference for an abundant of optimization methods is the book [28].

Chapters 6 and 7 A classical reference for convex analysis is [32]. The book [10] also
contains a comprehensive treatment of the subject.

Chapter 8 A large variety of examples of convex optimization problems can be found
in [13] and also in [8]. The original paper of Markowitz describing the portfolio op-
timization model is [23]. The CVX MATLAB software as well as a user guide can be
found in [19]. The CVX software uses two conic optimization solvers: SeDeMi [36] and
SDPT?3 [37). The reformulation of the trust region subproblem as a convex problem de-
scribed in Section 8.2.7 follows the paper [11].

Chapter 9 Stationarity is a basic concept in optimization that can be found in many
sources such as [9]. The gradient mapping is extensively studied in [27]. The analysis
of the convergence gradient projection method follows [5, 6]. The discussion on sparsity
constrained problems is based on [3]. The iterative hard thresholding method was ini-
tially presented and studied in [12].

Chapter 10 Generalization and extensions of separation and alternative theorems can be
found in 32, 10, 21]. The discussion on the orthogonal regression problem follows [4].
Chapter 11 A comprehensive treatment of the KKT conditions, including variants that
were not presented in this book, can be found in [1, 9). The derivation of the second or-
der necessary conditions follows the paper [7]. Optimality conditions and algorithms for
solving the trust region subproblem and its generalizations can be found in [26, 25, 16].
The total least squares problem was initially presented in [18] and was extensively studied
and generalized by many authors; see the review paper [22] and references therein. The

derivation of the reduced form of the total least squares problem via the KKT conditions
follows [2].
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active constraints, 195, 208

affine function, 118

argmax, 14

argmin, 14

arithmetic geometric mean
inequality, 139

backeracking, 51, 178
basic feasible solution, 107
bisection, 219

boundary point, 7
boundary set, 8

bounded below, 36
bounded set, 8

Carathéodory theorem, 102

Cauchy-Schwarz, 3

Chebyshev ball, 153

Chebyshev center, 153, 162, 256

Cholesky factorization, 90

circle fitting, 45

classification, 151, 266

closed ball, 6

closed line segment, 2

closed set, 7

closure, 8

coercive, 25

compact set, 8

complementary slackness, 196,
246

concave function, 118

condition number, 58, 60

cone, 104

conic combinartton, 106

conic duality theorem, 260

contc hull, 106

conic problem, 254

conic representation theorem,
106

constant stepsize, 51

constrained least squares, 218

Index

constraint qualification, 210
continuously differentiable, 9
contour set, 7

convex combination, 101
convex function, 117

convex hull, 102

convex optimization, 147
convex polytope, 100

convex problem, 147

convex set, 97

CVX, 158

damped Gauss-Newton method,
67, 68

damped Newton’s method, 88

data fitting, 39

denoising, 42

descent direction, 49

descent directions method, 50

descent lemma, 74

descent method, 50

diagonaily dominant matrix, 22

directional derivative, 8

distance function, 130, 157

dot product, 2

dual cone, 114, 205

dual objective function, 238

dual problem, 237

effective domain, 135

eigenvalue, 5

eigenvector, 5

ellipsoid, 99

epigraph, 136

Euclidean norm, 3

exact fine search, 51

extended real-valued function,
135

extreme point, 111

facility location, 69
Farkas lemma, 192

281

feasible descent direction, 207
feasible set, 13
feasible solution, 13
Fejér monotonicity, 183
Fermat’s theorem, 16
Fermat-Weber problem, 68, 80
finite-valued, 135
first projection theorem, 157
Fritz-John conditions, 208
Frobenius norm, 4
full column rank, 37
function
distance, 130, 157
dual objective, 238
Huber, 189
quadratic, 32
Rosenbrock, 60

generalized Slater’s condition,
216

geometric programming, 267

giobal maximum and minimum,
13

global optimum, 13

Gordan’s theorem, 194, 205, 208

gradient, 9

gradient inequality, 119

gradtent mapping, 177

gradient method, 52

gradient projection method, 175

Hessian, 10

hidden convexity, 155, 165
Hslder’s inequality, 140
Huber function, 189
hyperplane, 98

identity matrix, 2
ill-conditioned matrices, 60
indefintte matrix, 18
indicator function, 135
induced matrix norm, 4
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Index

inequality
Jensen’s, 118
Kantorovich, 59
linear matrix, 254
Minkowskt’s, 140
strongly convex, 117

inner product, 2

mnterior, 7

intertor point, 7

iterative hard-thresholding, 187

Jacobian, 67
Jensen’s inequality, 118

Kantorovich inequality, 59
KKT conditions, 195, 207
KKT point, 198, 211
Krein-Milman theorem, 113

Lagrange multipliers, 196
Lagrangian function, 198
least squares, 37
linear, 45
regularized, 41, 219, 262
total, 230
level set, 7, 130
line, 97
line search, 50
line segment principle, 108
linear approximation theorem, 10
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Minkowski’s inequality, 140
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Motzkin’s theorem, 205

negative definite, 18
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nonlinear fitting, 40
nonlinear least squares, 45, 67
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nonnegative part, 157
norm
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orthogonal projection, 156
orthogonal regression, 203
overdetermined system, 37

partial derivative, 8
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positive definite, 17

positive orthant, 2
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posynomial, 267

primal problem, 238
principal minors criterion, 21
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pure Newton’s method, 83
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guasi-convex function, 131
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regularity, 211
regularization parameter, 41
regularized least squares, 41, 219,
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robust regression, 163
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saddle point, 24

scaled gradient method, 63
second projection theorem, 173
semidefinite programming, 254
separation of two convex sets, 242
separation theorem, 191

set
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sgn, 156

singleton, 187

Slater’s condition, 214
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spectral decomposition, 5

spectral norm, 4
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standard basts, 1

stationary point, 17, 169

strict global maximum, 13

strict global minimum, 13

strict local maximum, 15
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strict separation theorem, 191

strictly concave function, 118

strictly convex function, 117

strictly diagonally dominant
matrix, 22

strong convexity parameter, 144

strong duality, 241

strongly convex function, 144,
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sublinear rate, 182

sufficient decrease lemma, 75, 176

support, 184

support function, 136
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total least squares, 230
trust region subproblem, 155, 227

unit-simplex, 2, 254
untt-sum set, 171

Vandermonde, 40

weak duality theorem, 239
Weierstrass theorem, 25
well-conditioned matrices, 60

Young’s inequality, 140



- This book provides the foundations of the theory of nonlinear optimization as well as

- some related algorithms and presents a variety of applications from diverse areas of
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